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Abstract. The Monte Carlo method was a numerical method that was popular in finance. This method had 

disadvantages at convergences, so the moment matching was used to improve the efficiency from the Monte Carlo 

method. The research has discussed the pricing of the lookback floating strike option using the Monte Carlo moment 

matching method. The monthly stock price of PT TELKOM from 2004 to 2021 that used in this research.  The results 

were obtained by adding variance reduction moment matching in the Monte Carlo method, which produces a 

relatively smaller error when compared to the relative error of the standard Monte Carlo method. The orders of 

convergence from the Monte Carlo method with variance reduction moment matching for the call and put options are 

about 1.1 and 1.4. The conclusion is that the addition of the moment matching can increase the efficiency of the Monte 

Carlo method in determining the price of the lookback floating strike option. 
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1. INTRODUCTION 

Investment is an activity that is expected to provide benefits in the future. Every investment is always 

accompanied by risk because of the uncertainty that occurs and rapidly changing economic conditions, so to 

minimize the risk we need to have a strategy [1]. One of the strategies that can be done is using derivative 

products in investment. Derivative products are actively traded because they can anticipate market conditions 

by transferring various risks in the economy from one entity to another [2]. One of the popular derivative 

products is the option. 

An option is a contract that gives the right, not the obligation, to buy or sell an underlying asset at a 

specific price known as a strike price (𝐾) at or before maturity (𝑇) [3]. Based on the rights, options are 

divided into the call and put options. The option owner does not have to exercise if it is not profitable [4]. 

When viewed from the determination of the payoff, the options are divided into vanilla and exotic options. 

Exotic options have a more complex structure than vanilla options. In addition, exotic options can also 

provide investors with a much more view of the future behavior of the market so that these options continue 

to develop in financial markets [5]. 

The lookback option is one of the exotic options that depend on the path of the price of the underlying 

assets called the path-dependent option [6], [7]. In determining the payoff of this option, it depends on the 

maximum and minimum prices apart from the stock price at maturity and the strike price. Lookback options 

are divided into the fixed strike and the floating strike lookbacks. The main characteristic of this option is to 

buy at the lowest price and sell at the highest price [8]. The advantage of this option is that it can minimize 

the regret of the owner and can provide important information about the behavior of the stock over time [9]. 

The model for determining the price of European options was introduced by Black and Scholes in 1973 

which is known as the Black Scholes model. Option pricing using the Black Scholes model at the beginning 

has been applied to European-type options [10]. This model was used to obtain an analytical solution to the 

option price [11]. However, most exotic options do not have analytical solutions, so a numerical method is 

needed to approach the analytical solution of the option price. One of the numerical methods that can be used 

is the Monte Carlo method. 

The Monte Carlo method, also known as statistical simulation and random sampling, is a stochastic 

simulation based on probability theory and statistics by using random numbers to solve computational 

problems [12]. This method has an algorithm that is easy to understand and flexible to use so it is popularly 

used in the financial sector, especially in determining the price of complex derivative products such as 

derivative products that depend on the path [13]. However, this method has a disadvantage in convergence 

because it takes a lot of iterations. So, it is necessary to develop this method by adding a variance reduction 

technique to increase the efficiency of the Monte Carlo method. 

One of the variance reductions currently being developed is the moment matching method. The idea 

of the moment matching method is to match the moments of the sample with the population so that the 

moments of the sample can match the statistical properties of the population. The moment matching method 

uses a sequence of random numbers that are consistent with the first, second, or more moments. In addition 

to the use of random numbers, the moment matching method can be used to match the moment of the 

population stock price based on risk-neutral valuation with a sample of simulated stock prices. The addition 

of moment matching to the Monte Carlo method is carried out by Syata (2021) [14] to determine the price of 

the cash-or-nothing option. The results obtained by adding moment matching are that it can increase the 

efficiency of Monte Carlo. In this research, the pricing of the lookback floating strike option was determined 

using the Monte Carlo Moment Matching method. 
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2. RESEARCH METHODS 

