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1. INTRODUCTION

Queuing theory is a mathematical study in queuing or waiting lines, including its characteristic or any
other properties of the system [1]. A queuing system can be defined as a dynamical system which has states
that evolve in time by the occurrence of events at a possibly regular or irregular time intervals [2]. Modeling
in queuing system is constructed and analyzed so that the lengths and waiting times of the queue can be
predicted. Generally, queuing theory is mostly described in operation research, one of mathematic branches
of field [3]. A queuing system is one of the crucial topics in humans’ daily life, like buying a movie ticket,
airport security, grocery check-out, mailing a package, getting a cup of coffee, etc. [4]

The queuing theory is mainly discussed using continuous mathematical systems, including various
kinds of types according to its number of the server. But nowadays, there are many different points of view
in describing any system, especially in mathematics. This happens to the queuing theory too. Not only
described in the continuous equation system, there are many experts who describe the queuing theory in
discrete event systems.

Petri net is one of the common tools in describing many discrete problems, as can be seen in [5], [6],
[7], and [8]. Petri net is a tool of mathematical modeling in representing the state evolution of discrete event
systems [9]. As the analyzing process, it is also common to use the max plus or min-max plus algebra on this
matter.

Konigsberg is one of the experts who developed the model of queuing theory in a discrete event system
point of view. In [2], he modeled various styles of queuing systems, including the break server of queuing.
The model he built was using Petri net as the way he describes the condition and the event occurs in queuing
theory. In that research, it is also using timed Petri net as the extension of the Petri net itself. The stability of
the model also has been determined. But, in timed Petri net built before only has 2 holding times that were
considered, and it also doesn’t have an exact max plus standard autonomous equation of the timed Petri net
yet.

In this paper, we modify the timed Petri net that had been built before by adding two places, a transition,
and the appropriate arcs so that the model obtained represent the real condition more properly. This research
also considers all the holding times in the place of the timed Petri net. We analyze the stability and the max
plus standard autonomous equation is also determined. The result of this research purposively describes the
gueuing system more clearly.

2. RESEARCH METHODS

This research uses three major theories. They are timed Petri net, timed Petri net standard autonomous
equation, and Lyapunov stability criteria of Petri net. So, in this section, we explain those two major theories
and the assumption we used in building the timed Petri net.

2.1 Timed Petri Net

As we mentioned before, timed Petri net is the extension theory of Petri net. Petri net is 4-tuples of
places, transitions, arcs, and weight of the arcs. Timed Petri net has a little difference from the usual Petri net.
Timed Petri net has holding time in its place. So, if in the Petri net, a transition is called enable if there is
enough token in the place so that the transition can be fired.

In the timed Petri net, it is not just the amount of token and the weight of the arc which determined
whether a transition is enable or not, but also the holding times in its previous places. This holding time is
the time duration of a token in a place to make a transition become enable. So, we can say that timed Petri
net is 6-tuples of places, transitions, arcs, weight of the arcs, the initial marking vector, and the time structures
(holding times) in the places. This time duration in firing an enable transition can be applied in many daily
problems, such as in queuing system.

We can see the example of Petri net and timed Petri net to see the different between them two below.
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Figure 1. (a). The example of Petri net, (b). The example of timed Petri net

From Figure 1, we can see that in the timed Petri net, there are holding times in its places (the holding
times can be included in all of the places or only several of them). We can see that in Figure 1 (a), transition
T, is enable depends on the amount of token in the previous place. But, in the Figure 1 (b), transition T is
enable depends not only on the amount of token but also the holding times in the previous place. Further
information about Petri net and timed Petri net can be seen in [5], [6], [7], [8], [10], [11], and [12].

2.2 Timed Petri Net Standard Autonomous Equation

Timed Petri net autonomous is one that each transition has at least an input place. The timed Petri net
standard autonomous equation can be defined as follows:

x(k) =M _, A, @x(k—m), k>0

where 4,, € RIEE 0 <m < M and x(m) € RIY with —M < m < —1. This equation can be express as
1%t order of differential equation with the state space is X(k) below:

%k + 1) = A(k)®x(k)

T
where Z(k) = (xT(k), xT(k—1), —, xT(k+1— M)) k> 0and

Ap®A4; Ap®4; - Ay®Ay
_ E g o g .
A= £ E £ with 4y = P A"
£ £ E £

Further theory of timed Petri net can be found in [13], [2], [11], [14], and [15].

2.3 Lyapunov Stability of Petri Net

The system modeled with Petri net can be analyzed in its stability term state. A Petri net can be called
a stable one if there is a strictly positive m vector, i.e., @, such that the following inequality is held:

Av=eTATd <0

Because the firing vector, e, is a non-negative one (at least one of its elements is positive). So, the
inequality we express above can be simplified as follows:

ATd < 0.

