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Abstract. Brinkmann graph is a 4-regular graph with 21 nodes and 42 edges discovered by Gunnar Brinkmann in 

1992. To our knowledge, the research specifically on Brinkmann graph is still hard to find. Therefore, this research 

was carried out to analyze the Brinkmann graph in term of its centrality. The centrality measures used are degree, 

betweenness, and closeness centrality. In this paper, we presented the centrality measures not only on the Brinkmann 

graph but also on the Brinkmann graph after node deletion to see how the impact of node deletion to the centrality of 

graph. Before deletion, the results showed that according to the betweenness centrality, there exist 7 nodes who act 

as mediators or bridges in the Brinkmann graph. Therefore, when a node among these nodes has deleted, it affected 

not only any other mediator nodes and the furthest nodes from the deleted node but also the nodes that are adjacent 

to the deleted nodes. 
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1. INTRODUCTION 

Brinkmann graph is a 4-regular graph discovered by Gunnar Brinkmann in 1992. It has 21 nodes and 

42 edges, girth 5, radius 3, diameter 3, chromatic index 5 and chromatic number 4 [1]. The following figure 

is how Brinkmann Graph looks like. 

 

 
Figure 1. Brinkmann Graph [2] 

Many researchers have done studies on 4-regular graphs such as [3], [4], [5], [6] and so on, but to our 

knowledge, the research specifically on Brinkmann graph is still hard to find.  

As a regular graph, every node in the Brinkmann graph obviously has the same degree. In terms of 

degree centrality, the node with higher degree means the more central it is [7]. In the case of Brinkmann 

graph, it can be interpreted that each node plays the same role in the graph since all nodes have degree 4. If 

we talk about degree centrality, we can say that degree centrality is one of the well-known centrality measures 

used in various studies of network [8]. Centrality measure is useful to find the center of graph namely the 

node that has an important role in the graph [9]. The study on centrality measures in social networks has been 

presented by Das K, et al in [10]. In their survey paper, they provided various research works on measures of 

centrality in social network and some of its applications in drug, biology, transportation, traffic, classroom, 

research, and security. In this paper, we presented the other measures namely the betweenness and closeness 

not only on the Brinkmann graph but also on the Brinkmann graph after node deletion because we were not 

only curious about the centrality measures other than degree centrality on the Brinkmann graph but also how 

the impact of node deletion to the centrality of graph. 

 

 

 

2. RESEARCH METHODS 

2.1. Methods 

This research was carried out through several steps, namely: graph conversion, processing, results, and 

analysis. 

a. Graph Conversion 

The Brinkmann Graph shown in Figure 1 was first converted into an adjacency matrix. The adjacency 

matrix is a matrix whose rows and columns are indexed by the node set of the graph and entries are 1 for 

adjacent nodes and 0 otherwise [11]. Here is the example of the adjacency matrix. 
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Figure 2. (a) Graph Cycle C4 (b) The Corresponding Adjacency Matrix 

 

Next, the matrix was input into software RStudio as raw data and then changed back to a graph so that R 

could plot it as a graph. 

 
Figure 3. Graph Conversion 

b. Processing 

In this step, the graph in RStudio was measured its centralities. After that, some nodes were deleted 

from the graph, and then the centrality of the graph after deletion was remeasured. 

 
Figure 4. Processing 

The centrality measures used in this paper are degree, betweenness, and closeness centrality that can 

be explained as follows: 

1) Degree Centrality (DC) 

Degree is the sum of edges connecting a node and other nodes [12], notated as deg(𝑖). The degree 

centrality of node 𝑖 (𝐷𝐶(𝑖)) can be measured using equation below: 

𝐷𝐶(𝑖) = deg(𝑖)                                                                             (1) 

The higher its value then the more connection it has. 

2) Betweenness Centrality (BC) 

Betweenness centrality is a measure based on the shortest path through an entire graph [13]. This 

centrality measure can define the node who plays as a mediation in the graph [14]. If the number of 
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shortest paths from node 𝑗 to 𝑘 is denoted as 𝜎𝑗𝑘 and the number of those paths through node 𝑖 as 𝜎𝑗𝑘(𝑖) 

then the betweenness centrality can be measured by equation 2. 

𝐵𝐶(𝑖) = ∑
𝜎𝑗𝑘(𝑖)

𝜎𝑗𝑘
𝑖≠𝑗≠𝑘

                                                                      (2) 

The higher its value then the more important the node is. 

3) Closeness Centrality (CC) 

Closeness centrality indicates the average number of edges that must be traversed from a node to all 

other nodes [15]. Here is the equation to measure closeness centrality where 𝑑𝑖𝑗 is the shortest path 

between node 𝑖 and all other nodes notated 𝑗 ∈ 𝑁. 

𝐶𝐶(𝑖) =
1

∑ 𝑑𝑖𝑗𝑗∈𝑁
                                                                    (3) 

The higher its value then the closer the node is to other nodes. 

c. Result and Analysis 

This last section will contain the discussion about the results obtained namely degree, betweenness, 

and closeness centrality before and after node deletion. 
 
