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Abstract. The Fay-Herriot model generally uses the EBLUP (Empirical Best Linear Unbiased Prediction) method,
which is less flexible due to the assumption of linearity. The P-Spline semiparametric model is a modification of the
Fay-Herriot model which can accommodate the presence of two components, linear and nonlinear predictors. This
paper also deals with spatial dependence among the random area effects so that a model with spatially autocorrelated
errors will be implemented, known as the SEBLUP (Spatial Empirical Best Linear Unbiased Prediction) method.
Using data from SUSENAS, PODES, and some publications from BPS, the main objective of this study is to estimate
the mean years school at the sub-district level in Bogor district using the EBLUP, Semiparametric P-Spline approach,
and the SEBLUP method. The results show that based on the RRMSE value, the cubic P-Spline model with three knots
predicts the mean years school better than EBLUP. Meanwhile, the addition of spatial effects into the small area
estimation has not been able to improve the estimated value of the P-Spline semiparametric approach.
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1. INTRODUCTION

One of the education indicators in the Sustainable Development Goals (SDGS) is the mean years school
(MYYS). In addition, the MYS also becomes the indicator of the Human Development Index (HDI) which can
reflect the educational attainment of a region. The years of schooling in this indicator are defined as the
number of years used by residents aged 25 years and over in taking formal education. The MYS in Indonesia
officially which released by Badan Pusat Statistik (BPS) are sourced from the National Socioeconomic
Survey (Susenas). The Susenas, conducted twice a year, is designed for direct assessment at the national,
province and district/city levels. The problem occured when we want to make a direct estimation for a smaller
area from the Susenas data. Although Susenas is a large-scale national survey, the number of samples in each
small area is too small for direct estimation. When there are subpopulations with small sample sizes, direct
estimation can produce large errors [1]

The estimation of a small area can be done by increasing the sample size. However, the size of the
sample is directly proportional to the time, human resources, and costs required. It can be done without having
to increase the sample size by indirect estimation using Small Area Estimation (SAE). SAE is an indirect
estimation method that utilizes the auxiliary variables and the relationship between regions to minimize the
standard error of the estimation results.

The development of an SAE model in research generally uses a parametric approach in relating small
area statistics to its supporting variables. One of the models that are often used is the Fay-Herriot model with
the Empirical Best Linear Unbiased Predictor (EBLUP) estimation method. This model is less flexible in
adjusting the pattern of survey data due to the assumption that the direct estimator is a linear function of the
covariates. Errors in the specification of this model can result in biased small-area parameter estimators.
Opsomers, et al. [2] conducted SAE with the nonparametric Penalized Spline (P-Spline) approach as an
alternative which is considered more flexible and more profitable than the parametric approach if the form of
the relationship between the response variable and the covariates cannot be determined. However, the
research was conducted under the assumption that data is available up to the unit level. Furthermore, Giusti
et al. [3] conducted a similar study but under the assumption that data is only available at the area level. The
approach used is semiparametric SAE which is a combination of the P-Spline model and the Fay-Herriot
model.

The Fay-Herriot semiparametric model with the P-Spline approach is a modification of the Fay-Herriot
model when the linearity assumption is violated. The semiparametric approach is capable of covering not
only parametric components but also nonparametric components. Thus, this approach can be used as an
alternative, especially if not all functional forms of the relationship between variables and their covariates
can be specified or the relationship is not linear.

In addition to linearity, this paper also deals with spatial dependence among the random area effects.
This assumption is often violated because in general the diversity of an area is influenced by its surrounding
area, so that spatial effects can be included in random effects. This is based on Tobler's first law of geography
"everything is related to everything else, but near things are more related than distant things"[4]. In its
development, the random effect of spatial correlation is considered to be included in the small area estimation
method. This method became known as the Spatial Empirical Best Linear Unbiased Predictor (SEBLUP)
method. Pratesi and Salvati [5] then developed the SEBLUP method using a simultaneously autoregressive
(SAR) process. The research showed that the SEBLUP method has better accuracy than the direct and EBLUP
estimation methods.