Furthermore, the system modeled by Petri net can be stabilizable if there is a firing vector, e, such that
the following expression is held:
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Ae <0

The more massive explanation can be seen in [2], [16] and [17].

2.4 Assumptions in Modelling the Timed Petri Net

There are several assumptions that we used in developing and building the timed Petri net model of
queuing system. They are:

1.

2.

@

We assume that the customer is arriving at the service area as soon as the previous customer is
queuing in the line.

We assume that when the server is in the breaks condition, the customer who was being served
queuing back in the line and waiting until the server is restored.

We assume that the server will be idle right away after the customer is finished being served.

All the places in the timed Petri net have holding time which is considered in determining the
enabled transition.

3. RESULTS AND DISCUSSION

In this section we will discuss about the model we have been developed, its explanation and also the
analysis result of the model will also be preserved. The model we developed is a representation of a queuing
system which involves single server and the probability of down server is also considered.

3.1. Timed Petri Net Model of the Queuing System

The timed Petri net model of this type of queuing system can be seen in Figure 2. Where each place
represents the following conditions:

—Ur—m:ljg:b

. Customer is arriving

: Customer is waiting in the line/queuing
: Customer is ready to be served

: Customer is being served

: Customer is leaving the service area

: Server is out of order

: Server is in idle condition

and the transition represents the following event:

-~ = OTw!wW O O

: Customer arrives to the queue

: Customer is being called by the server
: Server starts working

: Server break or breakdown

: Server is restored

: Customer is finished to be served
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Figure 2. Timed Petri Net Model of Queuing System with Single Server and Down Server is Considered

The timed Petri net model above describes that the queuing system with single server and the server
breakdown is considered. This timed Petri net is one that we developed from the model in [2]. We added two
places, one transition with the appropriate arc, and an arc that connect the transition b to place W. This arc is
added according to the assumption we made before that that when the server is in the breaks condition, the
customer who was being served queuing back in the line and waiting until the server is restored.

3.2.  Timed Petri Net Model of the Queuing System Stability

From the timed Petri net in Figure 2, we can get the following both forward and backward matrix
incidence:

1 0 0 0 0 O 1 0 0 0 0 O
1 0 01 0 O 0 1.0 0 0 O
0 1.0 0 0 O 0 01 00 O
Ar=]10 0 1 0 0 O|land A4,=|0 0 0 1 0 1
0 00100 0 000 10
0 0 00 1 1 0 1.0 0 0 O
0 0 0 0 0 1 0 0 0 0 0 O
So, we can get the matrix incidence as follows:
0 0 0 0 0 07
1 -1 0 1 0 0
0O 1 -1 0 0 0
A=A —A,=[0 0 1 -1 0 -1
0o 0o 0 1 -1 0
0 -1 0 0 1 1
0 0 0 0 0 1

Then, we can explain the stability of the system according to the incidence matrix above. Using the
Lyapunov stability criteria, we can let a vector ® = [®,, ®,, P, D,, s, P, P,]7 so that ATd < 0 which
is sufficient to us just to find the vector ® = [®,, ®,, @3, Dy, s, P, D,]7 so that the equality ATd = 0
hold. With Gauss Jordan elimination to the matrix AT, we can derive that:
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0100000%8
00100—10(1330
000 10 -1 0]]|g,|=|g
00001—10(1)40
0000001(1320
0000000_(137_0

Then, we obtain that &, = &, = 0. So, we get that ® is not a strictly positive vector.

According to Lyapunov stability criteria, the vector @ must be a strictly positive one. So, we can
conclude that the queuing system modeled in Figure 2, is not stable. It is also necessary to ensure whether the
system is stabilizable or not using firing vector as explained.

Letavector e = [eq, e,, e3, €4, e5,e4]” as firing vector of the system, so that the equation Ae = 0 hold.
Through the Gauss-Jordan elimination of the matrix A we get the following equation:

1000 0 0] o [0
0 1.0 0 =1 0] |g,| [0
00 10 =1 0| || [0
000 1 =1 0| |g[=|0
0000 0 1] |2 [0
000000850
0o o 0o o ol ¢ o

So that we can obtain the firing vector e = [0, y, v, y, 0]7 which is a non-zero vector. So, we can deduce
that the queuing system modeled in Figure 2 is stabilizable.