The methods used in this research are as follows:   

2.1. Model of Stock Price 

Uncertain stock price changes can be modeled by stochastic differential equations. The stochastic 

differential equation with a coefficient that depends on the time interval Δ𝑡 based on neutral risk valuation is 

defined as follows: 

𝑑𝑆(𝑡) = 𝑟 𝑆(𝑡)𝑑𝑡 + 𝜎𝑆(𝑡) 𝑑𝑊𝑡                                  (1) 

where 𝑟 is risk-free interest rate, 𝜎 is volatility for the underlying asset that represents the standard deviation 

of the log return and 𝑊𝑡 is Brownian motion [15]. 

The solution of Equation (1) at interval of time 𝑡𝑖−1 to 𝑡𝑖 is given as follows: 

𝑆(𝑡𝑖) = 𝑆(𝑡𝑖−1) exp ((𝑟 −
𝜎2

2
) Δ𝑡 + 𝜎Δ𝑊(𝑡𝑖)) ; 𝑖 = 1,2,3, … , 𝑛                  (2) 

where 𝑆(𝑡𝑖) is stock price at 𝑡𝑖, interval of time Δ𝑡 = 𝑡𝑖 − 𝑡𝑖−1, 𝑛 is the number of time subintervals during 

the option's life period and 𝑊 is Wiener process.  

Hence, the equation of the stock price model used in the Monte Carlo method is given as follows: 

𝑆(𝑡𝑖) = 𝑆(𝑡𝑖−1) exp ((𝑟 −
𝜎2

2
) Δ𝑡 + 𝜎𝜀(𝑡𝑖)√Δt) ; 𝑖 = 1,2,3, … . 𝑛       (3) 

where 𝜀(𝑡𝑖) is a random number which is normally distributed, 𝜀(𝑡𝑖)~𝑁(0,1) [4]. 

 

2.2. Monte Carlo Method for the Option Price 

The Monte Carlo method is a numerical method that is suitable for random phenomena such as 

financial problems [16]. The need for an accurate method of solving financial problems makes this method 

increasingly popular for applications, such as in option pricing. The algorithm in the process of determining 

the price of lookback options using the Monte Carlo method is listed as follows [17]: 

1. Determination of stock prices using the following stochastic differential equation: 

𝑆(𝑡𝑖) = 𝑆(𝑡𝑖−1) exp ((𝑟 −
𝜎2

2
) Δ𝑡 + 𝜎𝜀(𝑡𝑖)√Δt)                               (4) 

2. Calculation of the payoff value of the floating strike lookback option on simulation 𝑖 [18] 

𝑐𝑓𝑙𝑜𝑎𝑡
𝑖 = (𝑆(𝑇)𝑖 − 𝑚0

𝑇)                                                                                   (5) 

𝑝𝑓𝑙𝑜𝑎𝑡
𝑖 = (𝑀0

𝑇 − 𝑆(𝑇)𝑖)  

where 𝑀0
𝑇 is the maximum value of the asset price and 𝑚0

𝑇 is the minimum value of the asset price and 

𝑆(𝑇)is the stock price at time 𝑇. 

3. Determination of the present value of the option price sample on simulation 𝑖  

𝑉𝑀𝐶(𝑐𝑎𝑙𝑙)𝑖 = 𝑒−𝑟𝑡 𝑐𝑓𝑙𝑜𝑎𝑡
𝑖                                                 (6) 

𝑉𝑀𝐶(𝑝𝑢𝑡)𝑖 = 𝑒−𝑟𝑡  𝑝𝑓𝑙𝑜𝑎𝑡
𝑖     

4. Determination of the Monte Carlo estimator  

�̂�𝑀𝐶 =
1

𝑛
∑ 𝑉𝑀𝐶

      𝑖𝑛
𝑖=1                                                (7) 

where 𝑛 is the number of samples. 