The previous studies that applied small area estimation using P-Spline generally did not include spatial
effects in the model [6][7][8]. In addition, small area estimation research for the MY'S indicator is still rarely
carried out. In fact, the availability of more detailed data is needed not only as an evaluating material of
development results but also as a policy formulation basis that is right on target at the regional level. Based
on the description above, the main objective of this research is to estimate MYS at the sub-district level in
Bogor district using several methods, namely EBLUP FH, semiparametric P-Spline, and SEBLUP.
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2. RESEARCH METHODS

2.1 Data

The data used in this study is secondary data from BPS. The response variable in this study is the MYS
per sub-district in Bogor District from the direct estimation of Susenas Kor 2019. While the auxiliary
variables used are the percentage of agricultural families (X1), the number of residents participating in BPJS
Kesehatan PBI (Xy), population density (Xs), number of villages that have schools (Xa), population growth
rate (Xs).

2.2 Data Analysis Procedure
The steps of data analysis in this study are as follows:

1. Data exploration.
a. Explore the distribution of data for each variable
b. Detecting the pattern of MYS relationships with each auxiliary variable using a scatter plot
c. Define parametric and nonparametric variables

2. Estimating MY'S in sub-district level with the Fay-Herriot Model [9] :

éi = xl-TB + divi + e;
or in matrix form:
0=XB+Dv+e (1)

i =1,2,--,misasmall area index (sub-district);

0; = direct estimator of the i-th small area parameter (6;);

x; = vector of auxiliary variables in the i-th small area;

B = vector of regression coefficient;

d; = known positive constant (d; = 1);

v; = random effect of the i-th small area, assumed to be independent and identical, v;~(0, 62);

e; =sampling error, assumed to be independent e;~N (0, ¥;). e; and v; are assumed to be independent.

The EBLUP estimator for the Fay-Herriot model [10]:
6; = 7:0; + A —p)xIB

o5

with 7; = 52
v

3. Estimate MYS with semiparametric P-Spline method

a. Find the estimated value of the parametric function

b. Model the residual value of the parametric function with nonparametric components to determine the
number of knots and the appropriate P-Spline model, i.e. linear, quadratic, or cubic.
P-Spline regression model with one covariate [11] :

K
p
Vi =Po + Prx + -+ BpxP +Zyj(xi —k;), +e
=1

or in matrix notation:
Y=XB+Zy+e (2

with X = [1x; ... ;Pli<isn, Z = [(x; — k)b o (x; — kg)B l1<isn, p is the order of the spline,
(x; — k]-)i = max{O, (x; — k]-)p}, kj,j = 1,..,K is the set of knots used, B = (B ... B,)" is the

parametric coefficient vector of the unknown parameter, and y = (y, ... yx)T is the spline coefficient
vector.
P-Spline parameter estimator [12]:

6 = (C'c+ D) 'Y
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with C=[X Z], 0= [ﬂ ,D = diag(0p+1, 1x) is the penalty matrix, and 1 > 0 is the smoothing
parameter
c. Determine the optimum number of knots using the Ruppert’s fixed selection method [13]:
1
K = min (Z X the number of unique x; , 35)
d. Calculate the GCV values for each P-Spline model [14]
n"'RSS(A) MSE (1)
(1-n"1df)?  (n~ttr(I - $p))?
RSS(A) = ¥ (vi — 91)% Sp = C(CTC+AD)"'CT, and dfy = tr(Sy)

e. Determine the best P-Spline model based on the optimum GCV value

GCV (L) =

f. Determine knot locations
g. Estimate the parameters of the semiparametric P-Spline model
The semiparametric P-Spline model is obtained by combining equations (1) and (2) as follows:
0=XB+Zy+Dv+e
The limited number of observations will result in a model that tends to over-parameter. Because of
that in this study y is considered as a fixed effect. So that the resulting model will correspond to the
Fay-Herriot model with modifications to the auxiliary variables which are considered as nonlinear
components.
4. Perform spatial autocorrelation test using Moran's test
5. Prepare a spatial weighting matrix (W) using the queen contiguity method
6. Add spatial information to the model. The SEBLUP model and estimator are formulated as follows [15]:

