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ABSTRACT 

Article History: 
Fluid flow control is applied in engineering and industry using computational fluid dynamics. 

Based on density, fluids are divided into two parts, namely non-viscous fluids and viscous fluids. 

Nanofluid is a fluid that has non-viscous and viscous characteristics. Nanoviscos fluid flow is 

interesting to study by considering the effect of volume fraction and thermophysical properties. 

Nanoviscous fluid flow models form dimensional equations that are then simplified into 

dimensionless equations. Dimensionless equations are converted into non-similar equations 

using flow functions and non-similar variables. Nanoviscous fluids with Cu particles and water-

based fluids have higher temperatures and faster velocity. Based on the effect of volume 

fraction, the velocity of the nanoviscous fluid moves slower, while the temperature of the 

nanoviscous fluid increases. 
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1. INTRODUCTION 

Mathematical models can be used to create representations and constructs of real phenomena. Solution 

Mathematical modeling is done analytically and numerically. Fluid flow phenomena can be modeled and 

solved numerically using Computational-Fluid-Dynamic (CFD). The application of CFD is applied to the 

engineering and industrial fields in the form of cooling systems [1]. CFD can control the velocity and 

temperature of the fluid flow. 

A fluid is a liquid or gas that changes state when pressure is applied [2]. Based on density, fluids are 

divided into two parts, namely non-viscous or non-viscous fluids and viscous or viscous fluids. Non-viscous 

fluids have high deformation rates due to the absence of inter-particle friction. On the other hand, in a viscous 

fluid, the deformation rate is hampered due to friction between particles. Nanofluid is a fluid that has non-

viscous and viscous characteristics. This is because the nanofluid has two constituents, namely, the base fluid 

and nanoparticles. If the percentage of nanoparticles is greater than the base fluid, the nanofluid has a viscous 

character or a nanoviscous fluid. If the percentage of nanoparticles is smaller than the base fluid, the nanofluid 

has a non-viscous character or a nano non-viscous fluid. The percentage between the base fluid and the 

nanoparticles is expressed using the volume fraction. Research on nanofluids was first conducted by Choi et 

al in 1998, showing that nanofluids have a fairly high thermal conductivity [3]. Therefore, nanofluids that 

can conduct electric currents are called magnetic hydrodynamics [4]. The effect of magnetic hydrodynamics 

on nanofluid flow can increase the velocity and decrease the temperature of the fluid flow [5]. The results of 

the study conducted by Mahian et al showed that heat transfer could increase when given the addition of 

nanoparticles [6]. Fluid flow with metal nanoparticles has greater dynamics than metal oxide nanoparticles 

[7]. The effect of the Eckert number on nanofluid flow causes the fluid temperature to increase [8]. The effect 

of convection on fluid flow causes the fluid velocity to increase and the flow temperature decreases [9]. The 

effect of 𝐴𝑙2𝑂3 nanoparticles on fluid-particle friction capable of increasing by 67% has been carried out by 

Wei et al [10]. Further research on the effect of Cu-Ni nanoparticles on nanofluids can increase thermal 

conductivity [11].  

Based on previous studies, there has not been much development on nanofluids with viscous 

characters. Therefore, nanoviscous fluids are interesting to be developed. In this study, the 

magnetohydrodynamics of nanoviscous fluids will be investigated based on volume fraction and 

thermophysical properties of nanoparticles concerning flow velocity and temperature. The volume fraction 

and thermophysical properties are considered variance parameters. The nanoparticles used were 

𝐶𝑢, 𝐶𝑢𝑂, 𝑆𝑖 , 𝑀𝑔, 𝑆𝑖𝑂2, 𝑀𝑔𝑂 nanoparticles with the base fluid being water and oil. The nanoviscous fluid 

equation that is formed is simplified into a dimensionless equation and a similarity equation. The numerical 

solution to the similarity equation uses the Euler finite difference method. 

 

 

2. RESEARCH METHODS 

This study uses a research method consisting of model development, model simplification, model 

completion, analysis, and discussion of the nanoviscous fluid mathematical model as follows. 

