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Abstract. Queues are often found in public service providers, including port services. Therefore, the InaPortNet 

scheme was developed to facilitate and minimize queues in and out of ships. Also, service performance was optimized 

through behavior analysis and queuing system stability. This study focused on designing the max-plus algebra model 
and time estimation on the incoming ship service scheme. The results showed that the InaPortNet system is useful for 

modeling. Furthermore, the max-plus algebra matrix is used to obtain an estimated service time from registration to 

the ship docking process at the port. However, further study needs to be carried out by scheduling the max-plus 

algebraic matrix in order to analyze the behavior and stability of the queuing system 
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1. INTRODUCTION 

Queues often found at public service providers are caused by more visitors in need of services than the 

officers. This has led to long waiting times for the users, which is detrimental because a lot of time is wasted. 

Similarly, the service providers also suffer losses due to the reduction in work efficiency, small profit, and 

bad image created for the customer [1]. In anticipating the occurrence of long queues, service providers' 

performance needs to be optimized to ensure smooth and effective running. 

Queuing situations are often encountered in the service of incoming and outgoing ships at the port 

which is one of the supporting facilities for sea transportation routes. For example, Indonesia is an 

archipelagic country, dominated by territorial waters, thereby having potential for queues hence, logistics 

distribution and mobilization between regions need to be carried out. This logistics distribution has a very 

strategic role in economic growth because it is one of the business sectors that contributes to national 

development. To further enhance smooth running services without long waiting times, port management 

needs to be carried out professionally, transparently, effectively, and efficiently [2]. 

Currently, the government has developed an information technology infrastructure in the form of a 

single web/internet-based electronic service system called InaPortNet, to support port activities quickly and 

transparently. Furthermore, the system is an open and neutral electronic portal developed to facilitate fast, 

safe, neutral, and easy exchange of port service through relevant information about government agencies, 

business entities, and logistics industry players to increase the competitiveness of the Indonesian logistics 

community [3]. 

In the InaPortNet system scheme, some stages need to be passed, starting from the input process (ship 

arrival news) to the output (boat docking). Also, the occurrence of queues is categorized in a Discrete Event 

System (DES) and is modelled by using max-plus algebra. Class of DES mainly contains a manmade system 

that is able to control and help overcome these problems [4]. This model is an algebraic structure in which 

the set of all real numbers is equipped with max and plus operations [5],[6], and [7].  

Furthermore, this algebra is used to model and algebraically analyse various problems in rail network 

systems, scheduling in work networks, simple production systems, and queuing [8], [9] and [7].  In the max-

plus algebra, the operation max 
)(

 and plus 
)(

 in conventional algebra refer to addition and 

multiplication [10].  Let, R  represent the real number, then 
  RRmax . Suppose max, Rba 

, then 

we define two operators max 
)(

 and plus 
)(

 as 
),max( baba 

 and baba  [7][11][12][9].  

The two operators are extended to nm matrices of elements of maxR
. The sum of matrices 

nmRBA  max,
 is defined as ijijij BABA )()()( 

 for all ji, . The product of 
lmRA  max  and 

nlRB  max  

is defined as 

  kjik

l

k

ij BABA )()(
1

 
  [13] [7]. 

The previous application of max-plus algebra includes:  [13] do research on applications of max-plus 

algebra to design of flow shop scheduling problems.  Max-plus algebra using for supply chain scheduling 

[14]. [15] do research on the application of petri net and max-plus algrbra for bus sscheduling.  Max-plus 

algebra can be alternative solution for scheduling model design of the crystal sugar production system [16].  

[17] use max-plus algebraic for modelling of three crossroad traffic queue systems with one underpass in 

Yogyakarta. Max-plus algebra using to estimate the optimal time required to manufacture the Kupang ikat 

woven by [18]. Max-plus algebra in Scheduling Model Development Project [19]. [20] using max-plus 

algebra for modelling of queuing system for making SIUP of Hazardous Substances. 

