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1. INTRODUCTION

The theory of rings grew out of studying two particular classes of rings and polynomial rings in n
variables over the real or complex numbers and the integers of an algebraic number field. For the first, David
Hilbert (1862-1943) introduced the term ring, but it was not until the second decade of the twentieth century
that an entirely abstract definition appeared. Emmy Noether gave the theory of commutative rings a firm
axiomatic foundation. From the ring theory, we can construct a homomorphism of ring to preserve the ring
structure from one ring to another. The associative ring End(A) = Hom(A,A) consists of all the
homomorphism of a ring A into itself. The End(A) forms a ring where the multiplication in End(A) is the
composition functions and the addition in End(A) is the addition function. Furthermore, 1, is the unit
element of the ring End (4) [1], [2].

The set of all positive integers, with two binary operations addition and multiplication, constructed
another algebraic structure called semirings. A semiring is a non-empty set R with two binary operations
addition and multiplication such that R under addition is a commutative monoid, R under multiplicative is a
monoid and holds left and right distributive law [3]. The notion of semirings is a generalization of rings
introduced by Vandiver in 1935. Several researchers have characterized the many types of properties in
semirings. In [4], they represented some results on the ideal theory of commutative semirings with non-zero
identity analogues to commutative rings with non-zero identity. Moreover, they also studied quotient
semirings analogues to quotient rings.

From the set of all natural numbers with two binary operations addition and multiplication, we can
construct an algebraic structure called seminear-rings. The notion of seminear-rings which is a generalization
of semirings introduced and discussed by Rootselar in 1967 [5]. Seminear-rings are a common generalization
of semirings and near-rings [6]. Right seminear-ring is an algebraic system (S,+,") with two binary
associative operations and one distributive law, forall x,y,z € S, (x + y)z = xz + yz [7]. If we replace the
distributive law with x(y + z) = xy + xz, S is called a left seminear-ring.

Let R be an equivalence relation on a seminear-ring S. Then, the equivalence class corresponding to
the element s € S is denoted by sR. Furthermore, if R is a congruence relation on a seminear-ring S, then
sR is called a congruence class corresponding to the element s € S. Moreover, the set of all congruence
classes denoted by S /R formed a quotient seminear-ring together with addition operation and multiplication
operation [8], [9], [10]. Throughout this paper, by a seminear-ring, we mean a right seminear-ring. From the
idea of quotient seminear-ring, we will investigate the quotient seminear-ring from the endomorphism of
seminear-ring. Besides, the endomorphism of the seminear-ring itself is a seminear-ring under the addition
and composition function and is denoted by (End(S), +,°).

The concept of quotient seminear-rings have done by other authors in [6], [11], and [12]. Then we
generalized the concept of quotient seminear-rings from the endomorphism of seminear-rings on this paper.
From the endomorphism of seminear-ring (End(S), +,o), we can construct a quotient seminear-ring from
(End(S), +,o) with R as a congruence relation on End(S). Furthermore, we can call it a quotient seminear-
ring from the endomorphism of seminear-ring denoted by (End (S$/R, +,o). An ideal I on seminear-ring S
was introduced [13], [14], [15]. Moreover, it follows from the c-ideal I on seminear-ring S, we can construct
a quotient seminear-ring (S/I,+,-). We can generalize the ideal End(I) on the endomorphism of seminear-
ring End(S) based on [16]. It is interesting to show that the quotient seminear-ring from the endomorphism
of seminear-ring where c-ideal End(I) as a congruence relation on End(S) and denoted by
(End(S)/End(I), +,°).

2. RESEARCH METHODS

In this research, we used the following stages, to begin:
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The first stage of studying the quotient seminear-ring from the endomorphism of seminear-ring is to
study group theory, ring theory, semiring theory, near-ring theory, and the seminear-ring theory. We studied
from several literature such as [1],[2],[3], [5],[6],[7], [8],[9]. Next, we studied the congruence relation
from [4], [10] to construct the quotient seminear-ring from [11]. Furthermore, the concept of endomorphism
from the seminear-ring can be studied from the generalization of the endomorphism from the ring theory.
Then we have a result that the endomorphism from the seminear-ring is also a seminear-ring. When we
studied the quotient seminear-ring and the relation from [13], we continued to generalize the quotient of
seminear-ring to the quotient of the endomorphism from seminear-ring.

