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1. INTRODUCTION

Calculating the trace of matrix to the power is performed by multiplying the matrix or multiplying
the matrix n times. After that, the trace matrix to the power will be obtained. This means that to calculate
the trace of matrix to the power is quite complicated if the matrix raised to a large power. This is quite
interesting to study, namely how to find the right general form to calculate the trace matrix to the power
without calculating exponents or matrix multiplication. By simply substituting the matrix entries into the
general form, the trace value of the power matrix will be obtained, without a long process of multiplying or
matrix multiplication.

Determining the trace matrix to the power has been done by many previous researchers. In 1976 [1]
has obtained an algorithm for calculating a trace matrix to the power of Tr(A*), where K is an integer and A
is a Hassenberg matrix with codiagonal units. Furthermore, in 1985 [2] discussed the symbolic calculation
of the trace of tridiagonal matrix with powers. The discussion of traces is also found in several applications
in matrix theory and numerical linear algebra. [3], in 1990, explained in his paper that he was able to
determine the eigenvalues of a symmetric matrix, also provided a basic procedure for estimating traces
(A™)and (A~™) where nis an integer.

According to [4] in 2008 on number theory and combinatorics, trace matrices to the power of
integers are associated with Euler congruences as follow:
Tr(Ap"™) = Tr(Ap"~*) mod (p")

for all integer matrices A, p is a prime number and r is an integer. The article also discusses the invariant in
dynamic systems which is described as a trace matrix form to the power of integers. The example given in
the article is the Lefschetz number. According to [5] in 2010, the most essential problem in network
analysis, specifically triangle counting in a graph, is calculating the total number of triangles in a basic
connected graph while analyzing a complex network. The number is equal to Tr(A43)/6, where A is the
adjacency matrix of the graph. According to [6] in 2012, traces of exponent matrices are often discussed in
several mathematical fields, such as Network Analysis, Number Theory, System Dynamics, Matrix Theory
and Differential Equations.

The calculation of the power matrix trace has been discussed by [7] in 2015 with a matrix of order
2 x 2 with positive integer powers. Two general types of trace matrices of the power of positive integers
were derived in this article. First, the general form of a trace matrix to the power of positive integers for
even n is:

n-2r

tr(A") = Y2 i — 4 D[ = (& + 2)] - [n—(r+ (r — 1)](det ()" (tr(4))

=0y
Second, the general form of a trace matrix to the power of positive integers for odd n is:
n—-1/

-7 .
tr(4™) = Z ( - ) nfn— @+ Dln—+2)][n—(r+@—1)|(det(A) (tr(4))

n-2r

=0

In 2017, [9] discussed the trace matrix of the order of 2 x 2 to the power of negative integers. In this
article, there are two general forms of exponent trace matrix, provided that the determinant of the matrix is
not zero. First, the general form of a trace matrix to the power of negative integers for even n is:

n-2r

£ 2 e (r4 D[ (r+2)]--[n(r+(r—1))] (det () (er(4))

tr(A™) = (det(a))"

Second, the general form of a trace matrix to the power of negative integers for odd n is:

n-2r

S22 i (r 4+ D] - (r4+ )] [ (4 (= 1)) (det (W) (er(4))
(det(a))"

tr(A™) =

Furthermore, [8] did study on the trace matrix with power once again. The matrix in this article, on
the other hand, is the adjacency matrix of a complete graph. The general form of the trace of adjacency
matrix n X n from a complete graph to the power of an even positive integer and an odd positive integer
obtained in this study is as follows:

tr(Ak) = Y2 Sk, r)n(n — 1)"(n — 2)*27 , k positive even number

r=1
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tr(Ak) = X D2 5k, rn(n — DT (n — 2)K72", k odd positive number
S(k,r) is a number that depends on k and r defined by:
k k—
S(k,r) = 1,5(1(,5) = 1,S(k,k - %) = 2,5k, 1) = S(k = 1,7) + S(k — 2,7 — 1).

In 2019, Pahade and Jha's research was devoloped by [10] with examined at the powers of negative
two, three, and four in the same matrix. The typical form of the n X n adjacency matrix trace from a
complete graph to the power of negative two, negative three, and negative four obtained from this study is:

n((n—1)+(n—z)2)

,n = 2.
The general form of the n xn adjacency matrix trace of a complete graph to the negative power of
three of a complete graph is:

n-2(n-1)(n-2)-(n-2)3
(n-1)3

tr(4;3) = ,n = 2.

and the general form of the nxn adjacency matrix trace to the negative power of four from a complete
graph is:

n((n-1)2+3(n—1)(n-2)2+(n—2)*)
(n-1)* '

tr(4;h) = n>2.