Meanwhile this study model the InaPortNet system inbound service scheme by using max-plus algebra 

model. In this research, the author use a petri net to represents the flow of the InaPortNet system. Models 

generated can be used for analyse the behaviour and stability of queuing system. 
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2. RESEARCH METHODS 

In this research, carried out in several stages as follow:  

 

 

Figure 1. Flowchart of the research 

 

The method used includes the following stages: (1) studying literature related to the InaPortNet system 

and max-plus algebra, (2) designing a petri net based on the InaPortNet schema flowchart, (3) creating a 

model max-plus algebra based on the petri net model, (4) determining the max-plus algebraic matrix, and (5) 

calculating the approximate service time. The software used includes PIPEv4.3.0, Scilab-5.5.2, and Max-Plus 

Algebra Toolbox ver. 1.0.1 [21]. 

 

 

3. RESULTS AND DISCUSSION 

The InaPortNet System Ship Incoming Service Scheme is a business process issued by the Indonesian 

Ministry of Transportation. According to the flow chart shown in Figure 1, the port user company is 

assumed to already know the information on the InaPortNet system procedure. 
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Figure 2. InaPortNet Schematic Port Service Diagram 

 

Prior to the max-plus algebra model, a petri net was designed according to Figure 2, having two 

variables namely time and length of time indicator [7]. Figure 3 therefore shows the queuing system form of 

the InaPortNet ship-in service scheme. 

 
Figure 3. Petri Net Design 
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The description of the variables showing the time and length of time in Figure 3 is shown in Table 1 

and Table 2. 
Table 1. Time variables 

Variable Description 

𝑇1(𝑘) Time of  when the applicant/ship agent submits the application file for the arrival of the 

ship when the k-th 

𝑇2(𝑘) Time of  checking the completeness of the approval file for the arrival of the ship at the 

time of the k-th 

𝑇3(𝑘) Time of  checking the completeness of the incoming ship approval file at the time of 

the k-th 

𝑇4(𝑘) Time of  checking the completeness of the ship's loading and unloading approval file at 

the time of the k-th 

𝑇5(𝑘) Time of  ship arrival approval file completed on the k-th 

𝑇6(𝑘) Time of  the incoming ship approval file is complete on the k-th 

𝑇7(𝑘) Time of  the ship loading and unloading approval file is complete at the time of the k-th 

𝑇8(𝑘) Time of  the loading and unloading application file is not complete on the k-th 

𝑇9(𝑘) Time of  the incoming ship approval file is incomplete on the k-th 

𝑇10(𝑘) Time of  incomplete ship arrival approval file at the k-th 

𝑇11(𝑘) Time of  meeting counts at the k-th 

𝑇12(𝑘) Time of  determination of the ship's berth at the time of the k-th 

𝑇13(𝑘) Time of  application submission for exercise at the k-th 

𝑇14(𝑘) Time of  application for exercise is not approved on the k-th 

𝑇15(𝑘) Time of  Recording of scouting realization on the k-th 

𝑇16(𝑘) Time of  PNBP payment on the k-th 

𝑇17(𝑘) Time of the ship goes to the pier on the k-th 

 
Table 2. Duration of variables 

Variable Description 

𝑉𝑇1 , 𝑘 Duration of when the applicant/ship agent submits the application file for the arrival of 

the ship when the k-th 

𝑉𝑇1 , 𝑘 Duration of checking the completeness of the approval file for the arrival of the ship at 

the time of the k-th 

𝑉𝑇1 , 𝑘 Duration of  checking the completeness of the incoming ship approval file at the time 

of the k-th 

𝑉𝑇1 , 𝑘 Duration of  checking the completeness of the ship's loading and Duration of  

unloading approval file at the time of the k-th 

𝑉𝑇1 , 𝑘 Duration of ship arrival approval file completed on the k-th 

𝑉𝑇1 , 𝑘 Duration of  the incoming ship approval file is complete on the k-th 

𝑉𝑇1 , 𝑘 Duration of  the ship loading and unloading approval file is complete at the time of the 

k-th 

𝑉𝑇1 , 𝑘 Duration of  the loading and unloading application file is not complete on the k-th 