The price of the lookback floating strike option for calls and puts can be estimated using the Monte Carlo 

estimator as follows: 
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𝑉𝑐𝑎𝑙𝑙 ≈ �̂�𝑀𝐶  

𝑉𝑝𝑢𝑡 ≈ �̂�𝑀𝐶   

 

2.3. Moment Matching 

The moment matching method can be applied to a single underlying asset 𝑆(𝑡) which is simulated 

based on a neutral risk valuation with a risk-free interest rate 𝑟. If it is assumed that there is no dividend rate, 

then the mean of the stock price population is 𝜇𝑆 = 𝑒𝑟𝑡𝑆(0). Suppose that 𝑛 stock prices are simulated as 

sample data, 𝑆(𝑡1), … , 𝑆(𝑡𝑛) at time 𝑡𝑖. Hence, the mean is calculated as follows: 

𝑆̅(𝑡) =
1

𝑛
∑ 𝑆(𝑡𝑖)𝑛

𝑖=1                                               ; 𝑖 = 1, … , 𝑛                       (8) 

The transformation of stock price 𝑆𝑡 from simulated paths using the first moment defined as follows [19]: 

�̃�(𝑡) = 𝑆(𝑡𝑖) − 𝑆̅(𝑡) + 𝜇𝑆               ; 𝑖 = 1, … , 𝑛                       (9) 

In addition to the transformation using mean, the stock price transformation can also be carried out by adding 

the standard deviation of the population using Equation (10) below. 

𝜎𝑆 = 𝑆0√𝑒2𝑟𝑡(𝑒𝜎2𝑡 − 1)                                  (10) 

and for the standard deviation (𝑠𝑆) of the sample data using Equation (11) as follows. 

𝑠𝑆 = √∑ (𝑆(𝑡𝑖)−�̅�(𝑡))
2𝑛

𝑖=0

𝑛−1
                                    (11) 

 

The stock price transformation using two moments of the stock price is defined as follows: 

�̃�(𝑡) = (𝑆(𝑡𝑖) − 𝑆̅(𝑡))
𝜎𝑆

𝑠𝑆 
+ 𝜇𝑆                                                (12) 

where 𝑠𝑆 is standar deviation of sample 𝑆(𝑡)[20]. 

 

2.4. Data Source 

This research used data monthly stock price from PT Telekomunikasi Indonesia (TELKOM) from October 2004 

to December 2021 which was obtained from website https://finance.yahoo.com/. The data has log return that is normally 

distributed. The stock price data is depicted in following Figure 1. 

 
Figure 1. Data Stock Price 

 

 

 

 

 

https://finance.yahoo.com/
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2.5. Steps of research  

The steps of research are carried out as follows: 

1. Determine the value of input such as initial stock price (𝑺(𝟎)), time maturity (𝑻), and risk-free interest rate (𝒓). 

2. Calculate the log return of the stock price. 

3. Test normal distribution of log return. 

4. Calculate the volatility (𝝈) of the stock price. 

5. Determine stock price from the Monte Carlo method. 

6. Transform the value stock price with moment matching. 

7. Calculate the price of the lookback floating strike option. 

 

 

 

3. RESULTS AND DISCUSSION 

3.1. Log Return of Data 

Using the stock price data of PT TELKOM from October 2004 to December 2021, the log return is 

calculated Equation (13). 

𝑅(𝑡) = ln (
𝑆(𝑡)

𝑆(𝑡−1)
)   ; 𝑡 = 1,2,3, … 𝑛                                             (13) 

 

where 

𝑅(𝑡)      :  log return value of stock price at time 𝑡  

𝑆(𝑡)      : stock price at time 𝑡 

𝑆(𝑡 − 1)   : stock price at time 𝑡 − 1 

 

The result is depicted in the following Figure 2. 