Moreover, we also studied the ideal on seminear-ring [12],[14], [15] and the generalization of ideal
on endomorphism of seminear-ring based on [16]. The theory of c-ideal, from the ideal on seminear-ring,
can be brought to be a congruence relation and a quotient seminear-ring. It follows from the theory of c-ideal
that one can obtain the quotient from endomorphism of seminear-ring with c-ideal as a congruence relation.

3. RESULTS AND DISCUSSION

A seminear-ring is a non-empty set S together with two binary operations ' + " and " - ’ (called addition
and multiplication) satisfying (S,+) is a semigroup, (S,-) is a semigroup, and for all a,b,c € S holds
(a+b)-c=(a-c)+ (b-c). We give the following example of a seminear-ring.

Example 1. Let N be the set of all natural numbers. Define an ordinary addition of numbersonNanda -, b =
a, forall a,b € N. Then (N, +,-;) is a seminear-ring.
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Furthermore, the set N from Example 1. under ordinary addition operation + and right multiplication
operation -z can not be a seminear-ring. Because for 1,2,3 € N holds (1 +2):x3=3and (1-33)+
(2:3)=3+3=6.Sothat,(1+2)x3 # (1:53)+ (2% 3). Moreover, we give another example of a
seminear-ring.

Example 2. Let Z, = {0,1,2,3}. Define addition operation (+7) and multiplication operation (-z) on Z, i.e.

Table 1. Addition Operation

4710 1 2 3

0 o 1 2 3

1 1 0 3 2
2 2 3 0 1
3 3 2 1 0

Table 2. Multiplication Operation

2 |0 1 2 3
o |o o 0o o
1 /o 1 0 1
2 o 0o 0 o
3 /o 1 0 1

The set Z, is a seminear-ring under the addition operation (47) and multiplication operation (-z).

3.1. Endomorphism of Seminear-rings

Let (S,+,)) and (T,8®,©) be two seminear-rings. A mapping f:S — T is called a homomorphism if
andonlyif f(a+b) = f(a) @ f(b)and f(a - b) = f(a) © f(b). It should be noted that if T = S, then the
homomaorphism f is known as an endomorphism. We denote the endomorphism f:S — S by End(S) is a
seminear-ring under the addition and composition function. This result is important, which will lead us to
construct the quotient seminear-ring from the endomorphism of the seminear-ring.

Proposition 3. Let (S,+,") be a seminear-ring and two binary operations on End(S). If for any f,g €
End(S), forall x € S we defined (f + g)(x) = f(x) + g(x) and (f o g)(x) = f(g(x)), then (End(S), +,°
) is a seminear-ring.
Proof.
1. Letf,g € End(S)andforallr e Sthen (f+g)(r) =f()+g(r) €S. Therefore, for every f,g €
End(S) we get f + g € End(S). Let fi, 91, f>, 92 € End(S) where fy =f, and gy =g, andr €S
then

(it 90 = fi(r) + g1(r)
= fo(r) + g2 (1)
=(f2 +g92)()
(1)

On the other hand, holds
(fieg0)(@) = f1(g:1(r))
= f2(g2(1))

= (f2°92)(r)
(2)
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So, End(S) is well-defined under the addition and composition function.

2. Letf,g,h € End(S) and for all r € S holds
(F+9+h)) =(f +9)(@) +h(r)
= (f) +g@) +h()
=f(r) + (g(r) + h(r))
=f(r)+@+n[)

=+ @+
(3)

and
((feg)eh)(r) = (f o g)(h(r))
= (r(9(r0))
= f(r) o (g(h(r))

=f(r)e(gen(™)

=(fe(gem®
(4)

Then End(S) associative under addition and composition function.