𝑉𝑇1 , 𝑘 Duration of  the incoming ship approval file is incomplete on the k-th 

𝑉𝑇1 , 𝑘 Duration of  incomplete ship arrival approval file at the k-th 

𝑉𝑇1 , 𝑘 Duration of  meeting counts at the k-th 

𝑉𝑇1 , 𝑘 Duration of  determination of the ship's berth at the time of the k-th 

𝑉𝑇1 , 𝑘 Duration of  application submission for exercise at the k-th 

𝑉𝑇1 , 𝑘 Duration of  application for exercise is not approved on the k-th 

𝑉𝑇1 , 𝑘 Duration of  recording of scouting realization on the k-th 

𝑉𝑇1 , 𝑘 Duration of  PNBP payment on the k-th 

𝑉𝑇17 , 𝑘 Duration of  the ship goes to the pier on the k-th 

 

According to Figure 3, the max-plus algebra model is obtained with the time variable as follows: 

)1()( 1,1 1
 kTVkT kT         (1) 

 

  )1()1(

)1()()(

10,1,,,

102,5

5125

5





kTVkTVVV

kTkTVkT

kTkTkTkT

kT
   (2) 



152  Nurwan, et.al       Max-Plus Algebra Model On Inaportnet System 

 

 

  )1()1(

)1()()(

9,1,,,

93,6

6136

6





kTVkTVVV

kTkTVkT

kTkTkTkT

kT
    (3) 

 

  )1()1(

)1()()(

8,1,,,

84,7

7147

7





kTVkTVVV

kTkTVkT

kTkTkTkT

kT
   (4) 

 

   
 

        )1()1()1(

)1(

)()()()(

8,,9,,10,,

1

,,,,

,,,,,,,,

765,11

711611511

14711

1361112511

11








































kTVVkTVVkTVV

kT
VVVV

VVVVVVVV

kTkTkTVkT

kTkTkTkTkTkT

kTkTkTkT

kTkTkTkTkTkTkTkT

kT

 (5)

 

 
 
 

  
  
  )1(

)1(

)1(

)1(

)()(

8,,,

9,,,

10,,,

1

,,,,,

,,,,,

,,,,,

11,12

71112

61112

51112

1471112

1361112

1251112

12

























































kTVVV

kTVVV

kTVVV

kT

VVVVV

VVVVV

VVVVV

kTVkT

kTkTkT

kTkTkT

kTkTkT

kTkTkTkTkT

kTkTkTkTkT

kTkTkTkTkT

kT

   (6) 

 

 
 
 

  
  
    )1()1(

)1(

)1(

)1(

)1()()(

15,8,,,,

9,,,,

10,,,,

1

,,,,,,

,,,,,,

,,,,,,

1512,13

137111213

6111213

5111213

147111213

136111213

125111213

13

























































kTVkTVVVV

kTVVVV

kTVVVV

kT

VVVVVV

VVVVVV

VVVVVV

kTkTVkT

kTkTkTkTkT

kTkTkTkT

kTkTkTkT

kTkTkTkTkTkT

kTkTkTkTkTkT

kTkTkTkTkTkT

kT

   (7) 

 
 
 

  
  

  
 )1(

)1(

)1(

)1(

)1(

)()(,

15,,

8,,,,,

9,,,,,

10,,,,,

1

,,,,,,,

,,,,,,,

,,,,,,,

13,14

1314

711121314

611121314

511121314

14711121314

13611121314

12511121314

14



























































kTVV

kTVVVVV

kTVVVVV

kTVVVVV

kT

VVVVVVV

VVVVVVV

VVVVVVV

kTVkT

kTkT

kTkTkTkTkT

kTkTkTkTkT

kTkTkTkTkT

kTkTkTkTkTkTkT

kTkTkTkTkTkTkT

kTkTkTkTkTkTkT

kT

  (8) 



BAREKENG: J. Il. Mat. & Ter ., Vol. 16(1).pp.147-156, Mar 2022     153 

 

 

 
 
 

   
   