 
Figure 2. Log Return 

Furthermore, the normality test process was carried out using the Kolmogorov-Smirnov test with the 

help of SPSS 28 software with the following hypothesis: 

H0 = sample comes from population that is normally distributed 

H1 = sample does not come from population that is normally distributed 

Based on the test results obtained p-value = 0.200 > 𝛼 = 0.05 

H0 is accepted, so that the log returns of PT Telkom's data are normally distributed and this data can be used 

in this research. 
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3.2. Volatility 

Volatility (𝜎) is a measure that shows how much asset prices fluctuate in a period and is calculated 

using this formula: 

𝑢(𝑖) = ln (
𝑆(𝑖)

𝑆(𝑖−1)
)   ; 𝑖 = 1,2, … , 𝑚                    (14) 

𝑠 = √
1

𝑚−1
∑ (𝑢(𝑖) − �̅�)2𝑚

𝑖=1                                               (15) 

                                     

𝜎 =
𝑠

√Δ𝑡
                      (16) 

where 𝑚 is the amount of data and 𝑠 is standard deviation of 𝑢 [4]. 

Based on Equations (14) – (16) using historical data of PT Telkom, the volatility value is 22.95% per year. 

 

3.3. The Monte Carlo Method with Moment Matching 

In the numerical simulation, the parameters used are initial stock price 𝑆0 = Rp 4040, risk-free interest 

𝑟 = 3.5%, option expiration time 𝑇 = 1, volatility 𝜎 = 22.95%, and the length of sub intervals     Δ𝑡 = 
1

12
. 

The calculation of the relative error is used to see the error resulting from the numerical process carried 

out on the value of the analytical process. The relative error value of the numerical process can be calculated 

by Equation (17) below. 

error =
|𝑦−𝑦0|

𝑦0
                                (17) 

where 𝑦 is approximate value from numerical process and 𝑦0 is the analytical solution as given by Kwok 

(2008) [21]. The exact value for call and put options are respectively 748.61 and 714.21. The convergence 

rate of the method is calculated using the error ratio. The error ratio can be determined with Equation (18) 

[22]: 

Ratio(Error) =
error(simulation(𝑡))

error(simulation(𝑡+1))
                                                      (18) 

The numerical results of the simulation process using the Standard Monte Carlo method are given in 

Table 1. The price of lookback floating strike option has a smaller error with the increasing number of 

simulations.  From Table 1, it is shown that the error ratio for call and put option are about 1.1 and 1. 

Therefore, the convergence rate of the standard Monte Carlo method for call and put option are about 1.1 and 

1.  

 
Table 1. Option prices using the standard Monte Carlo method 

Number of 

simulations 

(𝑴) 

Call option 
Error of 

call option 

Error 

Ratio of 

call option 

Put option 
Error of 

put option 

Error 

Ratio of 

put option 

100 566.92 0.2427 - 510.95 0.2846 - 

1000  591.46 0.2099 1.1562 521.09 0.2704 1.0525 

10000 592.26 0.2089 1.0051 524.13 0.2661 1.0160 

100000 598.93 0.1999 1.0446 527.68 0.2612 1.0190 

 

The numerical results shown in Table 2 and Table 3 are the price of lookback floating strike option 

using Monte Carlo method with variance reduction moment matching. The advantage from using variance 

reduction is to increase the efficiency of Monte Carlo method. So that the results of Monte Carlo method with 

variance reduction moment matching have smaller errors than using the standard Monte Carlo method for 

pricing lookback floating strike option.   
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Table 2 The Price and relative error of call options from moment matching stock prices 

Number of 

simulations 

(𝑴) 

Call 

option 

MCMM1 

Call option 

MCMM2 

Error 

MCMM1 

Error 

Ratio of 

MCMM1 

Error 

MCMM2 

Error 

Ratio of 

MCMM2 

100 654.75 838.16 0.1254 - 0.1196 - 

1000  660.74 835.38 0.1174 1.0682 0.1159 1.0320 

10000 664.15 828.16 0.1128 1.0404 0.1063 1.0908 

100000 671.67 824.37 0.1028 1.0977 0.1012 1.0500 

 

The numerical result of call option with variance reduction moment matching for the Monte Carlo 

method with the first moment and the first two moments are shown in Table 2. The relative error in the first 

two moments has a better relative error than that of the first one. The convergence rate for call option with 

the first moment and the first two moments is about 1.1. 

