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Abstract. This study aims to model Lee-Carter mortality with a Bayesian approach, where the parameters in the 

model are assumed to be random variables. The data used in this study is data on mortality rates by age group from 

the period 1950–2015. The source of data was from the UN website. Age groups are categorized by age 0 years, 1-5 
years, 6-10 years, 11-15 years, ..., 86-90 years. The results of this study are from Bayes estimation obtained 

information that the average infant mortality rate (population aged less than one year) is high, then at the age of 

toddlers (1-4 years) average mortality rate decreases. Furthermore, the average mortality rate for children, 
adolescents, young and older people has increased again. Meanwhile, the relative speed of the pattern of changes in 

mortality at infant age (less than one year) is high enough. At the age of toddlers (1 – 4 years), the pattern of changes 

in mortality has increased. Then, in the population of the next age group until the older age group, the mortality 

continues to decrease. The pattern of changes in mortality is lowest in the elderly population. 
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1. INTRODUCTION 

Mortality is one of the elements of population growth factors, in addition to fertility and migration, 

which function as a component of natural population reduction. In demography, mortality measures consist 

of crude death rate (CDR), infant mortality rate (IMR), maternal mortality rate (MMR), and age-specific 

death rate (ASDR) [1]. Mortality is an indicator that can be used for monitoring the development of public 

health and as a monitoring tool to monitor the success of health services and programs. The higher the 

mortality rate in an area, the lower the level of public health in that area which reflects that the health services 

and programs that have been implemented have not been successful. 

Mortality as a variable is an input material to demographic research (in this case modeling is carried 

out). Lee-Carter introduced a method for modeling and predicting mortality (in this case was ASDR) with a 

stochastic approach (then this method is known as the Lee-Carter model [2]. The Lee-Carter model has been 

successfully applied to mortality forecasting in several countries, including Norway [3], Malaysia [4], 

Indonesia [5] [6], the US [2], Nordic (Denmark, Finland, Norway, and Sweden) [7], Sweden [8], Peru [9], 

India [10], Hungary [11], Sri Lanka [12] and Mauritius [13]. Several studies that have already been mentioned 

previously refer to the frequency approach in the parameter estimation process. In this approach, the 

parameter is considered a constant. Meanwhile, on the other hand, there is a Bayesian approach in the 

estimation process. The Bayesian approach assumes that the parameter is a random variable (not a constant). 

Therefore, the authors examine the Lee-Carter mortality model in Indonesia using the Bayesian approach in 

this paper. Thus, this paper can add new information and model treasures in the field of demography. Then, 

the algorithm for estimating the Lee-Carter model with Bayesian in this study uses the Pedroza algorithm 

[14]. 

This study uses a long data period, namely 1950-2015. Neves and Migon [15] find that a short period 

(4 years) made it impossible to model mortality using Bayesian. Another research by Neves, Fernandes, and 

Hoeltgebaum. Another research by Neves et al. [16] has used the Lee-Carter model to estimate mortality rates 

in five types of distributions, namely Poisson, Binomial, Negative Binomial, Gaussian, and Beta. This study 

shows that the Negative Binomial extension of the Lee-Carter model is the most appropriate for forecasting 

mortality. 

This paper has applied Lee-Carter mortality modeling with the structure of this paper includes the 

Introduction section, which contains the background of the problem. The content of the literature review 

section is the explanation of the Lee-Carter model and the estimation of the Lee-Carter model using the 

Bayesian approach. The content of the methodology is the data sources and analytical procedures used in this 

paper. And the content of the result and discussion section is an explanation and interpretation of the 

estimation results of the Lee-Carter model with the Bayesian approach. The Conclusion section contains the 

conclusions obtained from the results of the discussion. 

 

 

 

2. RESEARCH METHODS 

2.1 Literature Review 

2.1.1 Lee-Carter Model 

Lee and Carter introduced a method for predicting death at a certain age using the model: 

𝒚𝑡 = 𝜶 + 𝜷𝜅𝑡 + 𝜺𝑡 ,                                                                           (1) 

where:  

𝑦𝑖𝑡 is the natural logarithm of the mortality rate in age group 𝑖 (𝑖 = 1, … , 𝑝) in year 𝑡 (𝑡 = 1, … , 𝑛), 

𝒚𝑡 = (𝑦1𝑡 , … , 𝑦𝑝𝑡)′; 

𝜶 (𝜶 = 𝛼1, … , 𝛼𝑝)′ is an intercept vector of size 𝑝 × 1 to measure the general pattern of mortality for 

each age group; 

𝜷 (𝜷 = 𝛽1, … , 𝛽𝑝)′ is a vector of size p×1 for the relative change in mortality rate at each age; 

𝜅𝑡 is a time series process constant;  
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𝜺𝑡 is an error vector of size 𝑝 × 1. 