   
  )1(

)1(

)1(

)1(

)1(

)()(

15,,,

8,,,,,,

9,,,,,,

10,,,,,,

1

,,,,,,,,

,,,,,,,,

,,,,,,,,

14,15

131415

71112131415

61112131415

51112131415

1471112131415

1361112131415

1251112131415

15



























































kTVVV

kTVVVVVV

kTVVVVVV

kTVVVVVV

kT

VVVVVVVV

VVVVVVVV

VVVVVVVV

kTVkT

kTkTkT

kTkTkTkTkTkT

kTkTkTkTkTkT

kTkTkTkTkTkT

kTkTkTkTkTkTkTkT

kTkTkTkTkTkTkTkT

kTkTkTkTkTkTkTkT

kT

  (9) 

 

 
 
 

   
   

   
  )1(

)1(

)1(

)1(

)1(

)()(

15,,,

8,,,,,,

9,,,,,,

10,,,,,,

1

,,,,,,,,

,,,,,,,,

,,,,,,,,

15,16

13141516

7111213141516

6111213141516

5111213141516

147111213141516

136111213141516

125111213141516

16



























































kTVVVV

kTVVVVVVV

kTVVVVVVV

kTVVVVVVV

kT

VVVVVVVVV

VVVVVVVVV

VVVVVVVVV

kTVkT

kTkTkTkT

kTkTkTkTkTkTkT

kTkTkTkTkTkTkT

kTkTkTkTkTkTkT

kTkTkTkTkTkTkTkTkT

kTkTkTkTkTkTkTkTkT

kTkTkTkTkTkTkTkTkT

kT

(10) 

 
 
 

   
   

   
  )1(

)1(

)1(

)1(

)1(

)()(

15,,,,

8,,,,,,,

9,,,,,,,

10,,,,,,,

1

,,,,,,,,,

,,,,,,,,,

,,,,,,,,,

16,17

1314151617

711121314151617

611121314151617

511121314151617

14711121314151617

13611121314151617

12511121314151617

17



























































kTVVVVV

kTVVVVVVVV

kTVVVVVVVV

kTVVVVVVVV

kT

VVVVVVVVVV

VVVVVVVVVV

VVVVVVVVVV

kTVkT

kTkTkTkTkT

kTkTkTkTkTkTkTkT

kTkTkTkTkTkTkTkT

kTkTkTkTkTkTkTkT

kTkTkTkTkTkTkTkTkTkT

kTkTkTkTkTkTkTkTkTkT

kTkTkTkTkTkTkTkTkTkT

kT

(11) 

 

Based on equation (1)-(11),  we obtain max-plus algebra model into matrix shown in Equation (12).  

(

 
 
 
 
 
 
 
 
 

𝑇1(𝑘)

𝑇5(𝑘)
𝑇6(𝑘)

𝑇7(𝑘)
𝑇11(𝑘)

𝑇12(𝑘)
𝑇13(𝑘)

𝑇14(𝑘)
𝑇15(𝑘)

𝑇16(𝑘)
𝑇17(𝑘))

 
 
 
 
 
 
 
 
 

=

(

 
 
 
 
 
 
 
 
 