3.3. Timed Petri Net Model of the Queuing System Standard Autonomous Equation and Its
Eigenvalue

Our next step is to determine the timed Petri net standard autonomous equation, regarding to the max-
plus algebra, of the system. The equation of the queuing system modeled in Figure 2 can be derived as
follows:

x1(k) =C; ®x1(k—1)
X2(k) = C; ® x1(k) ® €, ® x4(k)D Co ® x(k — 1)
x3(k) = C3 ® x5 (k)
x4(k) = C4 ® x3(k)
x5(k) = Cs ® x4(k)
x3(k) = Cy ® x35(k)
where:

x4 (k) denotes the time of customer arrives to the queue at k-period

x, (k) denotes the time of customer is being called by the server at k-period
x3 (k) denotes the time of service starts at k-period

x4 (k) denotes the time of server breaks or in breakdown condition at k-period
x5 (k) denotes the time of service is restored at k-period

x¢ (k) denotes the time of customer is finished to be served at k-period

So, we can describe the max-plus equation above in matrix expression below:

_xl (k)_ & & & £ g € -xl (k)_ Cl s € £ £ £ _xl (k - 1)_
x (k) c, € & ¢ ¢ ¢ x2 (k) e € & C € Cg4 x,(k — 1)
x3(K)[ _|e C3 & & & ¢ x3(k) e € € € € ¢ x3(k—1)
x,(k)| | € € C, € € ¢ ® x4 (k) ® e &€ & & & ¢ ® x,(k — 1)
2] I DO g N O] N S B IR
L6 ()] € 4 Lx6 (k)] € Lxg(k — 1)
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From that equation, we can determine the following corresponding matrices:

& & & E & & i, € € € ¢ ¢
c, € € ¢ ¢ ¢ e € ¢ (€, ¢ (4
_le (3 € ¢ ¢ ¢ _le € € € € ¢
Ao =] ¢ e C ¢ ¢ ¢ and A; = e € € € € ¢
e & € (3 ¢ ¢ e € € € € ¢
e e (C € ¢ ¢ e € € € € ¢
Then, we also can get the following matrices:
€ € £ £ € ¢ € £ £ € € ¢
€ € £ £ € ¢ € £ £ € ¢ €
4.©2 Cy + G5 € € € € & 4 @3 € € € € € ¢
0 £ C3+C, &£ e & ¢|7o Cy + C3+Cy £ £ € ¢ ¢
£ € Cib+Cs € ¢ ¢ € C3+C4tCs ¢ ¢ € ¢
| £ C3+Cy € £ ¢ eJ [Cz + C3+C, € £ € ¢ sJ
£ £ € € € ¢
£ £ € € € €
4 £ £ € € € ¢ 5
A% = s £ 8 ¢ f,andA4,® =£(6x%6)
lCz +C3+C+Cs ¢ € € ¢ eJ
£ £ € € € €
And we can compute the matrices of A, and A as follows:
€ € € £ £ ¢
C; & € e & ¢
. C;+C C £
* _ M5 ®i _ 2 3 3 E € €
Ay = Bi-04g = C,+C3+C, C3+C, C, e €& €
CZ + C3 + C4+CS C3 + C4+C5 C4+C5 CS & &
Cy,+C3+C, C3+C, Cy £ € €
€ e ¢ &£ < €
Ci+ G, P £ < £
A:A*@A _ C1+C2+C3 & & Cz+C3 £ C3+C6
Ci+C+C3+Cy+Cs € € Cy+C3+C4+Cs € C3+Cy+Cs+Cq

So, using matrix A above, we can get the timed Petri net standard autonomous equation ¥(k + 1) =
ARx(k), with X(k) = [x;(k), x5 (k), x3(k), x4 (k), x5 (k), x5 (k)]T. The matrix A can be interpreted into a
graph as shown in Figure 3 below. It is necessary to be drawn so that we can find the exact eigenvalue, as
one of the characteristics of the system related to its periodic behavior.
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2 G +C

€3t Ce
Figure 3. The Graph of Timed Petri Net Standard Autonomous

So, we can determine the circuits and their average weight of graph in Figure 3 can be seen in Table 1.

Table 1. Circuits and the Average Weights of Graph Autonomous

Circuit Average Weight
4-4 C, +Cs3+C,
6-6 C3+C,+Cs

6-4-6 C, +2C5 +2C, + Cy

2

Finally, we can obtain the eigenvalue of the system modeled with timed Petri net in Figure 2 of queuing
system is:

Cy+2Cs +2C, + 66)}

A= maX{(CZ + C3 + C4), (C3 + C4_ + CG)!( 2

So, this maximum value will be determined the periodical behavior of the system. It means that the
queuing system will be oscillated in period of A.

4. CONCLUSIONS

From the explanation and the research result we mentioned before, the queuing system with a single
server and the break or breakdown server is considered can be modeled in timed Petri net. The system maybe

not stable but stabilizable. This queuing system will be oscillated in period of A=max{(CZ+

C3+C,), (C3+ Cy + Cy), (%)} So, it is depended on the value of holding times of place W, R,

B, and I. As for further research, this system can be simulated into several examples of holding times to show
the periodical behavior of the system. It also can be considered that the holding times is the interval one for
the development of the timed Petri net in queuing system theory.
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