3. Letf,g,h € End(S) and for all r € S holds
((f + @) o h)(r) = (f + 9)(h()
= f(h() + g(h(r)
=({feh)()+ (g

= ((feh)+(gon)()
(5)

Hence, End(S) holds the right distributive law.
It follows that (End(S), +,°) is a seminear-ring and is called endomorphism of seminear-ring. [

Based on Proposition 3., we give an example of an endomorphism of seminear-ring (End(S), +,°).

Example 4. It follows from Example 2. that (Z,, +7,-7) is a seminear-ring. Define f, g, h is a function from
Z,4 to Z, where:

fi1Zy > Uy 9Ly > Uy hiZy = Zy,
0—~0 0-0 0~0
1-1 1-0 11
2- 2 2-0 2-0
33 30 3-1

Moreover, f, g, h is a homomorphism of seminear-ring. Therefore, f, g, h € End(Z,).

The relation R is the equivalence relation on a non-empty set of seminear-ring End(S). The
equivalence class corresponding to f € End(S) is denoted by fR :={g € End(S)|(f,g) € End(S)}.
Suppose R is a congruence relation on a seminear-ring (End(S), +,°), then f9R is the congruence classes of
f in End(S) and is denoted by End(S) /R where End(S) /R = {fR|f € End(S)}. Now, we state the result
of (End(S)/R, +,°) is a quotient seminear-ring.

Theorem 5. Let (End(S),+,°) be a seminear-ring and R a congruence relation. Define End(S)/R =
{fR|f € End(S)} with two binary operations such that for all fR, gR € End(S)/R holds fR + gR =
(f +g)R and fRo gR = (f o g)R, then (End(S) /R, +,°) is a seminear-ring which is called a quotient
seminear-ring from endomorphism of seminear-ring.
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Proof.

1. Let fR,gR KR, iR € End(S)/R where fR = gR and hR = iR. From Definition 3.1 and Lemma
4.2in[10] then (f, g), (h,i) e Rand (f,g) + (h,i) = (f + h,g + i) € Rwhichmeans (f + h)R =
(g+DRand (f,g) o (h,i) = (foh,goi) € R whichmeans (f o h)R = (g o i)R. Consequently,

fR+hR=(f + R
=(g+DR
=gR+ IR

and
fRohR = (foh)R
= (g DR
=gRoiR

Hence, End(S) /R well-defined under the addition and composition function.

2. Let fR, gR, hR € End(S)/%R, then
(FR+ gR) + kR = (f + g)R + hR
=((f+9) +hR
=(f+(@+hn)R
= fR+(g+hR
= fR + (gR + hR)

and
(fRogR)chR = (fog)RohR
=((feg)e MR
=(fe(geh))R
=fRo(go R
= fRo(gRohR)

3. Let fR, gR, hR € End(S)/R, then
(FR+gR) o hR = (f + g)R o hR
=((f+9)eh)R
=({feh+gonR
=({feh)R+(geoR
= (fR o hR) + (gR ° hR)

Therefore, End(S) /R holds the right distributive law.

(6)

(7)

(8)

(9)

(10)

It follows that (End(S) /R, +,0) is a seminear-ring. Furthermore, End(S) /R is a quotient of seminear-ring.

0

3.2. The C-ideal of Endomorphism of Seminear-rings

This section introduces the notions of c-ideal and quotient seminear-ring from the endomorphism of
seminear-ring. These concepts are analogues to c-ideal and quotient seminear-ring. We give the sufficient

condition on the ideal over the endomorphism of seminear-ring.

Proposition 6. Let (S, +,-) and (End(S), +,0) be a seminear-ring. If I < S ideal in S and f(S) < I, for all

f € End(S), then End(I) is an ideal on End(S).
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Proof.