 
Table 3 The Price and relative error of put options from moment matching stock prices 

 

 

The numerical result of the put option with variance reduction moment matching for the Monte Carlo 

method with the first moment and the first two moments is shown in Table 3. The relative error in the first 

two moments has a better relative error than that of the first one and the option price converges to the 

analytical solution as the number of iteration increase. The convergence rate for put option with the first 

moment and the first two moments are about 1 and 1.4. 

Based on the results above, adding the reduction of variance can increase the efficiency of the standard 

Monte Carlo method. With respect to the moment matching process, the use of the first two moments has 

better error values than the first moment, both in calculating call and put options from lookback floating strike 

option. The numerical results using the Monte Carlo method with the moment matching technique have 

values that are close to the analytical results as the number of simulations increases. 

 

 

 

4. CONCLUSIONS 

Based on the discussion above, it can be concluded that adding a moment matching variance reduction 

technique to the Monte Carlo method can increase its efficiency in calculating the lookback floating strike 

option. It is shown by relative error value which is getting smaller as the number of iterations increases. The 

rate of convergence from the Monte Carlo Method with reduction variance moment matching for the call and 

put options are about 1.1 and 1.4. For further research, it is possible to add the moment used for moment 

matching and use variant reduction techniques other than moment matching to increase the efficiency of the 

Monte Carlo method in determining the price of the lookback floating strike option. 

 

 
 

REFERENCES 

[1] N. Li and S. Wang, “Pricing options on investment project expansions under commodity price uncertainty,” J. Ind. Manag. 

Optim., vol. 15, no. 5, pp. 261–273, 2019, doi: 10.3934/JIMO.2018042. 

Number of 

simulations 

(𝑴) 

Put 

option 

MCMM

1 

Put option 

MCMM2 

Error 

MCMM1 

Error 

Ratio of 

MCMM1 

Error 

MCMM2 

Error 

Ratio of 

MCMM2 

100 505.74 730.34 0.2919 - 0.0226 - 

1000  510.56 726.92 0.2851 1.0237 0.0178 1.2691 

10000 515.02 721.02 0.2789 1.0224 0.0095 1.8668 

100000 518.07 720.24 0.2746 1.0251 0.0084 1.1294 



1372  Dewi, et. al.     Implementation of Monte Carlo Moment Matching Method for Pricing …  

[2] Y. Liang and X. Xu, “Variance and dimension reduction Monte Carlo method for pricing European multi-asset options with 

stochastic volatilities,” Sustain., vol. 11, no. 3, 2019, doi: 10.3390/su11030815. 

[3] S. R. Chakravarty and P. Sarkar, An Introduction To Algorithmic Finance, Algorithmic Trading and Blockchain. USA: 

Emerald Publishing Limited, 2020. 

[4] J. C. Hull, Options, Futures, and Other Derivatives: Solutions Manual, Ninth Edit., vol. 59, no. 2. New Jersey (US): Pearson 

Education, 2015. 

[5] R. Martinkutė-Kaulienė, “Exotic Options: a Chooser Option and Its Pricing,” Business, Manag. Educ., vol. 10, no. 2, pp. 

289–301, 2012, doi: 10.3846/bme.2012.20. 

[6] J.-J. Sun, S. Zhou, Y. Zhang, M. Han, and F. Wang, “Lookback Option Pricing with Fixed Proportional Transaction Costs 

under Fractional Brownian Motion,” Int. Sch. Res. Not., vol. 2014, pp. 1–7, 2014, doi: 10.1155/2014/746196. 