In addition to the complete graph, there is a cycle graph which can also be represented in the
adjacency matrix. A cycle graph is a graph in which every vertex has degree two and a path that starts and
ends at the same vertex [8]. Thus, each cycle graph of C, has n vertices and can be represented as a
adjacent matrix of C of size n X n. The general form of the adjacency matrix n x n of the cycle graph C,
is shown in Equation (1) as follows:

0 1 0 0 0 000 0 1
101 0 0 000 0O
01010 000 0O
0010 1 000 00
000 10 000 00
C,=|: Pt ST B R |
000 0O 010 00 (1)
000 00O 101 0 0
000 00O 01010
0 00 0O 00 1 0 1
1 0 0 0 0O 0 0 0 1 o

Based on the description of the results of previous studies regarding the trace of matrix to the power,
this article will discuss trace of the adjacency matrix n X n from a cycle graph to the power of positive
integers two to five.

2. RESEARCH METHODS

The method used in this research was a literature review. The following stages are mentioned in this
research before providing any needed literature review: If given the adjacency matrix of the cycle graph C,,
in Equation (1), then to get the trace matrix which has the power of positive integers from two to five, it
will first be determined the power of the matrix from two to five. After that, the trace matrix form is
obtained. In more detail, the research steps are given as follows:

Given the adjacency matrix of the cycle graph of C,,.

Prove the power of A2 by C,C,, = A3.

Prove the power of A3 by A%C,, = A3.

Prove the power of A% by A3C,, = A%.

Prove the power of A3 by A%C,, = A3,

Prove tr(A2), tr(43), tr(A%) and tr(43) by using direct proof.

S
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7. Apply the general forms of tr(42), tr(43), tr(A%) and tr(A43) with some related examples.

Proof of the general form of the trace of the adjacency matrix n x n is carried out using direct proof,
namely the definition of the trace matrix in [11]. The elaboration of definitions and theorems related to the
rule of matrices power and trace matrices is provided in [12], [13], [14], [15], [16].

3. RESULTS AND DISCUSSION

The results of the study were obtained after following the steps described in the research method
above. There are two general forms obtained, first, the general form for the adjacency matrix n X n of the
cycle graph in Equation (1) to the power of positive integers from two to five. Second, the general form of
the trace of the adjacency matrix n x n from cycle graph in Equation (1) has the power of positive integers
from two to five.

3.1. General Form of the Adjacency Matrix n x n of a Cycle Graph to the Power of Two

Theorem 1 Given the adjacency matrix of the cycle graph in Equation (1), so it is obtained:

2 0 1 0 0 - 0 0 0 1 O

02010 - 000 D01

1 0 2 0 1 000 00

01020 0 00 0O

0 01 0 2 0 00 00
A2 =1: i i Pty iln>6

0 00 0O 2 01 00

0 00 0O 0 2010

0 00 0O 1 0 2 0 1

1 0 0 0 O 010 2 0

0 1. 0 0 0 0 01 0 2

or it can be written as follows:

2, fori=j
1, fori=j+2 withj=123,..,(n—2)
ori=j—2 withj=345,..,n

2 _ —
A7 = [ay] = or i=j+n—2withj=1.2
ori=j—n+2withj=n—-1n
0, for others
Proof:
Theorem 1 will be proved by direct proof.
0 1.0 0 0 - 0 0 0 0 17970 12 0 O O 0 0 0 0 1
1 0100 - 0O0O0TO0OTOHT 01 0 0 0 0 0 0 O
01 0 1 0 0 0 0 0 Offo 1 0 1 O 0 0 00 O
0 01 0 1 0 0 0 0 Offo 0 1 0 1 0 0 00 O
0 0 0 1 0 0 0 0 0 Ofj0 0 0o 1 O 0 0 0 0 O
A2 =C,-C,=|: A S | T T A A
0 0 0 0 O 01 0 0 Ofj0 0 0o 0 O 01 0 0 O
0 0 0 0 O 1 0 1 0 O0fJO 0 0 0 O 1 0 1 0 0
0 0 0 0 O 0 1 0 1 0ffo 0 0 0 O 01 0 1 0
oo0oo0o0O0O+«< 0O0T1TTO0 1ff0 OO0O0CO0O - 0 01 0 1
1 0 0 00 -~ 0O0OT1O0t1 0O0O0OO0O -~ 0O0O0 1T o

The result of multiplying the matrix entries from C,, - C,, can be analyzed as follows:
1. Entries with a value of 2, for i = j.