 

2.1 Developing Mathematical Model for Nanoviscous Fluid 

The nanoviscous fluid model is obtained from the applicable physical laws. The laws of physics used 
are related to the thermophysical properties and volume fraction of nanoparticles. The thermophysical 
property is in the form of density, so the model is associated with mass conservation law to form a continuity 
equation. The percentage of nanoparticles and base fluid is expressed by volume fraction. The volume 
fraction is related to the friction caused by nanoparticles and the basic fluid, related to Newton's 2nd law to 
form the momentum equation. The heat generated by the friction between the nanoparticles and the basic 
fluid forms an energy equation based on the Thermodynamics law. Therefore, developing a nanoviscous fluid 
flow model includes three parts: continuity, momentum, and energy equations. 
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2.2 Simplification of The Mathematical Model of Nanoviscous Fluid 

The continuity, momentum, and energy equations that are built will then be simplified into 

dimensionless equations. The simplification of the equation uses a dimensionless variable as follows [12]. 

x, y, u, and v axes and gravity on the -x and -y 
 

x=
x̅

a
 ; u=

u̅

U∞
;y=Re1/2 y̅

a
; v=Re1/2 v̅

U∞
;g

x̅
=-g sin (

x̅

a
) ;g

y̅
=g cos (

x̅

a
)  

time t, pressure p, temperature T [13] 

t=
U∞t ̅

a
; p=

p̅

ρfnU∞
2 ;T=

T̅-T∞ 

 Tw- T∞
                                                                                 (1) 

The next step is to convert the dimensionless equation into a non-similar equation. Non-similar 

equations are used to simplify dimensionless equations into one variable by substituting stream functions and 

non-similar variables as follows [14]. 

Stream functions 

u=
∂ψ

∂y
; v=-

∂ψ

∂x
 

Non-similar variable 

Ψ=t
1

2ue(x)f(x,η,t);η=
y

t
1
2

;T=s(x,η,t)                                                                     (2) 

 
2.3 Completion of The Mathematical Model of Nanoviscous Fluid 

The nanoviscous fluid model was solved using Euler's finite difference numerical method with the 

following steps. 

1. Discretization of non-similar equations using a central finite difference. 

2. The discretized result is then converted into a tridiagonal matrix. 

3. Determine the coefficient of the tridiagonal matrix formed. 

4. Determine the solution at t+Δt. 

 

 

3. RESULTS AND DISCUSSION 

Mathematical modeling is an applied science that uses mathematics to represent real phenomena and 
problems. The flow modeling is obtained by forming the building equations by applying the law of 
conservation of mass, Newton's second law, and the first law of Thermodynamics. The builder equations of 
the nanoviscous fluid flow model with magneto-hydro-dynamic (MHD) influence the build of the 
dimensional equations in the form of continuity, momentum, and energy. This study uses a nanoviscous fluid 
that passes through a circular cylindrical surface. The flow of nanoviscous fluids is based on volume fraction 
and thermal properties.  

 

3.1. Mathematical Modelling 

The nanoviscous fluid model is obtained from the applicable physical laws as follows. Continuity 
equation based on mass conservation law 

𝐷𝑀𝑎𝑠𝑠

𝐷𝑡
= 0 

Thus, the continuity equation for the flow of nanoviscous fluids is stated as follows. 
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 ∂u̅

∂x̅
+

 ∂v̅

∂y̅
=0                                                                        (3) 

Momentum equation based on Newton's 2nd law 

ρ
fnv

(
∂V

∂t
+V. ∇ V) =FP-FM+FA 

Thus, the momentum equation for the flow of nanoviscous fluids is stated as follows. 