Let f,g € End(I) where f, g: I - I isa homomorphism on S, and I is an ideal on S. Then, for all x €
Sholds (f + g)(x) = f(x) + g(x). Since f(x),g(x) € I and I ideal in S, then f(x) + g(x) € I. Therefore
(f +g9)(x) el,vx €S, hence f + g € End(I). Furthermore, for all f € End(I) and a € End(S), then
Vx € S holds (fa)(x) = f(a(x)). It follows from Va € End(S), a(S) € I, then a(x) € I, Vx € S. Hence
f(a(x)) €1, then for all x € S holds (fa)(x) € I and fa € End(l). It follows that End(I) is ideal on
End(S). [

Furthermore, to investigate the form of the quotient seminear-ring, we give the properties of c-ideal
as a congruence relation, given the sufficient condition of c-ideal over the endomorphism of
seminear-ring.

Proposition 7. Let (S, +,-) and (End(S), +,°) be a seminear-ring. If I € S c-ideal in S and f(S) < I, for all
f € End(S), then End(I) is a c-ideal on End(S).

Proof.

Let f,g € End(S), there exist a, 8 € End(I).Then for all x € S holds (f + g+ a)(x) = f(x) +
g(x) + a(x). Since for all f € End(S), f(S) S 1,then Vx € S,a(x) € I and I is a c-ideal on S, then there
exist f(x) e, vx € S, such that (f +g+a)(x) =f(x)+gx) +ax) =) +gx) + f(x) = (B +
g+ f)(x). It follows that End (1) is c-ideal on End(S). [

We give the relation between congruence relation and c-ideal to construct the endomorphism of the quotient
seminear-ring.

Proposition 8. Let (S, +,:) and (End(S), +,0) be a seminear-ring and End(I) € End(S). If End(I) is ac-
ideal on End(S), then End(I) defines congruence relation R on End(S) where for all (f,g) € R if and
onlyif3a,f € End(I) suchthat f +a =8+ g.

Proof.

Let f € End(S) and @ € End(I). As End(I) is a c-ideal in End(S) then exist 51, 8> € End(S) such
that for all x € S holds (f + a + 1) (x) = f(x) + a(x) + B1(x). Since a(x), B, (x) € I and I is a c-ideal
on S then f(x) + a(x) + f1(x) = B2(x) + a(x) + f(x). Thus, a(x) + f1(x) = y1(x), B2(x) + a(x) =
¥, (x) € End(I), for all x € S such that f(x) + y;(x) = y,(x) + f(x). Then (f, f) € R else R reflexive.
Let (f,g) € R for f,g € End(S) then exist p;, p, € End(I) such that f + p; = p, + g. Since End(I) is a
c-ideal on End(S), then exist 64,60,,05,6, € End(I) such that f +p; +6, =6, +p; + f and g + p, +
05 = 6, + p, + g and for all x € S holds

(g +p2+03)(x) = g(x) + pz(x) + 03(x)
= 0,(x) + p2(x) + g(x)

(11)

Since f(x) + p1(x) = py(x) + g(x) then,
g + p2(x) + 03(x) + 61 (x) = 04(x) + f(x) + p1(x) + 01(x)
= 04(x) + 0;(x) + p1(x) + f(x) (12)

For p,(x) + 05(x) 4+ 01(x) = a(x),0,(x) + 6,(x) + p1(x) = B(x) € End(I) then g(x) + a(x) =
B(x) + f(x).So, (g,f) € Rorelse R is simetric. Let f, g, h € End(S) where (f,g) € R thenexist a,f €
End(I) such that f + @ = f + g and (g, h) € R then exist y,p € End(I) such that g +y = p + h. Then
for all x € S holds,

fO) +alx) +y(x) = Bl) + g(x) +y(x)
= B(x) +p(x) +h(x)
f() + w1(x) = wa(x) + h(x)
(13)
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for some w;(x) = a(x) + y(x), w,(x) = B(x) + p(x) € End(I) then (f, h) € R, so R transitive. Thus, R
is an equivalence relation. Furthermore, we show that R is a compatible relation. Let (f, g), (p,q) € R for
all f,g9,p,q € End(S) there exist aq,a,, as, @, € End(l) such that for all x € S holds (f + a;)(x) =
fO+a(x) =az(x) +g(x) =(az +g)(x) and (p+az)(x) =px) + az(x) = a,(x) + q(x) =
(ay + @) (x). Then for all x € S holds
f) +p(x) +as(x) + a1 (x) = az(x) + p(x) + az(x) + g(x)
= ay(x) + au(x) + q(x) + g(x)
(14)

