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Abstract. The symmetrized max-plus algebra is an extension of max-plus algebra. One of the problems in the
symmetrized max-plus algebra is determining the eigenvalues of a matrix. If the determinant can be defined, the
characteristic equation can be formulated as a max-plus algebraic multivariate polynomial equation system. A
mathematical tool for solving the problem using operations as in conventional algebra, known as the extended
linear complementary problem (ELCP), to determine the solution to the characteristic equation. In this paper,
we describe the use of the ELCP in determining the solution to the characteristic equations of matrices over the
symmetrized max-plus algebra.
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1. INTRODUCTION

It is known that for R, the set of all real numbers, given R, = R U {€} withe:= —oo and e = 0 and
for every a,b € R, defined operation @ and ® asa @ b:= max(a,b) and a @ b:= a + b, next one,
(R, P, Q) is called max-plus algebra [1], [2], [3], [4]. Max-plus algebra is an example of a structure semiring
that has no inverse of @. In other words, if a € R, thennothingh € R,soa® b=b @ a =c¢€,unlessa =
€. In this case, an extension of max-plus algebra has been developed, which is called the symmetrized max-
plus algebra and is denoted (S,®,®) with S = (R.?)/B where B is an equivalence relation [3],[5],[6].

Because the matrix over the symmetrized max-plus algebra can be defined as a determinant [7],[8].
The equation characteristics can be formulated as a system of equations and polynomial inequality
multivariate algebra max. To determine solving systems of equations and polynomial inequalities
multivariate max algebra can use operations like in conventional algebra through known mathematical tools
with the extended complementary linear problem or ELCP [9],[10],[11].

This paper aims to determine the condition of a characteristic equation that has a solution viewed from
the matrix over the symmetrized max-plus algebra. In this paper, we mainly concern with a characteristic
equation matrix over the symmetrized max-plus algebra. We show that the solution of a characteristic
equation on S® U SO U S can be determined with ELCP. Section 2 will review some basic facts for the
symmetrized max-plus algebra. The solution of the characteristic equation of the matrix over S that determine
with ELCP is given in Section 3.

2. RESEARCH METHODS

2.1 The Symmetrized Max-Plus Algebra

In this section, we review some basic facts for max-plus algebra and the symmetrized max-plus
algebra. The characteristic of max-plus algebra can be seen in [1],[5],[12]. Let R denote the set of all real
numbers and R, = R U {e} with e: = —oo as the null element and e: = 0 as the unit element. For all a, b €
Re , we have a @ b = max (a,b) and a @ b = a + b. The structure (R.,® ,&) is called the max-plus
algebra.

Definition 1. [1],[5] Letu = (x,y),v = (w,z) € R.2. We have
1. Operators © and (.)* are definedas © u = (y,x) and u* =u S u.
2. Anelement u is called balances with v, denoted by u Vv, if x @z =y G w.

c,y)Vw2)ifx#yandw # z

3. Arelation B is defined as follows : (x,y) B (w, z) if { (x,y) = (w,z), otherwise

Because B is an equivalence relation, we have the set of factor S = (]Ré)/B and the system (S,5,Q)

is called the symmetrized max-plus algebra, with the operations of addition and multiplication on S are
defined as follows:

(a,b) B (¢c,d)= (aPc,bdd) and
(a,h) ® (cd)=((aQRcHADPRd,aQ@dBbRc) for (a,b),(cd)ES.
The system (S, @, &) is a semiring, because (S,@) is associative, (S,®) is associative, and (S,D,Q)

satisfies both the left and right distributive [7]. Because S® isomorphic with R, so it will be shown that for
a € R,, can be expressed by (a,e) € S®. Furthermore, it is easily seen that for a € R, we have :

1. a = (a,¢) with (a,¢) € SO,

2. Ba=0(ac¢) =0 (a,¢) = (¢ a) with (¢,a) € S°.
a*=aBa=(ac¢c)O(ac)=(aa)ES".

Lemma?2.[1l] Fora,b € R,,a®© b = (a,b).
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Let S be the symmetrized max-plus algebra, a positive integer n, and M,,(S) be the set of all n x n
matrices over S. Operations @ and @ for matrix over the symmetrized max-plus algebra are defined as
follows:C = A @B = Cij = al-j@bl-j and C = ARB = Cij = elaau®blj.

The n X n zero matrix over S is e, with (e,);; = £ and a n X n identity matrix over § is E,, with

e ifi=j
(En)uz{g,lfl:pt]

Definition 3. We say that the matrix A € M,,(S) is invertible over S if AQ BV E,, and B® AV E,, for
any B € M,(S).