Momentum equation on x axes: ρ
fnv

(
∂u̅

∂t ̅
+u̅

∂u̅

∂x̅
+v̅

∂u̅

∂y̅
) =-∇p+μ

fnv
∇2V+σ(B0)2u̅+ (ρ

fnv
-ρ

∞
)g

x̅
 

Momentum equation on y axes: ρ
fnv

(
∂v̅

∂t ̅
+u̅

∂v̅

∂x̅
+v̅

∂v̅

∂y̅
) =-∇p+μ

fnv
∇2V+σ(B0)2v̅+ (ρ

fnv
-ρ

∞
)g

y̅
   (4)   

Energy equation based on Thermodynamics law 

ρ
fnv

(
∂e

∂t
+∇.(eV)) =Q 

Thus, the energy equation for the flow of nanoviscous fluids is stated as follows. 
∂T̅

∂t ̅
+u̅

∂T̅

∂x̅
+v̅

∂T̅

∂y̅
= αfnv (

∂
2
T̅

∂x̅2 +
∂

2
T̅

∂y̅2)                                                                     (5) 

The builder equation was obtained, then simplified first using dimensionless variables and dimensionless 
parameters as follows. 

Reynold number and Granshof number [15] 

Gr=
gβ(Tw-T∞)a3

υ3
 and Re=

U∞a

υ
                                   (6) 

by substituting Equation (2) and Equation (6), we get 

The continuity equation  

∂u

∂x
+

∂v

∂y
=0                                             

The momentum equation 

Momentum equation on x axes: 
∂u

∂t
+u

∂u

∂x
+v

∂u

∂y
=-

∂p

∂x
+

vfnv

Re vfd

∂
2
u

∂x2
+

vfnv

 vfd

∂
2
u

∂y2
+Mu+αfnvT sin x     

Momentum equation on y axes:
1

Re
(

∂v

∂t
+u

∂v

∂x
+v

∂v

∂y
) =-

∂p

∂x
+

vfnv

vfd

1

Re2

∂
2
v

∂x2
+

vfnv

vfd

1

Re 

∂
2
v

∂y2
+

M

Re
v-

αfnv

Re
1
2

Tcos x 

The energy equation 

∂T

∂t
+u

∂T

∂x
+v

∂T

∂y
=

1

Pr

αfnv

αfd

∂
2
T

∂y2
                            (7) 

The obtained equations were then simplified using the flow function and non-similar variables and the 
thermophysical parameters of nanofluid as follows. 

Prandtl number [16] 

Pr=
vfnv

αfnv

 

Density nanoviscous fluid [6] 

ρ
fnv

=(1-χ)ρ
fd

+χρ
s
 

Viscosity nanoviscous fluid [6] 

μ
fnv

=μ
fd

1

(1-χ)
2.5

 

Specific heat of nannoviscous fluid [17] 

(ρC
p
)
fnv

=(1-χ)(ρC
p
)
fd

+χ(ρC
p
)
s
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Thermal conductivity [6] 

kfnv=
ks+2kfd-2χ(ks-kfd)

ks+2kfd+χ(ks-kfd)
kfd             (8) 

Using Equation (2) and Equation (8), we obtained the following non-similar equation. 

The momentum equation 

[
1

(1-χ)2.5[(1-χ)+(
ρs
ρfd

)]

]
∂

3
f

∂η3
+

η∂
2
f

2∂η2
+

3

2
t cos x [1- (

∂f

∂η
)

2

+2f
∂

2
f

∂η2
)] = t

∂
2
f

∂η∂t
+

3

2
 t sin x (

∂f

∂η

∂
2
f

∂x∂η
-

∂f

∂x

∂
2
f

∂η2
) +Mt (1-

∂f

∂η
) -

2

3
αfnvst  

The energy equation 

(
ks+2kfd-2χ(ks-kfd)

ks+2kfd+χ(ks-kfd)

1

(1-χ)+χ(
(ρCp)

s

(ρCp)
fd

)

)
∂

2
s

∂η2
+ Pr

η

2

∂s

∂η
+ 3 cos x Pr t f

∂s

∂η
= Pr t

∂s

∂η
+ Pr t

3

2
sin x (

∂f

∂η

∂s

∂x
-

∂f

∂x

∂s

∂η
)    (9) 

based on the following boundary conditions: 

t=0 : f=
∂f

∂η
=s=0 for every x,η 

t>0 : f=
∂f

∂η
=0 , s=1 when η =0 

∂f

∂y
=1 , s=0 when η →∞ 

 