To ensure that Equation (1) can be identified, then: 

∑ 𝛽𝑖 = 1

𝑖

,    ∑ 𝜅𝑡 = 0

𝑡

                                                            (2) 

To estimate Equation (1), Singular Value Decomposition (SVD) is using SVD applied to the corrected log-

mortality mean −�̂� : 

𝒀 − �̂� = 𝑼𝑫𝑽′                                                                          (3) 

where: 

𝒀 is the natural logarithm matrix of mortality in age groups throughout the observation period 

(𝑝 × 𝑛 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛); 

�̂� is a matrix where each column contains repeatedly the vector �̂� (𝑝 × 𝑛 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛); 

�̂� is the estimated vector of 𝜶 (the arithmetic mean of the natural logarithm of mortality for each 

particular age groups during the observation period); 

𝑫 is a singular diagonal matrix value, 𝑫 = 𝑑𝑖𝑎𝑔(𝑑1, … , 𝑑𝑟); 

𝑼 is an orthogonal matrix where the value depends on age; 

𝑽 is an orthogonal matrix where its value is time-dependent; 

𝑟 is the rank of  𝒀 − �̂�; 

𝜷 is also the first column of 𝑼 and 𝜅𝑡 is the first column of 𝑽.  

�̂� is the estimated vector of 𝜷. 

 

Estimation using the principal component method is applied to 𝒀 − �̂�. 

After the estimation of 𝜅𝑡 with the principal component is obtained, then for forecasting 𝜅𝑡, the ARIMA 

(1,0,0) model is used, as follows: 

𝜅𝑡 = 𝛿 + 𝜅𝑡−1 + 𝜖𝑡 ,                                                                                (4) 

where 𝛿 is a constant (drift), and 𝜖𝑡 is an error, so the forecast for the h period ahead is: 

�̂�𝑛+ℎ = �̂� + �̂�𝑛+ℎ−1                                                                                     (5) 

Equation (5) makes implications for forecasting using Equation (1) so that: 

�̂�𝑛+ℎ = �̂� + �̂�𝜅𝑛+ℎ                                                                                     (6) 

 

2.1.2 Bayesian Lee-Carter 

Pedroza [14] reformulates the Lee-Carter model into State-Space form as follows: 

 

𝒚𝑡 = 𝜶 + 𝜷𝜅𝑡 + 𝜺𝑡 ,      𝜺𝑡~
𝑖𝑖𝑑 N𝑝(𝟎, 𝜎𝜀

2𝑰)                                                            (7) 

 

𝜅𝑡 = 𝛿 + 𝜅𝑡−1 + 𝜖𝑡 ,      𝜖𝑡~
𝑖𝑖𝑑 N (0, 𝜎𝜖

2)                                                               (8) 

It is assumed that 𝜺𝑡 and 𝜖𝑡 are independent, and 𝑰 is the identity matrix. In the Bayesian view, prior 

information is needed on the parameters, meaning that the parameters are considered random variables. In 

research using the same prior in reference, namely: 𝑝(𝜶, 𝜷, 𝛿) ∝ 1, 𝑝(𝜎𝜀
2) ∝ 1 𝜎𝜀

2⁄ , 𝑝(𝜎𝜖
2) ∝

1 𝜎𝜖
2⁄ , and 𝜅0~N(𝑎0, 𝑄0) with 𝜅0, 𝑎0, 𝑄0 is the initial value that must be set first. 