Then for some ags € End(I) holds f(x)+ p(x) + az(x) + a;(x) + as(x) = a,(x) + a,(x) +
q(x) + g(x) + as(x). Since End(I) is a c-ideal on End(S) then q(x) + g(x) + as(x) = as(x) + g(x) +
q(x). We have
fx) +p(x) + as(x) + ay(x) + as(x) = az(x) + a,(x) + as(x) + g(x) + q(x)
) +p(x) +y1(x) =y2(x) + g(x) + q(x)

(15)

for some as;(x) + a;(x) + as(x) = y1(x), ay(x) + a4 (x) + as(x) = y,(x) € End(I). So that, (f +
p, g + q) € R. Moreover, for all x € S then
fOIp(x) + fF)asz(x) = f)au(x) + £ (x)q(x)
fOp(x) + f()az(x) + a1 (x)q(x) = fF(x)ay(x) + f(x)q(x) + a1 (x)q(x)
= f()as(x) + (a2 (x) + g(x))gq(x)
= f()ay(x) + az(x)q(x) + g(x)q(x) (16)

Since there exists y;(x),y2(x) € End(I) where y;(x) = f(x)az(x) + a;(x)q(x), then we have
fp(x) + y1(x) = vy (x) + g(x)q(x). In other words, (fp, gq) € R. Thus, R is a compatible relation. So,
we have R is a congruence relation. []

Let R be a congruence relation on seminear-ring S. It follows from Proposition 8. the c-ideal on
endomorphism of seminear-ring End (1) represents the congruence relation on endomorphism seminear-ring
End(S). Assume that

End(S)/End(l) = {f + End(D|f € End(S)}
(17)

then, we have End(S)/. End(I) is a seminear-ring over the additive and the composition function operation.
Furthermore, we called (End(S)/End(I), +,0) as quotient seminear-ring from endomorphism of seminear-
ring.

Theorem 9. Let (End(S),+,0) be a seminear-ring and End(I) c-ideal on End(S). Define
End(S)/End(I) = {f + End(D)|f € End(S)} with two binary operation such that for all f + End(I), g +
End(I) € End(S)/End(I) holds (f + End())+ (g + End(I)) = (f +g) + End(I) and (f+
End(D)) < (g + End()) = (f ° g) + End(I), then (End(S)/End(I),+,) is a seminear-ring which is
called a quotient seminear-ring from endomorphism of seminear-rings.

Proof.

The proof analogue with Theorem 5. [J

4. CONCLUSIONS

Let (S, +,-) be a seminear-ring. Seminear ring S is a common generalization from semiring and near-
ring. If we have the other semiring (7,8,0©), then the map f:S — T is a homomorphism of seminear-ring.
Furthermore, if S = T and the map f:S — S is a homomorphism, we have an endomorphism on S and are
denoted by End(S). Based on our investigation, we have some points as follow:

1. The endomorphism of the seminear-ring End(S) is a seminear-ring under the addition and composition
function.
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2. Let R be a congruence relation on a seminear-ring S, then R as the congruence classes in End(S) and is
denoted by End(S)/R where End(S)/R = {fR|f € End(S)}.

3. The set End(S)/R under the addition and composition function is a seminear-ring and is called by
guotient seminear-ring from the endomorphism of seminear-ring.

4. The c-ideal on endomorphism of seminear-ring End(I) represents the congruence relation on
endomorphism of seminear-ring End(S).

5. We have defined End(S)/End(l) = {f + End(I)|f € End(S)}, then End(S)/End(l) is a seminear-
ring over the additive and the composition function operation. Furthermore, we called
(End(S)/End(I),+,°) as the quotient seminear-ring from endomorphism of seminear-rings.
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