𝑉𝑇1,𝑘 𝜀 𝜀 𝜀 𝜀 𝜀 𝜀 𝜀 𝜀 𝜀 𝜀

𝑎 𝜀 𝜀 𝜀 𝜀 𝜀 𝑉𝑇5,𝑘 𝜀 𝜀 𝜀 𝜀

𝑏 𝜀 𝜀 𝜀 𝜀 𝑉𝑇6,𝑘 𝜀 𝜀 𝜀 𝜀 𝜀

𝑐 𝜀 𝜀 𝜀 𝑉𝑇7,𝑘 𝜀 𝜀 𝜀 𝜀 𝜀 𝜀

𝑔 𝜀 𝜀 𝜀 𝑑 𝑒 𝑓 𝜀 𝜀 𝜀 𝜀
ℎ 𝜀 𝜀 𝜀 𝑘 𝑗 𝑖 𝜀 𝜀 𝜀 𝜀
𝑙 𝜀 𝜀 𝜀 𝑜 𝑏 𝑚 𝜀 𝜀 𝜀 𝑉𝑇13,𝑘
𝑝 𝜀 𝜀 𝜀 𝑠 𝑟 𝑞 𝜀 𝜀 𝜀 𝑡
𝑢 𝜀 𝜀 𝜀 𝑥 𝑤 𝑣 𝜀 𝜀 𝜀 𝑦
𝑧 𝜀 𝜀 𝜀 𝑎𝑐 𝑎𝑏 𝑎𝑎 𝜀 𝜀 𝜀 𝑎𝑑
𝑎𝑒 𝜀 𝜀 𝜀 𝑎𝑓 𝑎𝑔 𝑎ℎ 𝜀 𝜀 𝜀 𝑎𝑖 )

 
 
 
 
 
 
 
 
 

⊗

(

 
 
 
 
 
 
 
 
 

𝑇1(𝑘 − 1)

𝑇5(𝑘 − 1)
𝑇6(𝑘 − 1)

𝑇7(𝑘 − 1)
𝑇8(𝑘 − 1)

𝑇9(𝑘 − 1)
𝑇10(𝑘 − 1)

𝑇12(𝑘 − 1)
𝑇13(𝑘 − 1)

𝑇14(𝑘 − 1)
𝑇15(𝑘 − 1))

 
 
 
 
 
 
 
 
 

  (12) 
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Where: 

kTkTkT VVVa ,,, 125
  

kTkTkT VVVb ,,, 136
  

kTkTkT VVVc ,,, 147
  

kTkT VVd ,, 711
   

kTkT VVe ,, 611
    

kTkT VVf ,, 511
  

 cbaVg kT  ,11
 gVh kT  ,12

   fVi kT  ,12
 

eVj kT  ,12
   dVk kT  ,12

   hVl kT  ,13
 

iVm kT  ,13
   jVn kT  ,13

   kVo kT  ,13
 

lVp kT  ,14
   mVq kT  ,14

   nVr kT  ,14
 

oVs kT  ,14
   

kTkT VVt ,, 1314
   pVu kT  ,15

   

qVv kT  ,15
   rVw kT  ,15

   sVx kT  ,15
 

tVy kT  ,15
   uVz kT  ,16

   vVaa kT  ,16
   

wVab kT  ,16
  xVac kT  ,16

   yVad kT  ,16
 

zVae kT  ,17
   aaVaf kT  ,17

  abVag kT  ,17
  

acVah kT  ,17
  adVai kT  ,17

 

Furthermore, the processing time for each stage in the service is given as follows: 

10,1
kTV  10,2

kTV  10,3
kTV  10,4

kTV  15,5
kTV  15,6

kTV  

15,7
kTV  5,8

kTV  5,9
kTV  5,10

kTV  20,11
kTV  10,12

kTV  

10,13
kTV  5,14

kTV  10,15
kTV  20,16

kTV  20,17
kTV  

 

Obtained: 

(

 
 
 
 
 
 
 
 
 

𝑇1(𝑘)
𝑇5(𝑘)
𝑇6(𝑘)
𝑇7(𝑘)

𝑇11(𝑘)
𝑇12(𝑘)
𝑇13(𝑘)
𝑇14(𝑘)

𝑇15(𝑘)
𝑇16(𝑘)
𝑇17(𝑘))

 
 
 
 
 
 
 
 
 

=

(

 
 
 
 
 
 
 
 