0=XB+DU—-pW) lu+te
BSEPLUP = B + BT {G3[(1 — pW)(1 — pWT)] '} 27
, A ~ " 1,71 -
x {diag(o?) + 2&2[(1 - pw)(1 - pWT)] 27}~ (v - XB)
7. Calibrate the results of small area estimation against BPS publications using the ratio benchmarking
method [16]:
?_RB — ?_B ?21 WY
o\ wrp
8. Estimate MSE of EBLUP and semiparametric P-Spline (Datta and Lahiri 2000 in [17]):
mse(0;) = g1:(63) + 92:(63) + 293:(62)
9. Estimate MSE of SEBLUP (Singh et al. 2005 in [17]):
mse[0;(67,P)] = 91:(65,P) + 92:(8%, ) + 295:(65, ) — 94:(65, D)

3. RESULTS AND DISCUSSION
3.1 Data Exploration

There is no example less sub-district in Susenas Kor 2019, so the unit of analysis in this study includes
40 sub-district. The range of MY'S in each sub-district in Bogor district is 4.35 to 11.44 years. The distribution
of MYS is shown in Figure 1. Sub-district Babakan Madang has the highest MY'S with the average population
has attended formal education to upper secondary level (11.44 years). Meanwhile, Sub-district Sukajaya has
the lowest MY'S with the average population has not graduated from elementary school (4.35 years).
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Figure 1. MYS direct estimator in each Sub-district, 2019
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The relationship pattern of each auxiliary variable with MYS is visualized in Figure 2. It shows that
X1, X5, X3, dan X, have a linear relationship with MYS. Unlike the other auxiliary variables, the distribution
pattern of X5 tends to be irregular. Exploration of the pattern of relationships between variables was also
carried out using statistical tests with the test results showing that only X5 did not have a linear relationship
with MYS (p-value=0.2004). Thus, a small area estimation model with p-spline semiparametric approach

will be used to accommodate the MYSS relationship with both linear and nonlinear auxiliary variables.
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Figure 2. Scatter plot of MYS with X; (a), X, (b), X3 (C), X4 (d), and X5 (e)

3.2 EBLUP

Based on the results of the estimated model parameters in Table 2, the MYS small area model using

the EBLUP method can be written as follows:
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6, = 8.3899 — 0.0364x;; — 0.0429x,; + 0.0207x5; + 0.0282x,; — 0.4133xs; + v;

Table 2. The Estimated Value of the Fay-Herriot Model Parameters

Parameter Estimator Std. error p-value
Bo 8.3899 0.9445 0.0000
b1 -0.0364 0.0125 0.0037
B -0.0429 0.0178 0.0159
B3 0.0207 0.0302 0.4934
B 0.0282 0.0109 0.0094
Bs -0.4133 0.3138 0.1879

3.3 Semiparametric P-Spline and SEBLUP

The number of knots and the P-Spline model to be used are based on the optimum GCV value. This
process is carried out by modeling the residual value in a parametric model with a nonlinear variable (Xs).
The optimum number of knots determined using the fixed selection method produces 9 knots, so the number
of knots to be used is 1 to 9 knots. Table 3 shows the GCV values of the three P-Spline models, namely linear,
quadratic, and cubic for each number of knots. The P-Spline cubic model with 3 knots produces a minimum
GCV value of 0.731989. So that the next MYS small of area modeling will use a cubic P-Spline
semiparametric model with 3 knots, each located at points 1.0625, 1.3300, and 1.6025.

Table 3. GCV Values of Linear, Quadratic, and Cubic P-Spline Models

Knot Linear Quadratic Cubic
1 0.934182 0.971482 1.010658
2 0.934027 0.971482 1.010423
3 0.935994 0.971483 0.731989
4 0.934182 0.835501 0.760225
5 0.934182 0.764278 0.769294
6 0.934182 0.76167 0.775549
7 0.934182 0.763896 0.776571
8 0.913703 0.774477 0.772898
9 0.934182 0.778939 0.777953

Spatial autocorrelation test using Moran's test results that there is a spatial autocorrelation of MYS
values in each sub-district (p-value = 0.000). So the next analysis is to include the spatial effects on the
semiparametric P-Spline model. Table 4 shows the estimated fixed effect values of the P-Spline
semiparametric model with and without spatial information, where the regression coefficient estimator in the
P-Spline semiparametric model without spatial information is slightly smaller.

