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ABSTRACT

Let I' = (Vr, Er) be a graph with V- and Er are the set of its vertices and edges, respectively.
Total edge irregular k-labeling on I" is a map from Vi U Er to {1,2, ..., k} satisfies for any two
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1. INTRODUCTION

Let I' = (Vr, Er) be a simple, undirected, and connected graph where V- and Er are the set of vertices
and edges of T, respectively. A map that assigns some set of elements of graph T" to the set of positive or non-
negative integers is spoken as labeling. The domain of this map can only be the set of vertices (vertex
labeling), the set of edges (edge labeling), or the union of vertex and edge set (total labeling) [1].

In this paper, we only discuss about particular case of total labeling i.e. total edge irregular k-labeling.
In mathematical word, graph T is a total edge irregular k-labeling graph if there exists amap ¢ : Vr U Er —
{1,2, ..., k} such that for any ab, cd € Er, wty(ab) # wtg(cd). We called wty (ab) as the weight of edge
ab and it is defined as wty (ab) = ¢(a) + ¢p(ab) + ¢(b). The minimum k for which ¢ exists is spoken as
the strength of total edge irregular labeling of T, represented by tes(T"). Let A(T") be a maximum vertex degree
of I'. Baca, et al. [1] showed that the tes of any given graph T is at least

w25

In fact, all graphs are conjectured by Ivanco and Jendrol in [2] to have total edge irregularity that is

equal to the lower bound i.e.
Er|+ 2] [A(T) +1
tes(I') = max{[l r|3 l,[ ( )2 l} @

Some authors have showed that Equation (1) is true for certain graphs, such as trees [2], path and
cycle graphs [1], some cycle related graphs [3], large graphs [4], certain family of graphs [5], complete graphs
and complete bipartite graphs [6], zigzag graphs [7], disjoint union of wheel graphs [8], centralized uniform
theta graphs [9], book and double book graphs [10], triple book graphs [11], polar grid graph [12], staircase
graphs and related graphs [13], and generalized arithmetic staircase graphs [14], and ladder-related graphs
[15].

Letx,y € R,sothat x < [x]and y < [y]. Then

x+y<[x+yl<[x]+Iyl )
and
n+[x] = [n+x] 3)
n—[x]=[n-x]-1 (4)
foralln € Z.

In this paper, we will show that Equation (1) is also true for three types of graphs, namely for triangular
grid graphs, some spanning subgraphs of triangular grid graph, and some Sierpinski gasket graphs.

2. RESULTS AND DISCUSSION

In this section, we will discuss triangular grid graph and its spanning subgraphs and Sierpinski gasket
graphs, from the terminology of each graph up to the result on their total edge irregularity strength. In
particular, by proving tes of triangular grid graph and its spanning subgraph, we do explain in a certain way
to get the labels by seeing the structure of those graphs.

2.1 Triangular Grid Graphs

nmn

Triangular grid graph T,, = (Vr,, E7., ) of n levels is a graph obtained by piling up Tﬂ) cycles of
length 3 such that it forms a bigger triangle (see Figure 1). Formally, T;, has
VTn = {170'0, vi,l' "'lvi,i+1 B i = 1,2, ...,Tl}

and E, which contains of edges as follows.
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ETn = {UO,Ovl,l' UO,Ovl,Z] U {Ui'jvi,j+1 ; = 1,2, ...,n;j = 1,2, ey l}

Uf{vijviprj; i=12,m=1j =12, ., i+ 1} U{v;jviy1 )41 i=12,...,n—1;j =12,..,i + 1}

Figure 1. Triangular grid graph T,

On graph T,,, we divide the edges into three types such as horizontal edge, right diagonal edge, and left
diagonal edge. The horizontal edges are the elements of the set {vi,jvi,jﬂ i=12,..,nj =12, l} the
right diagonal edges are the elements of the set {vi,jvi+1,j ;i=12,..,n—1;j=12,...,i + 1}, and left
diagonal edges are the elements of the set {v; jv;41 415 i = 1,2,...,n—1;j = 1,2,...,i + 1}. By Figure 1,
clearly there are n horizontal edges and 2n diagonal (right and left) edges of each level. We calculate that for
arbitrary n > 1, we have the number of vertices and edges of T, are 22 ang 30D oqpnectively. For
i =23, ..,n,let d; be the weight of the last diagonal edges at the ith level and let h; be the weight of the last
horizontal edges at the ith level. In graph T, we have d; = wty(vi—1,Vi41) and hy = wig(viviie1).
These terms may be important to prove the tes of any given graph especially triangular grid graphs and
related graphs. To do that, we first determine an explicit formula of d; and h; by using h;, (prescribed) where
k < i, and then use d; and h; to find the weights and labels of every edge at ith level. The index i for d; and
h; are depending on the regular pattern labels appear at the first time such that it might be distinct for every
graph. The following theorem describes the total edge irregularity strength of T,, for any n € N.

Theorem 1. For every positive integer n, it follows that tes(T,,) = [M]

Proof. It is easy to check that for all n € N, A(T,

[ 3n(n+1)+4
6

showing that there existsamap ¢ : V(T;,) U E(T;,) — {1,2, [

) < [MZDH]. Therefore, we obtain that tes(T,,) =

) < [3n(n:1)+4

]. To prove Equation (1), we have to show that tes(T, ] for any n € N, by

3n(n+1)+4
6

by qb(vi,j) = [&;)M] where i = 2,3,...,n. Consequently, the distinction of every two consecutive

weights at the same level only depend on the distinction of their edge labels which are equal to 1.