2.2 The Extended Complementary Linear Problem

Some optimization problems that are mathematically modeled can appear as a multiplication between
variables or in the form of a square of a variable. Problems with these complementary conditions cannot be
solved using the linear complementary problem (LCP). Therefore, the concept of the extended
complementary linear problem (ELCP) emerged. The form of the ELCP problem is as follows.

Letamatrix A € My, (R),B € Mgy (R),C € Mpyyq(R),and de Mgx1 (R). Also given the set ¢j c
{1,2,...,p} where j = 1,2,..., m. Determine the vector x € M, (R) such that it satisfies:
Y [liep; (Ax — 0); = 0 D
with )
Ax> candBx = d 2

Equation (1) is called the complementary condition. The vector set x that satisfies Equation (2) will
be a solution to that problem. The ELCP form with constrains (2) can be solved by changing the ELCP form
(1) and (2) into homogeneous ELCP structures.

The general form of homogeneous ELCP is as follows.
Given matrix P € My, (R) and Q € My, (R), and the set ¢; € {1,2,...,p} with j =1,2,...,m.
Determine the nontrivial vector u € M, (R) such that it satisfies:

Yjt1Ilieg;(PU); = 0 3)
with
Pu=0andQu =0 (@)
The ELCP forms in Equations (1) and (2) can be brought to homogeneous ELCP forms Equations (3) and (4)

by taking u = [i] P = [OA _ﬂ and Q = [B —d] witha = 0. All & vectors that satisfy Equation (4)
1xXn
then form the solution set of the above problem.

2.3 Research Methods

The method used in preparing this research is first to conduct a literature study on symmetrized max-
plus algebra, the matrix over symmetrized max-plus algebra, and the general form of the ELCP problems.
This study is necessary because the matrix over symmetrized max-plus algebra can be defined, so from the
formulation of the eigenvalues of the matrix over symmetrized max-plus algebra, characteristic equations are
formed. And the characteristic equation can be formulated as a system of equations and polynomial
inequalities multivariate algebra max-plus.

Determine the solution to a system of equations and inequalities, polynomial multivariate max algebra
can use operations as in conventional algebra through a mathematical tool known as the ELCP.
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Figure 1. Workflow for the Conceptual Study of Characterization Equation of
the Symmetrized Max-Plus Algebra

3. RESULTS AND DISCUSSION

For A, b over the symmetrized max-plus algebra, A @ x V b is called the linear balanced system, and
A Q x Ve is the homogeneous linear balanced system. Note that the operator "V" and the homogeneous
linear balances have the following characterizations.

Theorem 4. [12],[13] Given S is a symmetrized max-plus algebra. The following properties apply:
1. Foralla,b,c € C,a© cVbifandonlyif aVb @ c.
2. Foralla,be SPUS® ,aVb = a=h.

3. LetA € M, (S). The homogeneous linear balance systems A @ x V &,,«; has a nontrivial solution
in SO or SO if and only if det (A) V g,x1.

The following is the relationship between Systems of Equations and Inequality Multivariate
Polynomials in Max-Plus with the ELCP. The general form of a multivariate polynomial system of equations
and inequalities in max-plus algebra is as follows:

Given p; + p,, With py, p, € N, integer my, my,...,my 1p, € NU {0} and ay;, by, ci;; € R, for k=
1,2,...,p1 +p2,i=12,...,my,and j = 1,2,...,n and will look for the vector x € R", so that it satisfies:

my n .

O au® ® x5 =p,fork=12..,p )
i=1 j=1

my n .

® a,;® ®1xj® a <bg for k=p;+1,p,+2,...,01 + D2 (6)
i=1 ] =

Based on De Schutter and De Moor’s statement, there is the following theorem about necessary and
sufficient conditions for the extended complementary linear problem ([14],[15]). A multivariate polynomial
system of equations and inequalities in max-plus algebra if and only if it is an ELCP.