If we notice, the value of the entries along the i-th row in the first matrix is the same as the value of
the j-th column entries in the second matrix where there are two numbers 1 and (n-2) numbers 0 . Thus, the
result of multiplying the i-th row in the first matrix with the j-th column in the second matrix is:
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al-j=O-O+1-1+0-0+---+0-0+1-1=2Withi=j=1,2,---,n.
(n-3) faktor
2. Entries with a value of 1.
a. Entriesini=j+2 withj=12,3,..,(n—2)
a3;=0-0+1-1+0-0+1-04+0+0+--+0+0-1=1
(n-5) factor
A4 =0-1+0-0+1-140-0+1-0+0+0+--+0=1
(n-5) factor
as3=0-0+0-1+0-0+1-14+0-1+1-0+0+0+--+0=1
(n-6) factor

Upnz=10+0+0+--+0+0-14+0-0+1-1+0-0=1
(n-5) factor

b. Entriesini=j—2 withj=34,5,..,n
a;3=0:0+1-1+0:0+0-1+0+0+--+0+1-0=1
(n-5) factor
A4 =10+0:0+1-1+0-04+0-1+0+0+--+0=1
(n-5) factor
az35=0:0+1-0+0:0+1-1+0-0+0-1+0+0+--+0=1
(n—-6) factor

Anzn=1-0+0+40+-+0+1-0+0-0+1-1+0:0=1
(n-5) factor

c. Entriesini=j+n—-2withj=1.2
ayn-1=0-0+1-0+0:-0+--+0:0+0-1+0:0+1-1=1
T (n-5) factor
a;,=1-1+0-0+1-0+0:0+--+0:0+0-1+0:-0=1
T (n-5) factor

d. Entriesini=j—n+2withj=n—-1n
Uno11=0°0+0-1+0:0+-+0-0+1-0+0-0+1-1=1
(n-5) factor
Uny=1-1+0-0+0-1+0-0++0-0+1-0+0-0=1
(n-5) factor

3. For other entries are 0 namely:
One of entriesini = j +3 withi = 1,2,+--,(n — 3)
a;=0-0+0:14+1:0+0:-0+1-0+0:0+--+0:-0+0:1=0
(n-6) factor
a,=0:-1+0-0+0-1+1-04+0:-0+1:0+0:0+---+0-:-0=0
(n-6) factor
a3 =0-0+0-1+0-0+0-1+1-0+0-0+1-0+0-0+--+0:0=0

(n-7) factor

Qpnez =1°0+0-0+-40-0+0-14+0-0+0-1+1-0+0:0=0
(n-6) factor

And so on, for entries that have a value other than 1 and 2, the value is zero.

Thus it can be concluded from the results that the values in the C,, - C,, are 0, 1 and 2 which can be
presented in matrix form as follows:
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2 01 0 O 0 0 0 1 0

0 2 0 10 0 0 0 0 1

1 0 2 0 1 0 00 0O

010 2 0 0 00 0O

o o102 <« 0O0O0O0TUO
A2 =|: :+ i+ + -~ i i i i il n=6,o0rcouldbe written in form:

0 00 0O 2 01 0 0

0 00 0O 0 20 10

0 00 0O 1 0 2 0 1

1 0 0 0 O 010 2 0

01 0 0O 0 01 0 2!

2, fori=j
( 1, fori=j+2andj=1.23,..,(n—2)
A2 z[a”]zi ori=j—2 withj=34,5,..,n
n & ori=j+n—2withj=1,2
ori=j—n+2withj=n—-1,n

k 0, for others
Based on the proof above, then Theorem 1 is proven.

3.2 General Form of the Adjacency Matrix n x n of a Cycle Graph to the Power of Three

Theorem 2 Given the adjacency matrix of the cycle graph in Equation (1), so it is obtained:

03010 - 001 0 3
30301+ 00UO0T1@O
0 3 03 0 000 0 1
1 0 3 0 3 0 00 00O
01030 - 00UD0OTU 0O
A=]: :+ : : : -~ 1 : : : :|n=>8,orcouldbe written as follows:
0 00 0O 0 3010
000 0O 3 0301
1 0 0 0 0 0 3 030
01 0 0 O 1 0 3 0 3
30100 01 0 3 o
3, fori=j+1withj=123,..,(n—1)

ori=j—1withj=234,..,n
ori=j+n—1withj=1
ori=j—n+1withj=n
A =la;]={ 1, fori=j+3 withj=123,..,(n—3)
ori=j—3 withj=4,56,..,n
ori=j+n—-3withj=12,3
ori=j—n+3withj=m-2),(n—1),n
0, for others

Proof:
Theorem 2 will be proved by direct proof.

The result of multiplying the matrix entries of A2 - C,, can be analyzed as follows:

1. For entries with a value of 3.
a. Entriesin i =j+1 withj=123,..,(n—1)
a,=2-1+0-0+1-1+0:0+--+0-0+1-0+0-0=3
(n-5) factor
a,3=0-0+2-1+0-0+1-14+0:04+--+0-0+1-0=3
T (1-5) Factor
a3,=1-0+0:0+2-14+0-0+1-1+0:0+--4+0:0=3
(n-5) factor

Gp1n=1-1+0-0++0:0+1-0+0-1+2-1+0-0=3
(n-5) factor

b. Entriesini =j—1 withj = 2,3,4,..,n
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a1 =12+0-0+1-1+0-0+-++0-0+0-1+0-0=3
T (n-5) factor
a3,=0-04+1-24+0-0+1-1+0-04+--4+0-0+0-1=3
(n-5) factor
a,3=0-1+0-0+1-2+0-0+1-14+0:0+--+0-0=3
" (n-5)factor