 
 

3. RESULTS AND DISCUSSION 

3.1. Adjacency Matrix of Brinkmann Graph 

The nodes of Brinkmann graph in Figure 1 were first labeled to avoid misunderstanding in further 

discussion. The graph with labeled nodes can be seen in Figure 5 

 

 
Figure 5. Labeled Brinkmann Graph 

This graph was then represented as an adjacency matrix with 21 rows and columns as the number of 

nodes in Brinkmann graph is 21. The associated adjacency matrix is shown in Figure 6. 
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Figure 6. The Adjacency Matrix of Brinkmann Graph 

This adjacency matrix was input in software RStudio and returned into a graph in RStudio as raw data 

to be processed further. Here are the script and the results: 

 

 

Figure 7. Brinkmann Graph in RStudio 

 

3.2. Centrality Measures Before Node Deletion 

As mentioned above, the centrality measures on Brinkmann graph in this article are degree, 

betweenness and closeness centrality. First, the figure below shows the distance of all pair of nodes on the 

Brinkmann graph that has been done using software RStudio: 
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Figure 8. Distance of Each Pair of Nodes 

Further, here are the results of centrality measures with the highlight ones are the highest value: 

 
Table 1. Centrality measures on Brinkmann graph before node deletion 

Node (𝒊) 𝑫𝑪(𝒊) 𝑩𝑪(𝒊) 𝑪𝑪(𝒊) 

1 4 10.333 0.25 

2 4 10.333 0.25 

3 4 9.5 0.25 

4 4 9.5 0.25 

5 4 10.333 0.25 

6 4 9.5 0.25 

7 4 10.167 0.25 

8 4 10.167 0.25 

9 4 9.5 0.25 

10 4 10.167 0.25 

11 4 10.167 0.25 

12 4 10.333 0.25 

13 4 9.5 0.25 

14 4 10.167 0.25 

15 4 10.167 0.25 

16 4 10.167 0.25 

17 4 9.5 0.25 

18 4 10.333 0.25 

19 4 9.5 0.25 

20 4 10.333 0.25 

21 4 10.333 0.25 

 

In Table 1, for degree and closeness centrality, the score of each node is the same. It means that each 

node has equivalent connections and closeness to all other nodes. However, in term of betweenness centrality, 

it can be seen that the values vary. If we rank the results, then we have node 1, 2, 5, 12, 18, 20 and 21 as first 

rank with 10.333 that is the highest BC value. It means that these nodes are mostly passed through in the 

shortest path between two nodes. 

 

3.3. Centrality Measures After Node Deletion 

In this part, we will present the centrality measures after deleting a node from Brinkmann Graph. In the 

previous section, we have found that there exist the influential nodes in the graph according to BC measure, 

namely node 1, 2, 5, 12, 18, 20 and 21. Since their BC values are the same that is 10.333, we can choose any 

node among these ones to be deleted from the graph, for example node 1. Certainly, the distance in Figure 8 

change as well and can be seen in Figure 9 as follows: 
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Figure 9. Distance of Each Pair of Nodes after Deletion 

 

Here is the remeasuring of the centrality measures after node deletion. 

 
Table 2. Centrality measures on Brinkmann graph after node deletion 

Node (𝒊) 𝑫𝑪(𝒊) 𝑩𝑪(𝒊) 𝑪𝑪(𝒊) 

1 - - - 

2 4 13.417 0,026 

3 3 4.75 0,024 

4 3 4.75 0,024 

5 4 13.417 0,026 

6 4 10.5 0,026 

7 4 10.333 0,026 

8 4 10.333 0,026 

9 4 10.5 0,026 

10 4 11.333 0,026 

11 4 11.333 0,026 

12 3 4.917 0,024 

13 4 10.583 0,026 

14 4 10.5 0,027 

15 4 11 0,027 

16 4 10.5 0,027 

17 4 10.583 0,026 

18 3 4.917 0,024 

19 4 9.5 0,027 

20 4 11.417 0,026 

21 4 11.417 0,026 

 
In Table 2, when node 1 is deleted from the graph, it is obvious that the degree of nodes connected to node 

1, namely node 3, 4, 12, 18, will decrease. Consequently, the DC value of these nodes becomes smaller than 

other nodes. This is also the cause of the BC and CC values of nodes 3, 4, 12, and 18 falling off since these nodes 

are adjacent to node 1 which eventually affect the shortest path in the graph. For example, the shortest path from 

node 10 to 18 in Figure 5 is 10-3-1-18. If node 1 is deleted then surely the shortest path from node 10 to 18 will 

change and exclude node 3 as part of the new shortest path since no edge linking node 3 to 18 directly.  

In term of the BC values, we can see in Table 2 that the value of node 2 and 5 increase and they remain 

the most important nodes in the graph. In Table 1, they were originally part of nodes with the highest BC value. 

However, when node 1 is deleted, the values of node 2 and 5 go up. It happens because the shortest paths between 

two nodes through node 1 has gone and diverted mostly to either node 2 or 5. Furthermore, the BC value of node 

19 does not change. It means the deletion of node 1 gives no impact to the shortest paths between two nodes that 

go through node 19. This is reasonable as the shortest distance between node 1 and 19 are 3, equal to diameter of 

Brinkmann graph, which means there is no shortest path through both node 1 and 19.  
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Moreover, in term of closeness to all nodes, each node was previously at the same level. However, the 

deletion node 1 brings effect to the CC value of all nodes even though not quite significant. Node 14, 15, 16, and 

19 seem to have the highest value in closeness centrality measure. The reason is among other nodes in Brinkmann 

graph, node 1 is the furthest node from node 14, 15, 16, and 19. Therefore, if node 1 is deleted then the closeness 

value of node 14, 15, 16 and 19 rise slightly. 

 

 

 

4. CONCLUSIONS 

This article aims to show the centrality measures namely degree, betweenness and closeness centrality 

on Brinkmann graph before and after node deletion. Before deletion, all nodes are at the same level according 

to the degree and closeness centrality value. However, in betweenness centrality, there are 7 important nodes 

that act as bridges in the graph. Next, after one of these bridges deleted, the centrality value of nodes linked 

to the deleted node has decreased while the further nodes from the deleted node have either remained the 

same or slightly increased.  
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