Table 4. Estimated Values of Model Parameters

P-Spline Spatial P-Spline
Parameter . Std. p- .
Estimator Estimator Std. error p-value
error value

Bo -0.3687 2.3257  0.8740 -0.7539 2.3117 0.7443
b1 -0.0430 0.0110  0.0001 -0.0401 0.0108  0.0002
B -0.0485 0.0155  0.0018 -0.0541 0.0151  0.0004
B3 0.0209 0.0261  0.4232 0.0251 0.0249  0.3129
B 0.0247 0.0097  0.0108 0.0261 0.0095  0.0059
Bs1 -5.8571 1.6402  0.0004 -6.0757 1.6017 0.0001
Bs: 36.2036 9.0843  0.0001 37.5263 8.9789  0.0000

Bs3 -21.0531 5.3829  0.0001 -21.8888 5.3363  0.0000
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P-Spline Spatial P-Spline
Parameter ) Std. p- .
Estimator Estimator Std. error p-value
error value
Y1 86.9626 24.8268  0.0005 92.6276 24.6250 0.0002
Y2 -102.4816  33.5074 0.0022 -112.3410  33.0047 0.0007
Y3 41.5257 16.8972  0.0140 47.6007 16.3276  0.0036

3.4 Comparison of EBLUP, Semiparametric P-Spline, and SEBLUP Estimation Results

A comparison of the estimated results of MY'S in each sub-district based on direct estimation, EBLUP,
semiparametric P-Spline, and SEBLUP P-Spline can be seen in Figure 4(a). In general, the estimated value
of MY'S using direct estimation and indirect estimation produces almost the same pattern. Meanwhile, in the
P-Spline and SEBLUP P-Spline semiparametric models, there is no significant difference in the estimated
MYS values.

The selection of the best model is done by comparing the RRMSE values of each model, where the
best model is the model with the smallest RRMSE value. Figure 4(b) shows a comparison of the estimated
RRMSE values with the EBLUP method and the P-Spline Semiparametric method. In general, the P-Spline
semiparametric model produces a smaller RRMSE value than the EBLUP-FH model. The average value of
RRMSE generated by the EBLUP-FH and semiparametric P-Spline models is 5.66% and 5.34%. Thus, there
is a decrease in the value of RRMSE after the correction of the variables that are suspected to have no linear
relationship with the observed variables, but the difference is not too large. This could be due to the auxiliary
variable of the nonlinear component (Xs) which has less effect on the MY'S either linearly or nonlinearly.
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Figure 4. Comparison of Estimated Values (a) and RRMSE (b)
Direct Estimation, EBLUP, P-Spline, and SEBLUP P-Spline

Based on Figure 4(b), the addition of spatial effects produces a slightly similar RRMSE value to the
previous P-Spline semiparametric model. With the RRMSE average value of 5.36%, it can be concluded that
the addition of spatial effects into the model has not been able to improve the estimated value obtained. This
can be related to the spatial weighting matrix used. With an appropriate spatial weighting matrix, evaluation
of the presence of spatial effects should be able to improve the estimated value. However, as the estimator
method that pays attention to the random effect of spatial correlation, the determination of the spatial
weighting matrix is a very sensitive element in obtaining optimum estimation results.

4. CONCLUSIONS

Modifications to the EBLUP method with the P-Spline semiparametric approach can be used to
estimate MYS in the sub-district level of Bogor district, especially if not all of the auxiliary variables have a
linear relationship with the direct estimator. The estimation results using a cubic spline model with 3 knots
are able to produce a smaller average of RRMSE than the EBLUP method. This shows that the modification
of the Fay-Herriot model with the P-Spline semiparametric approach is better in estimating the sub-district
level of MYS in Bogor district. Meanwhile, the addition of spatial effects into the small area estimation has
not been able to improve the estimated value of MYS from the P-Spline semiparametric approach.
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