Appno1=1140:0+--+0:040-1+1:0+1-2+0-0=3
(n-5) factor
c. Entriesini=j—n+1 withj=n

4, =21+0-0+1-0+0:0+--+0-0+1-140:0=3
(n-5) factor
d. Entriesini=j+n—-1withj=1
;1 =1:2+0-0+0-1+0:0+--+0-0+1-14+0:0=3
T (n-5) factor
2. For entries valued 1
a. Entriesini=j—3 withj=45,6,..,n
aj4=2-0+0-0+1-1+1-0+0-1+0-0+--+0-0+1:0+0:0=1

(n—7) factor

Ap37n=0-140-0+-+0-0+1-0+0-0+2-0+0:0+1-1+0-0=1
=7 factor
b. Entriesini=j+ 3 withj =123,..,(n—3)
ay;=0-2+0:-0+1-1+0-14+1-0+0:0+--4+0-0+0:-14+0-0=1

(n—7) factor

appn-3=1-0+0-0+---+0-0+0-1+0:0+0-24+0:-0+1-14+0-0=1
(n-7) factor

c. Entriesini=j—n+3withj=n-2),(n—1),n

Ain=2"0+0:04+1-04+0:04-4+0:0+0-1+0-0+1-1+0-0=1
(n-7) factor
ap-1=0:0+2-0+0-0+1-0+0-0+--+0-0+0-1+0-0+1-1=1

(n—7) factor
U327 =1140-04+2-0+0-0+1-0+0-0+--+0-04+0-1+0-1=1

(n-7) factor

d. Entriesini =j +n—3withj =1,2,3
An21=0:2+0-0+0:1+0:0+--4+0:0+1-040-0+1-1+0:0=1
(n-7) factor
ap_4,=00+0-24+0-0+0-1+40:0+---+0-0+1:-0+0-0+1-1=1
(n—7) factor
ap3=1:140-0+0-2+0:04+0-1+0:0+-+-+0:0+1-04+0-0=1
(n-7) factor
3. For the other entries, it is 0. The value of 0 is the many values in the matrix, so that in this proof only a
few entries are taken, namely:
a. Entriesini =j
a,,=2-0+0-1+1:0+0:0+--4+0:0+1-0+0-1=0
(n-5) factor
a;,=0-1+2-0+0:-1+1-0+0:0+--+0:0+1:0=0
(n-5) factor
a33=1-0+0-1+2:-0+0-1+1-0+0:0+--+0:0=0
(n-5) factor

Upn=0:1+1:-0+0:0+--+0:0+1:-0+0-1+2-0=0.
(n-5) factor
b. Entriesini =j + 4 withj = 1,2,---,(n — 4)
as’l=0'2+0-0+O-1+1'0+O-O+1-0+0-0+~~+0-0+0-1+0-0=0
(n-8) factor



400 Fitri ,et. al.

Trace Of The Adjacency Matrixn X n ........

g2 =0"0+0:2+0-0+0-1+1-0+0-0+1-0+0-0+--+0-0+0-1=0

(n-8) factor

apn-4=1-0+0-0+--+0-0+0-1+0:0+0-24+0:-04+0-1+1-0+0:-0=0

(n-8) factor

Therefore, it can be concluded from the results obtained that the values in the matrix multiplication
Cy, are 0, 1 and 3, which can be presented in the matrix as follows:

entries of A2 -

0

SO FR,r O W

WO R OO -

43 = ay] =4

_ O WwWoWw

O R O O O -

0

S WwWow

O OO O -

1

w o wo

0

S W o

S oo oo

O R O WO .-

S o o oo

S WO W .-

1

SO OC OO

W o wo .-

0

0

SO O

wWoWwWo k= -

wWo RO -

0A

S O PO W

,n = 8 or could be written as follows:

3, fori=j+1withj=123,..,(n—-1)
ori=j—1withj=234,..,n
ori=j+n—1withj=1

ori=j—n+1withj=n

1, fori=j+3 withj=123,..,(n—3)

ori=j—3 withj=456,..,n
ori=j+n—-3withj=12,3
ori=j—n+3withj=mn-2),(n—1),n

Ov

for others

Based on the proof above, Theorem 2 is proven. m

3.3. General Form of the Adjacency Matrix n X n of a Cycle Graph to the Power of Four
Theorem 3 Given the adjacency matrix of the cycle graph in Equation (1), so it is obtained:

r6
0
4
0
1
Ay =|:
0
1
0
4
L0
Proof:

0 4 0 1 0
6 0 4 0 0
0 6 0 4 0
4 0 6 O 0
0 4 0 6 0
0 0 0 O 6
0 0 0 O 0
1 0 0 O 4
01 00 0
4 01 0 1
An = [aij] =1

1

N OO OO

O’

)

0

o0 O R

S O OO B

fori=j
4, fori=j+2 withj=123,..,(n—2)

4

oo RO

oSO O »O

0,

O = O B

N O A O

:|, n > 10, or could be written in form:

ori=j—2 withj=345,..,n

ori=j+n-—2withj=1,2
ori=j—n+2withj=n—-1n
1, fori=j+4 withj=123,..,(n—4)

ori=j—4 withj=56,7,..,n
ori=j+n—4withj=1234
ori=j—n+4withj=n—-3,n—-2,n—-1,n
for the others

Theorem 4 will be proved by direct proof.