—C1 —d1
_CZ _d2

From Equations (5) and (6) can be formed matrix A = and ¢ =

_Cp1 +p2 _dpl +Dp2
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If my, in Equation (5) is equal to 1, then we get: a;, + 2j=1"ck1jxj = by, fork =1,2,...,p;. If we add
—ay, in two sides and define dy, = by — ay1, We get ijlnckljxj = dqj. So that we get the matrix

€111 C112 t C11n
€211 C212 C21n _
B = . : , X = and d
Cpj11 Cpj1z Cpiln dp,1

In other words, the equation is obtained in the form of a matrix Bx = d

Defined as much as p; set ¢y, ¢y, -+, ¢p, such that ¢; = {s; +1,s; + 2,--,s; + m;} with s; = 0 for j =
12,...,pyand sj44 = s; +m; for j = 1,2,...,p; — 1. Thus obtained:

¢1 = {Sl+1,5‘1+2,---,51+m1}:{1,2,...,m1}
¢2 ={52+1,52+2,...,Sz+m2}={Sl+m1+1,sl+m1+2,...,Sl+m1+ mz}
={m1 +1,m1+2,...,m1+ mz}

Gp, = {Sp, + Lisp, +2,...,8p, + mp }
={mi+my+-+my _+Lm+myt o Amyg 3+ 2, mp Fmpt Mg gy My )
Problems in the form of Equations (5) and (6) are equivalent to the following ELCP.

Given 4,c,and ¢, ¢2,..., ¢, , define the vector x € R™ such that 25.’1 ]'[l-equ (Ax — ¢); = 0,with Ax >

¢. Definition 5 is given a representation of the equation characteristics of a matrix over the symmetrized
max-plus algebra.

Definition 5. [3] Let amatrix A € M, (S). Fordet (1 ® E, © A)V ¢, be in effect
n

@ kEB 1a" ® 12" v e )
. k @
witha, = (© 0)® ® 0 € Ck det Ay, or
k
69
ak = 6 O)®k " Ck(P SBP sgn(0)® & alrlam,fork 2,...,m.
=1

The relationship of the elgenvalues of the matrix over the symmetrlzed max-plus algebra with ELCP is given
in the following example.

Example 6
6?2 1 €
LetamatrixA=| 1 &0 1| From matrix A4, using Definition 5 with the formula:
€ 0 2

4= (© 0% @ @,k det Ay,
As a result, the obtained characteristic equation is
DN Ba,R1% D azVe

or
D2 I POLIRAID4 Ve
Next,
P21 PG 4V2QIO° D 4RQID 4
So

D210 D4 =201 D 4Q1D 4
We have an equation
CPH2Q1% @4 =p ®)
2Q1%° D 4Q1D 4 =p 9
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Then by multiply p®_l in Equations (8) and (9) we obtain

R D201 Q@ p® D 4®p® =0 (10)
21%2°Qp® D 4RAIQ P ®4® p® =0 (11)

Equations (10) and (11) can be viewed as System Multivariate Polynomial Equation in Max-Plus,

consequently obtained:
0 2
4 4

-3 1 -2 1
_Cl = |:-2 1] 5 —Cz = !—1 1],
0 1 0 1
1

[ 1
1 —d4
Next, we form the matrix A = 1 and C = [ ] =
1
1

Vector ¥ € R2 with x =

We define ¢, and ¢, so that.
o1 ={s;+1,s5;+2,5+3}= {1,2,3}
¢, = {s;+1,5,+2,5,+3}={s;+m; +1,5;+my +2,5; +
m; + 3} = {4,5,6}.

-3 1 07
-2 1 -2
B 0 1 —4 A
We form ELCP homogenous with: P = [ A C] =|-2 1 =2[;u= [x] =|p
Opxn 1 1 1 —4 “ g
0 1 —4
L0 0 1

(Pu);(Pu),(Pu); + (Pu)4(Pu)s(Pu)e = 0 with constraints (Pu) = 0.

With the algorithm in ELCP, we have the set of all eigenvalues &t = k| 0 ] In ELCP, u = [Z_] = !p]
[ 0
Hence, A =k (—8).Letd; = 0,4, = =2, 13 = —4.

The associated eigenvectors for A are:

1). Let A = 0. We have the set of all eigenvectors associated with A = 0, that is

1%} t
{v V1®t]te§}
U3 1'®t

2). Let A = —2. We have the set of all eigenvectors associated with A = —2, that is
(2 S
U3 0Rs

3). Let A = —4. We have the set of all eigenvectors associated with A = —4, that is

HNHH S
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We construct matrix

01 61 o1
P=[vi v =62 62 62
2 1 1

0 € €

withD =|e —4 €

WehaveAQ P=| 1

e € =2
02 61 61 611 [3 3 3
eo 1] [ez 62 ©2|=3 2 2
€ 11 & 3 3
o1 91 o1 0 € € 01 ©(-3) o1

HenceP® D= |02 ©2 O2|Q®le -4 €|=|602 ©(-2) 60

2 1 1 e e 21 |2 (=3 (-1

Because A®Q PVP® D,s0P1® A® PVD.