Detailed Description 

M : Magnetic parameter 

FP : The surface force 

FM : The magnetic force 

FA : The buoyant force 

Q : Heat 

B0 : Magnetic field 

ρ
fnv

 : Density of nanoviscous fluid 

μ
fnv

 : Dynamic-viscosities of nanoviscous fluid 

kfnv : Thermal conductivity of nanoviscous fluid 

Cp : Specific heat 

T : Temperature 

Gr : Granshof number 

Re : Reynold number 

Pr : Prandtl number 

 

3.2. Analysis and Discussion 

 Analysis of the magnetohydrodynamic nanoviscous fluid was completed using the Euler finite 

difference method. MATLAB software is used to solve numerical results. Parameters related to the flow 

characteristics of the MHD nanoviscous fluid are thermophysical parameters and volume fraction parameters. 

Thermophysics on basic fluids and nanoparticles density (ρ), specific heat (cp), and thermal conductivity (k). 

Analysis of flow characteristics was carried out on the magnetohydrodynamic temperature and velocity of 

the nanoviscous fluid. Based on the thermophysical property of the metal nanoparticles, the metal oxide 

particles, and the base fluid, the following data is provided. 
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Table 1. Thermophysical Property of Base Fluid 

Property 
Base Fluid 

Water Oil 

ρ(
kg

m3
) 

999.1 
1670 

Cp(
J

kg.K
) 

4179 
920 

k(
W

m.K
) 

0.613 
0.138 

    Data source:[9],[18]  

 

Table 2. Thermophysical Property of Nanoparticles 

Property 
 Nanoparticles 

𝑆𝑖 𝑀𝑔 𝐶𝑢 𝐹𝑒 𝑺𝒊𝑶𝟐 𝑴𝒈𝑶 𝑪𝒖𝑶 𝑭𝒆𝟑𝑶𝟒 

ρ(
kg

m3
) 

2329 1738 8933 7874 2220 3580 6000 5180 

Cp(
J

kg.K
) 

700 1020 397 440 745 877 551 670 

k(
W

m.K
) 

130 156 393 80.2 1.4 42 33 6.9 

    Data source: [18],[19], and [20] 

 

The velocity and temperature with variations nanoparticles of magnetohydrodynamic nanoviscous 

fluid are shown in Figure 1 and Figure 2. Metal particles are namely Cu, Si, Mg, Fe and metal oxide 

nanoparticles are CuO, SiO2, MgO, Fe3O4. In the variation of nanoparticles, the base fluid used is water with 

the Prandtl number Pr=5. Figure 1 shows that the nano-viscous fluid of Cu metal nanoparticles moves faster 

than other nanoparticles. Cu metal nanoparticles have a higher density (𝜌=8933) than metal nanoparticles and 

other metal oxide particles. As a result, the velocity of the nano-viscous fluid of Cu metal particles moves 

faster.  

 

 
Figure 1. The Velocity with Nanoparticles Variations of Magnetohydrodynamic Nanoviscous Fluid 

 

 

Figure 2. The Velocity with Nanoparticles Variations of Magnetohydrodynamic Nanoviscous Fluid 
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Figure 2 shows the temperature of the nanoviscous fluid with variations in metal particles and 

variations in non-metallic particles. It can be seen in the figure that the temperature of Cu metal nanoparticles 

is higher than other nanoparticles. This is because Cu, metal nanoparticles have a higher thermal conductivity 

(k=393) than other nanoparticles. 