The result of multiplying the matrix entries of A3 - C,, can be analyzed as follows:
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1. For entries that valued 6.
Entries in a; withi =j=1,2,-,n
a7 =0-0+3-1+0-0+1-0+0:0+--+0:0+1-0+0:0+3-1=6
(n—=7) factor

Appn=3-1+0-1+1-0+0:0+-+-+0-0+1-0+0-0+3-1+0-0=6
(n=7) factor
2. For entries that valued 4.
a. Entriesini =j—2 withj =34,5,..,n
a13=0-0+3-1+0-0+1-1+0+0+--+0+1-0+0-0+3-0=4
(n—7) factor

ay2,=1-1+0+0+--+0+1-0+0-0+3-0+0-0+3-1+0-0=4
(n—7) factor
b. Entriesin i =j+ 2 withj =1,23,...,(n—2)
az;=0-0+1-3+0-0+1-1+0+0+--+0+0-1+0-0+0-3=4

(n—7) factor

Ap2n=1-14+0+0+--+0+0-14+0-0+0-3+0-0+1-3+0-0=14
c. Entriesini=j+n—-2withj=1,2
Ap-11=0:0+1-140:0++40:0+1-0+0-0+3-1+0-0+3-1=4
) Factor
a3, =1:340:0+0:3+0:0+0-1+0-0+--+0-0+1-14+0-0=14
) factor
d. Entriesini=j—n+2withj=n—-1,n
ajn-1=0-0+3-0+0:-0+1:-0+0-0+--+0:-0+1-1+0:0+3-1=4
(n—7) factor
a4, =3-14+0:0+3:0+0-0+1-0+0-0++0-0+1-14+0-0=14
T (7 factor
3. For entries that valued 1.
a. Entriesini =j —4 withj =5,6,7,...,n
a,5=0-0+3-0+0-0+1-140-0+0-1+0-04+--40-0+1-0+0:0+3-0=1
(n-9) factor

Ungn=0-1+0:04+--+0-0+3-0+0-0+3-0+0-0+1-1+0-0=1
(n-7) factor
b. Entriesin i =j+4 withj =1,23,...,(n —4)
a5, =0-0+0-3+0-0+1-1+0-0+1-0+0-0+--+0-0+0-1+0-0+0-3=1

(n-9) factor

pn-2=104+0-0+-+-40-0+3-0+0-0+0-34+0-0+1-1+0:0=1
c. Entriesini=j—n+4withj=n—-3,n—-2,n—-1n
,-3=0-0+3:0+0-0+1-04+0:0+--4+0:04+0-1+0-0+1-14+0-0+3-0=1

(n-9) factor

a,,=1-1+0-0+3-0+0-0+3:0+0-0+--+0:0+0-1+1-0=1
o7 factor
d. Entriesini =j+n—4withj=1234
ap-3;=0:-0+0:-3+0:-0+0-1+0-0+--+40-0+1-0+0:-0+1-1+0:-0+0-3=1
(n-9) factor

A4 =1"1+0-04+0-34+0-0+0-3+0:0+-++0:0+1-04+0-1=1
o7 factor
4.  For other entries are 0 namely:
a. Entriesini =j —1withj =23,---,(n—1)
a,=0-1+3-0+0-1+1:04+0-0+--40-0+1-0+0:0+3:0=0

(n—7) factor

ap1,=0-1+1-0+0-0+---+0-0+1-0+0-14+3-04+0-0+3:0=0
(n—7)factor
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Thus, it can be concluded that the values in the matrix multiplication entries of A% - C,, are 0, 1, 4
and 6, can be presented in the matrix as follows:

6 0 4 0 1 - 0 1 0 4 0
0O 6 040 - 0010 4
4 0 6 0 4 0 001 O
0 4 0 6 0 0 0 0 0 1
1 0 4 06 - 0 0 0 00O
Ab=|: : ¢+ : o+ . i it 1 | m=>10, orinform:
0 00 0O 6 0 4 0 1
1 0 0 0 O 0 6 0 40
01 0 0O 4 0 6 0 4
4 01 0 0 0 4 0 6 0
0 4 0 1 0 1 0 4 0 6
( 6, fori=j
4, fori=j+2 withj=123,..,(n—2)
ori=j—2 withj=345,..,n
ori=j+n—2withj=1,2
Af&=[aij]=< ori=j—n+2withj=n—-1n