10 𝜀 𝜀 𝜀 𝜀 𝜀 𝜀 𝜀 𝜀 𝜀 𝜀
35 𝜀 𝜀 𝜀 𝜀 𝜀 15 𝜀 𝜀 𝜀 𝜀
35 𝜀 𝜀 𝜀 𝜀 15 𝜀 𝜀 𝜀 𝜀 𝜀
35 𝜀 𝜀 𝜀 15 𝜀 𝜀 𝜀 𝜀 𝜀 𝜀
55 𝜀 𝜀 𝜀 35 35 35 𝜀 𝜀 𝜀 𝜀
65 𝜀 𝜀 𝜀 45 45 45 𝜀 𝜀 𝜀 𝜀
75 𝜀 𝜀 𝜀 55 55 55 𝜀 𝜀 𝜀 10
80 𝜀 𝜀 𝜀 60 60 60 𝜀 𝜀 𝜀 15
90 𝜀 𝜀 𝜀 70 70 70 𝜀 𝜀 𝜀 25
110 𝜀 𝜀 𝜀 90 90 90 𝜀 𝜀 𝜀 45
130 𝜀 𝜀 𝜀 110 110 110 𝜀 𝜀 𝜀 65)

 
 
 
 
 
 
 
 

⊗

(

 
 
 
 
 
 
 
 
 

𝑇1(𝑘 − 1)
𝑇5(𝑘 − 1)
𝑇6(𝑘 − 1)
𝑇7(𝑘 − 1)

𝑇8(𝑘 − 1)
𝑇9(𝑘 − 1)
𝑇10(𝑘 − 1)
𝑇12(𝑘 − 1)

𝑇13(𝑘 − 1)
𝑇14(𝑘 − 1)
𝑇15(𝑘 − 1))

 
 
 
 
 
 
 
 
 

  (13) 

 

If initial state from Equation (13) is (0 0 0 0 0 0 0 0 0 0 0)
𝑇 then: 

(

 
 
 
 
 
 
 
 
 

𝑇1(𝑘)
𝑇5(𝑘)
𝑇6(𝑘)
𝑇7(𝑘)

𝑇11(𝑘)
𝑇12(𝑘)
𝑇13(𝑘)
𝑇14(𝑘)

𝑇15(𝑘)
𝑇16(𝑘)
𝑇17(𝑘))

 
 
 
 
 
 
 
 
 

=

(

 
 
 
 
 
 
 
 

10 𝜀 𝜀 𝜀 𝜀 𝜀 𝜀 𝜀 𝜀 𝜀 𝜀
35 𝜀 𝜀 𝜀 𝜀 𝜀 15 𝜀 𝜀 𝜀 𝜀
35 𝜀 𝜀 𝜀 𝜀 15 𝜀 𝜀 𝜀 𝜀 𝜀
35 𝜀 𝜀 𝜀 15 𝜀 𝜀 𝜀 𝜀 𝜀 𝜀
55 𝜀 𝜀 𝜀 35 35 35 𝜀 𝜀 𝜀 𝜀
65 𝜀 𝜀 𝜀 45 45 45 𝜀 𝜀 𝜀 𝜀
75 𝜀 𝜀 𝜀 55 55 55 𝜀 𝜀 𝜀 10
80 𝜀 𝜀 𝜀 60 60 60 𝜀 𝜀 𝜀 15
90 𝜀 𝜀 𝜀 70 70 70 𝜀 𝜀 𝜀 25
110 𝜀 𝜀 𝜀 90 90 90 𝜀 𝜀 𝜀 45
130 𝜀 𝜀 𝜀 110 110 110 𝜀 𝜀 𝜀 65)

 
 
 
 
 
 
 
 

⊗

(

 
 
 
 
 
 
 
 

0
0
0
0
0
0
0
0
0
0
0)

 
 
 
 
 
 
 
 

=

(

 
 
 
 
 
 
 
 

10
35
35
35
555
65
75
80
90
110
130)

 
 
 
 
 
 
 
 

  (14) 

According to the results,  obtained that  10)1(1 T  indicated that the time required for the ship agent 

to apply for the first arrival is 10 minutes. Also,  130)1(17 T  showed that the ship agent had succeeded in 

conveying arrival information until the ship docked at the port 130 minutes after the arrival time. 
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4. CONCLUSIONS 

InaPortNet system inbound service schema is modeled by using max-plus algebra and the result is used 

to analyze the systems' behavior and stability. Therefore, the estimated time required for incoming ship 

services, starting from the delivery of arrival information to the ship docking process at the port, is 130 

minutes. 
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