 

 
Figure 3. The Velocity with Base Fluid Variations of Magnetohydrodynamic Nanoviscous Fluid 

 

 
Figure 4. The Velocity with Base Fluid Variations of Magnetohydrodynamic Nanoviscous Fluid 

 

The velocity and temperature with variations in base fluids of magnetohydrodynamic nanoviscous fluid 

are shown in Figure 3 and Figure 4. The base fluids used are water base fluid and oil base fluid. In the 

variation of base fluid, the nanoparticle used is Cu. Figure 3 and Figure 4 show that the velocity and 

temperature of the water base fluid are higher than that of the oil base fluid. The density of the water base 

fluid is smaller than that of the oil base fluid. The large density of the base fluid causes the fluid to move 

slower because of its slow velocity. The smaller the density of the base fluid, the higher the fluid velocity. 

The temperature of the nanoviscous fluid in the water base fluid is higher than in the oil base fluid. This is 

due to the specific heat and thermal conductivity of the water base fluid which is higher than that of the oil 

base fluid. The specific heat and thermal conductivity of the water base fluid are 4179 and 0.613, respectively. 

Water base fluid has 920 specific heat and 0.138 thermal conductivity. Therefore, the temperature of the 

water base fluid is higher than the oil base fluid. 

 

 
Figure 5. The Velocity with Volume Fraction of Si-Water Nanoviscous Fluid 
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Figure 6. The Velocity with Base Fluid Variations of Si-Water Nanoviscous Fluid 

 

The velocity and temperature of nanoviscous fluid with Si nanoparticles (ρ=2329) and water-base fluid 
(ρ=997.1) are shown in Figure 5 and Figure 6. Si nanoparticles were observed based on volume fraction 
variations because Si nanoparticles had an average velocity and temperature based on the results of Figure 1 
and Figure 2. In the variation of volume fraction parameters, the base fluid used is water. The velocity and 
temperature of the Si-Water nano-viscous fluid using the Prandtl number Pr=5 and volume fraction varies by 
N=0.05,0.1,0.125, and 0.2. In Figures 5 and Figure 6, the velocity of the Si-Water nanoviscous fluid is varied 
by varying its volume fraction. It can be seen that as the volume fraction increases, the velocity of Si-Water 
nanoviscous becomes slower. As the volume fraction increases, the nanoparticles increase as well. As the 
nanoparticles in the fluid increase, the movement of the nano-viscous fluid slows down. The increase in 
volume fraction also affects the fluid temperature. The more nanoparticles increase, the greater the friction 
between the fluids. Thus, the nanoviscous fluid's temperature increases due to heat generation. 
 

 
Figure 7. The Velocity with Volume Fraction of Si-Water Nanoviscous Fluid 

                

 
Figure 8. The Velocity with Base Fluid Variations of Si-Water Nanoviscous Fluid 

 
The velocity and temperatur of the nano-viscous fluid with Si nanoparticles and the oil base fluid 

are shown in Figure 7 and Figure 8. The velocity and temperature of the Si-Oil nanoviscous fluid using 

the Prandtl number Pr=10. The input volume fraction varies by N=0.05,0.1,0.125, and 0.2. The velocity 
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and temperature of the Si-Oil nanoviscous fluid is carried out by increasing the variance of the parameters 

in the volume fraction. The nanoparticles used are Si with oil as base fluid. As the volume fraction 

parameter increases, the velocity becomes slower and the temperature increases. With increasing volume 

fraction, more nanoparticles are contained in the nanoviscous fluid. More nanoparticles in the fluid, the 

movement of the nano-viscous fluid will slow down. The friction between the fluids then increases, 

increasing the temperature of the nanoviscous fluid. 

 

 
4. CONCLUSIONS 

The results showed that the larger the volume fraction, the lower the velocity of the nanoviscous fluid 

and the higher the temperature of the nanoviscous fluid. The greater the convection parameter, the faster the 

velocity and temperature of the nanoviscous fluid will increase. When compared to other nanoparticles, Cu 

nanoparticles have the fastest speed and temperature compared to other nanoparticles. This is due to Cu 

nanoparticles (ρ=8933) having a density compared to other nanoparticles. Meanwhile, the water base fluid 

has a greater velocity and temperature than the oil base fluid. This is because the water base fluid has a high 

specific heat (Cp = 4179) and high thermal conductivity (k = 0.613). 
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