 

Algorithm for estimating Equations (7) and (8): 

1. Run the Kalman filter with the updating equation: 
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𝒗𝑡 = 𝒚𝑡 − 𝜶 − 𝜷𝑎𝑡 ,      𝑄𝑡 = 𝜷𝑅𝑡𝜷′ + 𝜎𝜀
2𝑰,         𝐾𝑡 = 𝑅𝑡𝜷′𝑄𝑡

−1  

𝑎𝑡+1 = 𝑎𝑡 + 𝛿 + 𝐾𝑡𝒗𝑡 ,     𝑅𝑡+1 = 𝑅𝑡(1 − 𝐾𝑡𝜷) + 𝜎𝜖
2                          

For 𝑡 = 1, … , 𝑛 and save the result 𝑎𝑡, 𝑄𝑡, and 𝑅𝑡. Next, the state vector sample follows: 

a.  Generate sample from 𝜅𝑛|𝑌𝑛~N(𝑎𝑛, 𝑄𝑛) where 𝑌𝑛 is the observation data set from 𝑡 = 1, … , 𝑛 then 

b.  For each 𝑡 = 𝑛 − 1, 𝑛 − 2, … ,1,0, generate the sample 𝜅𝑡 of 𝑝(𝜅𝑡|𝜅𝑡+1, 𝑌𝑛) with: 

𝜅𝑡|𝜅𝑡+1, 𝑌𝑛~N(𝑚𝑡 , 𝑀𝑡) 

𝑚𝑡 = 𝑎𝑡 + 𝐵𝑡(𝜅𝑡+1 − 𝑎𝑡+1),        𝑀𝑡 =  𝑄𝑡 − 𝐵𝑡𝑅𝑡+1𝐵𝑡
′ ,        and    𝐵𝑡 = 𝑄𝑡𝑅𝑡+1

−1          

2. Generate 𝜎𝜀
2 from 

𝜎𝜀
2|𝑌𝑛 , 𝜿, 𝜶, 𝜷  ~ Invers Gamma (

𝑝𝑛

2
,
∑ ∑ (𝑦𝑖𝑡 − 𝛼𝑖 − 𝛽𝑖𝜅𝑡)2

𝑡𝑖

2
) 

3. Generate 𝜶 and 𝜷 by regressing the OLS for each age group from 𝑦𝑡 over 𝜿. Let 𝑿 = (𝟏, 𝜿) where 𝟏 is a 

vector of one, 𝜿 is a vector 𝜅𝑡, and the conditional distributions 𝛼𝑖 and 𝛽𝑖 for age group i are: 

(𝛼𝑖, 𝛽𝑖)|𝑌𝑛, 𝜿, 𝜎𝜀
2  ~  N((𝑿′𝑿)−1𝑿′𝒚, 𝜎𝜀

2(𝑿′𝑿)−1) 

4. Generate sample 𝛿 from 

𝛿|𝜿, 𝜅0, 𝜎𝜖
2 ~ N (

𝜅𝑛 − 𝜅0

𝑛
,
𝜎𝜖

2

𝑛
) 

5. Generate 𝜎𝜖
2 from 

𝜎𝜖
2|𝜿, 𝜅0, 𝛿 ~~ Invers Gamma (

𝑛 − 1

2
,
∑ (𝜅𝑡 − 𝜅𝑡−1 − 𝛿)2

𝑡

2
) 

Repeat step 1 to step 5 so that all values of 𝜶, 𝜷, 𝛿, 𝜿, 𝜎𝜀
2, and 𝜎𝜖

2 converge. In this study, 150,000 iterations 
were carried out with settingset.seed (19861008) and burn-in (a series of numbers with discarded iterations) 
of 1,000 (the results of the 1st to 1000th iterations were discarded). 
 

 
2.2 Methodology 

2.2.1  Source of Data 

The data used in this study is data on mortality rates by age group from the period 1950–2015. The 

data came from the UN website (https://esa.un.org/unpd/wpp/download/standard/mortality). Age groups are 

divided into 0 years, 1-5 years, 6-10 years, 11-15 years, ⋯, 86-90 years. 

 

2.2.2 Analytical Procedures 

First, divide the age level data according to some age groups, namely 0 years, 1-5 years, 6-10 years, 

11-15 years, 16-20 years, 21-25 years, 26-30 years, 31-35 years, 36-40 years, 41-45 years, 46-50 years, 51-

55 years, 56-60 years, 61-65 years, 66-70 years, 71-75 years, 76-80 years, 81-85 years, and 86-90 years. The 

next steps are: 

1. Estimation of parameter 𝜶 using the Bayesian Lee-Carter method, 

2.  Estimation of parameter 𝜷 using the Bayesian Lee-Carter method, 

3.  Estimation of parameters 𝜶 and 𝜷 is done through iteration until all the values of 𝜶, 𝜷, 𝛿, 𝜿, 𝜎𝜀
2, and 𝜎𝜖

2 

converge. 