1, fori=j+4 withj=123,..,(n—4)
ori=j—4 withj=5,67,..,n
ori=j+n—4withj=1234

ori=j—n+4withj=n—-3,n—2,n—-1,n
0, for the others

Based on the proof above, then Theorem 4 is proven. m

3.4 General Form of the Adjacency Matrix n X n of a Cycle Graph to the Power of Five
Theorem 4 Given the adjacency matrix of the cycle graph in Equation (1) then:

ro 10 0 5 0 - 1 0 5 0 107
10 0 10 0 5 0O 1 0 5 o0
0 10 0 10 0 - O O 1 O 5
5 0 10 0 10 0O 0 o0 1 0
0 5 0 10 O 0O 0 o0 o0 1
AS=|: i i : ¢ i+ i :| n=>12, orinanother form as follows
1 0 0 0 O 0 10 0 5 0
O 1 0 o0 O 10 0 10 0 5
5 0 1 0 0 0 10 0 10 O
0 5 0 1 0 5 0 10 0 10
10 0 5 0 1 0 5 0 10 O
10, fori=j+1 withj=1273,..,(n—1)
ori=j—1withj=2345,..,n
ori=j+n—1withj=1
ori=j—n+1withj=n
5 fori=j+3 withj=1.23,..,(n—3)
ori=j—3 withj=45,6,7,..,n
45 = ay] = oriij+n—3jwithj=1,2,3
ori=j—n+3withj=n—-2,n-1n
1, fori=j+5 withj=123,..,(n—75)
ori=j—5 withj=678,..,n
ori=j+n—-5withj=1234,5
ori=j—n+5withj=n—-4n-3,n-2n-1n
0, for the other
Proof:

Theorem 4 will be proved by direct proof.
The result of multiplying the matrix entries of A% - C,, can be analyzed as follows:

1. For entries with a value of 10.
a. Entriesini=j—1 withj =2,345,..,n
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a1, =6-14+0:04+4-1+0-0+1-04+0-0+-+0-0+1-04+0-0+4-0+0-0=10

(n-9) factor

Uno1n=41+0:-0+1-0+0-0+-+0:0+4-0+0-1+6-1+0-0=10
(n-7) factor
b. Entriesini=j+1 withj=123,..,(n—1)
A, =16+0:0+14+0-0+0-1+0-0+--+0-0+0-1+0:0+0-4+0-0=10
(n-9) factor

apn-1=14+0-0+0-1+0-0+--+0-0+0-44+1-0+1-64+0-0=10
(n-7) factor
c. Entriesini=j—n+1withj=n

a,=6-1+0-0+4-0+0-0+1-0+0-0+--+0-0+1-0+0-0+4-14+0-0=10
(n-9) factor
d. Entriesini=j+n—1withj=1
a,;, =1-6+0-0+0-4+0-0+0-1+0:0+--+0-0+0-14+0-0+1-44+0-0=10

(n—9) factor

2. For entries that valued 5
a. Entriesini =j —3 withj =4,5,6,7,...,n
a,,=6-0+0-0+4-1+0-0+1-1+0-0+-+-40-0+1-0+0:0+4-0+0-0=5

(n-9) factor

p-3,=1-14+0-0+1-0+0:0+--+0:-0+6-0+0-1+4-1+0-0=5

(n-7) factor
b. Entriesin i =j + 3 withj =1,2,3,..,(n — 3)
a,;,=06+0-0+1-4+0-0+1:-1+0-0+--+0-04+0-1+0-0+0-4+0-0=5

(n-9) factor

Unn3=1-140-0+0-14+0:0++0:0+0:6+1-0+1-4+40-0=5
(n-7) factor

c. Entriesini=j—n+3withj=n—-2,n-1n

Uipy=6-0+0-0+4:040:0+1:04+0:0+--+0-0+1-1+0-0+4-140-0=5

(n-9) factor

A3, =4-1+0-0+6-0+0-0+4-0+0-0+--+0:0+1-1+0-0=5
(n-7) factor

d. Entriesini =j+n—3withj =123

Un-21=0:64+0:0+0:44+0-0+0-1+0-0+--+0-0+1-140:0+1-44+0-0=5

(n-9) factor

p3=14+0-0+0-6+0-0+0:-4+0-0+--+0-0+1-1+0-0=5
(n-7) factor
3. For entries that valued 1
a. Entriessi =j—n+5withj=n—-4n-3,n-2,n-1n
4p-4=6:0+0-0+4-0+0-0+1-0+0:0+--+0:0+1-14+0:0+4-0+0-0=1