4. CONCLUSIONS

A mathematical tool for solving the problem using operations as in conventional algebra, known as the

ELCP, is used to determine the solution to the characteristic equation. We can form the characteristic
equations of matrices over the symmetrized max-plus algebra. The ELCP can be used to system multivariate
polynomial equations in max-plus. Because the characteristic equations of matrices over the symmetrized
max-plus algebra make to system multivariate polynomial equation in max-plus, we used the ELCP to
determine the solution of the characteristic equation of matrices over the symmetrized max-plus algebra.

AKNOWLEDGEMENT

This work is part of a research project supported by the Research and Community Service Institute
(Madiun Campus), Widya Mandala Surabaya Catholic University, Indonesia.

REFERENCES

[1]

(2]
(3]

[4]
5]

(6]

[7]
(8]

[9]
[10]

[11]

[12]

G. Ariyanti, A. Suparwanto, and B. Surodjo, “Necessary and sufficient conditions for the solution of the linear balanced systems
in the symmetrized max plus algebra,” Far East J. Math. Sci, vol. 97, no. 2, pp. 253-266, 2015, doi:
10.17654/FIMSMay2015_253_266.

B. De Schutter, T. van den Boom, J. Xu, and S. S. Farahani, “Analysis and control of max-plus linear discrete-event systems:
An introduction,” Discret. Event Dyn. Syst. Theory Appl., vol. 30, no. 1, pp. 25-54, 2020, doi: 10.1007/s10626-019-00294-w.
K. U. Leuven, F. D. E. R. T. Wetenschappen, and D. Elektrotechniek, Max-Algebraic System Theory for Max-Algebraic System
Theory for. 1996.

K. G. Farlow, “Max-Plus Algebra,” 2009.

B. De Schutter and B. De Moor, “The Extended Linear Complementarity Problem and Its Applications in the Max-Plus
Algebra,” Complement. Var. Probl. State Art, vol. 09, pp. 22-39, 1997.

K. Kondo, “Ultradiscrete sine-gordon equation over symmetrized max-plus algebra, and noncommutative discrete and
ultradiscrete sine-Gordon equations,” Symmetry, Integr. Geom. Methods Appl., vol. 9, 2013, doi: 10.3842/SIGMA.2013.068.
W. Mora, A. Wasanawichit, and Y. Kemprasit, “Invertible Matrices over Idempotent Semirings,” vol. 1, no. 2, pp. 55-61, 2009.
C. Leake, F. Baccelli, G. Cohen, G. J. Olsder, and J.-P. Quadrat, “Synchronization and Linearity: An Algebra for Discrete Event
Systems.,” J. Oper. Res. Soc., vol. 45, no. 1, p. 118, 1994, doi: 10.2307/2583959.

D. Singh and D. Ph, “A Note on Symmetrized Max-Plus Algebra,” vol. 5, no. 1, pp. 1-10.

M. E. Brigden, R. W. Cottle, J.-S. Pang, and R. E. Stone, The Linear Complementarity Problem., vol. 156, no. 1. 1993. doi:
10.2307/2982870.

H. Mursyidah and S. Subiono, “Eigenvalue, eigenvector, eigenmode of reducible matrix and its application,” AIP Conf. Proc.,
vol. 1867, no. August 2017, 2017, doi: 10.1063/1.4994447.

B. De Schutter and B. De Moor, “A note on the characteristic equation in the max-plus algebra,” Linear Algebra Appl., vol.
261, no. 1-3, pp. 237-250, 1997, doi: 10.1016/s0024-3795(96)00407-7.



1354 Ariyanti A Note on the Solution of the Characteristic Equation over the ...

[13] S. Gaubert, P. Butkovi¢, and R. Cuninghame-Green, “Minimal (max,+) realization of convex sequences,” SIAM J. Control
Optim., vol. 36, no. 1, pp. 137-147, 1998, doi: 10.1137/S036301299528534X.

[14] Z.R.Konigsberg, “A generalized eigenmode algorithm for reducible reguld matrices over the max-plus algebra,” 2009 Chinese
Control Decis. Conf. CCDC 2009, no. 24, pp. 5598-5603, 2009, doi: 10.1109/CCDC.2009.5195195.

[15] S. Watanabe and Y. Watanabe, “Min-Plus Algebra and Networks (Novel Development of Nonlinear Discrete Integrable
Systems),” RIMS Kokydroku Bessatsu, vol. 47, 2014.