 

 

 

 

3. RESULTS AND DISCUSSION 

Figure 1 shows the development of mortality rates by age group over the observation period. It shows 

that the mortality rate of the population aged one year is high, meaning that infants less than one year are still 

susceptible to diseases due to their weak immune systems. However, the mortality rate decreased drastically 
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from age less than one year to 1-5 years and then 6-10 years. The population aged 6-10 to 51-55 years is 

relatively low (flat). Then, the death rate of the population aged 56-60 to 86–90 years has increased 

exponentially, shows that the health of the population of that age is starting to decrease and usually vulnerable 

to serious diseases such as heart disease, diabetes, cancer and the like. Historically, the pattern of the death 

rate has a similar pattern each period, the death rate decreases as the period increases. It shows that there are 

health improvements made by the government from time to time with the implementation of health programs 

such as programs to increase the number of health facilities and infrastructure, health insurance, and others. 

 

 
Figure 1. Development of Mortality Rate by Age Group in Indonesia 

 

Table 1. Bayesian Estimation Results Coefficient 𝜶 and 𝜷 

Age Group Α Β 

0 -2.535 0.306 

1 – 5 -4.903 0.490 

6 – 10 -6.258 0.346 

11 – 15 -6.642 0.291 

16 – 20 -6.228 0.224 

21 – 25 -5.985 0.225 

26 – 30 -5.931 0.217 

31 – 35 -5.789 0.210 

36 – 40 -5.558 0.186 

41 – 45 -5.281 0.162 

46 – 50 -4.961 0.123 

51 – 55 -4.580 0.105 

56 – 60 -4.183 0.085 

61 – 65 -3.622 0.086 

66 – 70 -3.167 0.077 

71 – 75 -2.676 0.076 

76 – 80 -2.204 0.065 

81 – 85 -1.767 0.052 

86 – 90 -1.274 0.013 

 

The estimation results using the Bayesian method for parameters 𝜶 and 𝜷 are presented in Table 1, and 

parameter 𝜅𝑡 is presented in Table 2. The parameter estimation reflects the average mortality rate in general 

by age. Table 1 and Figure 2 show that the average infant mortality rate (population aged less than one year) 

is high, then at the age of toddlers (1–4 years old), an average mortality rate decreases. Furthermore, the 

average mortality rate for children, adolescents, young and old age has increased again. 
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Figure 2. The Development of Parameter 𝜶 by Age Group in Indonesia 

 
Parameter 𝜷 describes the pattern of changes in mortality rates according to age groups due to changes 

in the value of parameter 𝜿. Table 1 and Figure 3 show the relatively high rate of change in the pattern of 

mortality in infants (less than one year of age). At the age of toddlers (1–4 years), the pattern of changes in 

mortality has increased. Then in the population of the next age group until the population of the old age group, 

the mortality again continues to decrease. The pattern of changes in mortality is lowest in the elderly 

population. 

 

 

Figure 3. The Development of Parameter 𝜷 by Age Group in Indonesia 

Parameter 𝜿 describes the population mortality index in year t. In Table 2 it shows that the estimated 

value of 𝜿 has decreased every year. It indicates that population mortality has decreased every year, so it 

means health services and programs have succeeded in improving the health status of the community. 

 

Age Groups (year) 
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Table 2. Bayesian Estimation Results Coefficient 𝜿 

Year 𝜿 

1950 – 1955 2.732 

1955 – 1960 2.347 

1960 – 1965 1.863 

1965 – 1970 1.410 

1970 – 1975 0.899 

1975 – 1980 0.319 

1980 – 1985 -0.351 

1985 – 1990 -0.510 

1990 – 1995 -0.880 

1995 – 2000 -1.309 

2000 – 2005 -1.740 

2005 – 2010 -2.138 

2010 – 2015 -2.632 

 

 

 

 

4. CONCLUSIONS 

This paper has applied Lee-Carter mortality modeling with the Bayesian approach. Bayesian estimation 

results obtained information that the average infant mortality rate (population aged less than one year) is high, 

then at the age of toddlers (1–4 years), the average mortality rate decreases. Furthermore, the average 

mortality rate for children, adolescents, young and old age has increased again. Meanwhile, the relative speed 

of the pattern of changes in mortality at the age of infants (less than one year) is high enough. At the age of 

toddlers (1–4 years), the pattern of changes in mortality has increased. Then, in the population of the next age 

group until the old age group, the change in mortality continues to decrease. The pattern of changes in 

mortality is lowest in the elderly population. 
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