(n-9) factor

A5, =11+0:0+4-0+0-0+6-0+0:0+--+0:0+0-1+0-0=1
(n-7) factor

b. Entriesin=j+n—-5withj=1,2,3,4,5

Un31=06+0-0+0:44+0-04+0-1+0:0+--+0:0+1-1+0:04+0-4+0-0=1

(n-9) factor

Uns=11+0:0+04+0-0+0:6+0-0+--+0:0+1-0+0-0=1
(n-7) factor
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4. For other entries are 0, namely:
Entriesin a; ;4, withi = 1,2,--+,(n — 2)
a;3=6:0+0-1+4-0+0-1+1-0+04+0+--+0+1-0+0-0+4-0+0-0=0
(n-9) factor

ap_2,=0-1+1-0+0+0+---+0+4-04+0-0+6-0+0-1+4-0=0
(n-7) factor
Entriesina; ; withi =j =1,2,---,n

a4,1=6-0+0-14+4-0+0-0+1-0+0-0+-++0-0+1-0+0-0+4-0+0-1=0
(n-9) factor

Uppn=0"1+1-0+0:0+-~+0:0+1-0+0-1+2-0=0
(n—-5) factor

Thus, it can be concluded that the values in the matrix multiplication entries of A% - C,, are 0, 1, 5
and 10, which can be written in the matrix as follows:

ro 10 o0 5 0 - 1 0 5 0 10
10 0 10 0 5 0 1 0 5 0
0 10 0 10 O 0 0 1 0 5
5 0 10 0 10 0o 0 0 1 O

0 0 0 0 1

0 5 0O 10 0 -
A> =] : : : : L : : : : |, n =12 or could be written in another form,

1 0 0 0 o0 0 10 0 5 0
o 1 0 0 O 10 0 10 0 5
5 0 1 0 0 0 10 0 10 O
0 5 0 1 0 5 0 10 0 10
110 0 5 0 1 0 5 0 10 O
namely
10, fori=j+1 withj=123,...,(n—1)
ori=j—1withj=2345,..,n
ori=j+n—1withj=1
ori=j—n+1withj=n
5 fori=j+3 withj=1.23,..,(n—3)
ori=j—3 withj=456,7,..,n
45 = ay] = or i=j+n—3withj=123

ori=j—n+3withj=n—-2n-1n
1, fori=j+5 withj=123,..,(n—5)
ori=j—5withj=6,78,..,n
ori=j+n—-5withj=1234,5
ori=j—n+5withj=n—-4n-3,n—-2,n-—:
0, for the other

Based on the proof above, then Theorem 4 is proven. m

3.5 General Form of Trace of the Adjacency Matrix n X n of Cycle Graph

The next result of this research is that by using the results from Theorem 2 to Theorem 5, then the
trace of the adjacency matrix n x n of the cycle graph can be obtained and presented in Corollary 1 to
Corollary 4.

Corollary 1 Given the adjacency matrix n X n of the cycle graph expressed in Equation (1.6), so it is
obtained:

tr(42) = 2n n=6
Proof:

By using the definition of the trace matrix and the results of the research in Theorem 2, it is obtained:
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2 0100 0 00 10
0 2010 0 00 01
10 2 0 1 0 00 00O
01020 0 00 00O
0 01 0 2 0 00 00O
tr(A2) =ter||: + : & o
0 00 00O 2 0100
0 00 00O 0 2010
0 00 00O 10 2 0 1
10 0 0 O 010 20
0 1 0 0 O 0 01 0 2
= 2424 +2
e —
= 2n
Based on the proof above, Corollary 6 is proven. ]

Corollary Given the adjacency matrix n x n of the cycle graph expressed in Equation (1.9) then it is
obtained:

tr(43) =0 n=>8
Proof:

By using the definition of the trace matrix and Theorem 3, it is obtained:

0 3 0 1 0 - 0 0 1 0 3
30301« 000T1F0
0 3030 0 00 0 1
1 0 3 0 3 0 00 00O
0 10 30 0 00 00O
tr(A3) =¢er||: ¢ o1 o A
0 00 00O 0 3010
0 00 0O 3 03 01
10 00 0 0 3030
01000 10 3 0 3
30 1 0 0 0 10 30
= 0+0+4+--+0
n
= On
= 0
Based on the proof above, then Corollary 2 is proven. ]

Corollary 3 Given the adjacency matrix n x n of the cycle graph stated in Equation (1.6) then:
tr(At) = 6n n=>10

Proof:

By using the definition of the trace matrix and Theorem 3, then it is obtained: ¢r(4}) =

6 0 4 0 1 01 0 4 0
0 6 0 4 0 0 01 0 4
4 0 6 0 4 0 0010
0 4 0 6 0 0 0 0 01
1 0 4 0 6 0 0 0 0O
tr A A
0 00 0O 6 0 4 0 1
1 0 0 0 O 0 6 0 40
01 0 00 4 0 6 0 4
4 01 0 O 0 4 0 6 0
0 4 010 1 0 4 0 6
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6+6++6

= 6n
Based on the proof above, Corollary 3 is proven. ]
Corollary 4 Let the adjacency matrix n x n of the cycle graph stated in Equation (1.6), then:
tr(A5) =0 n=8
Proof:
By using the definition of the trace matrix and Theorem 4, then the following is obtained:

0 10 0 5 0 1 0 5 0 10
10 0 10 0 5 0 1 0 5 0
0 10 0 10 O 0 0 1 0 5
5 0 10 0 10 0 0 0 1 O
0 5 0 10 O 0O 0 o0 0 1
tr()=¢r||: + -
1 0 0 0 O 0 10 0 5 0
0 1 0 0 O 10 0 10 0 5
5 0 1 0 0 0 10 0 10 O
0 5 0 1 0 5 0 10 0 10
10 0 5 0 1 0 5 0 10 O
= 0+0+-+0
n
= 0
Based on the proof above, Corollary 4 is proven. [ ]

3.6 Application to the Power and Trace of an Adjacency Matrix n X n of a Circle Graph to the Power
of a Positive Integer

The following is an example which uses the effects trace of the adjacency matrix n x n of a cycle
graph to the power of positive integers.

Example : Let a circle graph of C;5 as follows:

Figure 1. Graph of Cyle C;5

Determine the adjacency matrix of the circle graph and the power of the adjacency matrix with
powers of 2,34 and 5 and determine tr(A%s), tr(Als), tr(Afs) and tr(A3s) by using the existing
theorems!
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ANswers:

a. Based on the Figure 1 above, then the adjacency matrix of the cycle graph above is as follows:
A B CDE F G H I J] KLMN O

A0 1 0 0 0 0 0 0O OO O 0 0 0 17
Bt 0 1. 0 0 000 O O O0OOUOTUO0OTPO
c)jo 1010000 O0O0O0OO0OO0OO0OTDO0
Djo 0 1 01 0000 O O0OO0OO0OTUO0OTPO
EIO 0O O1 01 0 00 O O0OOUOTUO0OTDO
FIo 0 0 01 01 0000 O O0OFPDO
¢G|10 0 0 0O0O1T 01 00 O 0 O0O0OT O
Cis=H|0O OO OO O101O0O0O0O0OTUO0OTO
I 0 0o 0 00 OO 1 O01O0O0O0O0O0
J10 0 0 0 0 0 0 01 01 0 O 0 O
Kio 0 0 0 0 00O 00O 101 0O00O0
LIO O OOOOOOOOT1O0T1TUO0TO0
MO OO OOOOUOU OO OOT11IO0T1TO0
NIO O OO OO OO0 O0OUO0OUO0OOUO0OTI1TTUO01
ot1r 0 0 0 0O 0OOOOOUOUOOUOZI11TO0
b. Based on the adjacency matrix in (a), it is known that n=15, so by using Corollary 1, 2, 3 and 4, the

following is obtained:
1. tr(A%5) =2(15) =30

2. tr(A};)=0
3. tr(Afs) = 6(15) =90
4. tr(A3s)=0

4. CONCLUSIONS

Based on the discussion described above, regarding the trace of the adjacency matrix n X n to the
power of positive integers from a cycle graph with the matrix form in Equation (1), the following
conclusions are obtained:

1. The general forms of the adjacency matrix n X n of a cycle graph to the power of positive integers two
to five are:
2, fori=j
1, fori=j+2 withj=123,..,(n—2)
ori=j—2 withj=34,5,..,n
ori=j+n—2withj=12
ori=j—n+2withj=n—-1n
0, for the others

A = ay] = ,and

3, fori=j+1 withj=123,..,(n—1)
or i=j—1withj=234,..,n

ori=j+n—1withj=1
ori=j—n+1withj=n

A =aj]={ 1, fori=j+3 withj=123,..,(n—3) , and

ori=j—3 withj=456,..,n
ori=j+n—-3withj=1,2,3
ori=j—n+3withj=mn-2),(n—1),n
0, for the others
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A% = [ay] =
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6, fori=j
4, fori=j+2 withj=1273,..,(n—2)
ori=j—2 withj=345,..,n
ori=j+n—2withj=12
ori=j—n+2withj=n—-1n
1, fori=j+4 withj=123,..,(n—4)
ori=j—4 withj=5,6,7,..,n
or i=j+n—4withj=1.234
ori=j—n+4withj=n—-3,n-2,n-1n
0, for the other

, and the last

10, fori=j+1 withj=1.23,..,(n—1)
ori=j—1 withj=2345,..,n
ori=j+n—1withj=1

ori=j—n+1withj=n

5 fori=j+3 withj=123,..,(n—3)
ori=j—3 withj=45,6,7,..,n
ori=j+n—-3withj=1.23

ori=j—n+3withj=n—-2,n-1,n

1, fori=j+5 withj=123,..,(n—5)
ori=j—5 withj=678,..,n
ori=j+n—-5withj=12345

ori=j—n+5withj=n—-4n-3,n—-2n—-1n

0, for the others

Ay = [ay] =

2. The general forms trace of the adjacency matrix n X n of a cycle graph to the power of positive integers
two to five are:

a. tr(4%) =2n ,n=>6
b. tr(43)=0n ,n=>8
c. tr(4t)=6n ,n =10
d. tr(43) =0n ,n =12
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