[7] J. Li and X. Xu, “The Valuation of Basket-lookback Option,” vol. 648, no. Icfied, pp. 2110–2115, 2022. 

[8] Z. Liu, “Lookback option pricing problems of uncertain mean-reverting stock model,” J. Adv. Comput. Intell. Intell. 

Informatics, vol. 25, no. 5, pp. 539–545, 2021, doi: 10.20965/jaciii.2021.p0539. 

[9] Y. Gao and L. Jia, “Pricing formulas of barrier-lookback option in uncertain financial markets,” Chaos, Solitons and 

Fractals, vol. 147, p. 110986, 2021, doi: 10.1016/j.chaos.2021.110986. 

[10] F. Mostafa, T. Dillon, and E. Chang, Computational Intelligence Applications to Option Pricing, Volatility Forecasting and 

Value at Risk, vol. 697. 2017. 

[11] S. Y. Choi, J. H. Yoon, and J. Jeon, “Pricing of Fixed-Strike Lookback Options on Assets with Default Risk,” Math. Probl. 

Eng., vol. 2019, 2019, doi: 10.1155/2019/8412698. 

[12] Y. Zhang, “The value of Monte Carlo model-based variance reduction technology in the pricing of financial derivatives,” 

PLoS One, vol. 15, no. 2, pp. 1–13, 2020, doi: 10.1371/journal.pone.0229737. 

[13] A. Horvath and P. Medvegyev, “Pricing Asian Options: A Comparison of Numerical and Simulation Approaches Twenty 

Years Later,” J. Math. Financ., vol. 06, no. 05, pp. 810–841, 2016, doi: 10.4236/jmf.2016.65056. 

[14] I. Syata, S. D. Anugrawati, Nurwahidah, and A. Mariani, “Estimate cash-or-nothing option by Monte Carlo - Moment 

matching (MC-MM) method: The case of Indonesian rice prices,” AIP Conf. Proc., vol. 2326, no. February, 2021, doi: 

10.1063/5.0039278. 

[15] R. H. Chan, Y. Zy, S. T. Lee, and X. Li, Financial Mathematics , Derivatives and Structured. Singapore: Springer, 2019. 

[16] K. Nouri and B. Abbasi, “Implementation of the modified Monte Carlo simulation for evaluate the barrier option prices,” J. 

Taibah Univ. Sci., vol. 11, no. 2, pp. 233–240, 2017, doi: 10.1016/j.jtusci.2015.02.010. 

[17] R. U. Seydel, Tools for computational finance, Sixth., vol. 40, no. 07. United Kingdom: Springer, 2017. doi: 

10.5860/choice.40-4121. 

[18] M. Alfeus and S. Kannan, “Pricing Exotic Derivatives for Cryptocurrency Assets—A Monte Carlo Perspective,” J. Math. 

Financ., vol. 11, no. 04, pp. 597–619, 2021, doi: 10.4236/jmf.2021.114033. 

[19] P. Glasserman, Monte Carlo Methods in Financial Engineering. New York: Springer, 2003. 

[20] P. Boyle, M. Broadie, and P. Glasserman, “Monte Carlo methods for security pricing,” J. Econ. Dyn. Control, vol. 21, no. 

8–9, pp. 1267–1321, 1997, doi: 10.1016/s0165-1889(97)00028-6. 

[21] Y.-K. Kwok, Mathematical Models of Financial Derivatives, Second Edi. Singapore: Springer, 2008. doi: 10.1007/978-3-

540-31299-4. 

[22] D. C. Lesmana and S. Wang, “An upwind finite difference method for a nonlinear Black-Scholes equation governing 

European option valuation under transaction costs,” Appl. Math. Comput., vol. 219, no. 16, pp. 8811–8828, 2013, doi: 

10.1016/j.amc.2012.12.077. 

 

 