]} Forn > 2, we label all vertices

For n = 2, we prescribe a total edge irregular 4-labeling for T, by Figure 2. We know that h, = 11,
so that for n = 3 we have the weights of diagonal and horizontal edges provided in

Table 1.
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Figure 2. Graph T, with a total edge irregular 4-labeling

Table 1. Weight of edges

Right Diagonal Edges Left Diagonal Edges Horizontal Edges

witg (v2,1v3_1) =h,+1 wt¢(v2,1v3,2) =h,+2 wtg (v3,1v3,2) =h,+7
wtg (v2_2v3,2) =h,+3 wt¢(v2‘2v3,3) =h,+4 wtg (v3_2v3,3) =h,+8
wtg (v2_3v3,3) =h,+5 wt¢(v2‘3v3,4) =h,+6 wtg (173_3173,4) =h,+9

From

Table 1, we obtain d; = h, + 6 and hy = h, + 9. If we continue this observation for n > 4, we will obtain
d; = (sit1)+e and h; = Ml;ﬁ for i = 3,4, ...,n. Those formulas hold for all i = 3,4, ...,n by induction.

Now, we consider the following two cases.

a. Since there are i horizontal edges at ith level, then we have Wt¢(vi,jvi,j+1) = h; — (i —j), where
i =34,..,nand j=12,..,i. Therefore, we obtain the edge label ¢(v;;v;;41) = h; —2¢(v;;) —
@-.

b. Since there are 2i diagonal edges at ith level, then we have wty (v;_q ;v ;) = d; — (2i — (2j — 1)) and
Wty (Vio1vij41) = di — (20 — 2j), where i = 3,4,..,n and j = 1,2,...,i. Therefore, we obtain the
right diagonal edge label ¢(v;_q;v;;) =d;— d(vi-1;) — d(vi;) — (20 — (2j — 1)) and the left
diagonal edge label ¢ (vi_1 jv; j+1) = di — P(vi_1j) — P(vij+1) — i — 2)).

Clearly all weights are distinct and we realized that the last diagonal and horizontal edge label of ith

level (i = 3,4, ...,n) are always less than [W%] because of the following results.

a. Last horizontal edge label
3i(i+1)+4 3i+ 1D +4] iGG+1) iGi+1 3i(i+1)+4
ii+1) _2[1(1 ) lzl(l ) 1 )+1=[l(l ) }

¢(Ui,ivi,i+1) = 2 6 2 2 6

b. Last diagonal edge label

iBi+1)+4 [3(i—-1)i+4] [3i(i+1)+4] iG+1) i(i+1)
P(Vier,iViie1) = > - [ G - G == < +1
_[BiG+ D +4
B 6
Hence, the proof is completed. ]

Figure 3 illustrates a graph T, with a total edge irregular 11-labeling.
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Figure 3. Graph T, with a total edge irregular 11-labeling
2.2 Spanning Subgraphs of Triangular Grid Graph

Now we come to the first spanning subgraph of triangular grid graph. This graph is a triangular grid
graph without two border edges of each level, denoted by B,T,, for all positive integer n (see Figure 4).
Clearly Vg, = Vr, and Ep,r, = ETn\{vi_l_lvi_l,vi_llivi_iﬂ ; i =2,3,...,n}. Therefore for n € N, we have

Vi,ro| = Vi | and |Es,r, | = || = [{Vicaavin, vicaiViinn s § = 2, m}| = 2222

Ua,5

Figure 4. Graph B,T,

In this part, the Theorem 2 and Theorem 3 will be proved by using the terms d; and h; such like the
previous subsection.

Theorem 2. For every positive integer n, it follows that tes(B,T,,) = [—"(3”‘1)+8 ]

[@] Therefore, we obtain tes(B,T,) =

n(3n 1)+8

Proof. It is easy to check that for any n € N, A(B,T;,) <

[ n(3n 1)+8

] To prove Equation (1), we have to show that tes(T;,) < [ ] for any n € N, by

showmg that there existsamap ¢ : Vg, U Eg,1, = {1,2, [m"f;w's]} For n = 2, we label all vertices

by qb(vl]) [M] where i = 2,3,...,n. Consequently, the distinction of every two consecutive

weights at the same level only depend on the distinction of their edge labels which are equal to 1. Forn = 2,
we prescribe a total edge irregular 2-labeling by Figure 5.

Figure 5. Graph T4 with total edge irregular 2-labeling
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We know that h, = 9. By doing some observations for such n > 4, we will obtain d; = w and h; =

{si-1)+8 for i = 3,4, ...,n. By induction, those formulas hold for all i = 3,4, ..., n. We obtain the same edge

labels with the case of graph T,, but only distinct at index i and j i.e.

a. The weights of horizontal edge at ith level is wty (v; jv; j41) = by — (i — j) where i = 3,4,...,nand j =
1,2,...,i. Therefore the label of horizontal edge at ith level is ¢(v; jv;j+1) = hi — 2¢(vi ;) — (A — )
wherei = 3,4,...,nandj = 1,2, ...,1.

b. The weights of right diagonal edge at ith level is wt¢,(vi_1,]-vi,]-) =d; — (2i —2j) where i = 3,4,...,n
andj = 2,3, ..., i, such that the label of right diagonal edge at ith level is ¢ (v;_q ;v; ;) = di — d(vi-1,;) —
¢(vij) — (2i — 2j) where i = 3,4,...,nand j = 2,3, ..., . On the other hand, the weight of left diagonal
edge at ith level is wtg (vi_q jvij41) = d; — (20 — (2j — 1)) where i = 3,4, ...,nand j = 2,3, ..., i, such
that the label of left diagonal edge at ith level is ¢(vi_y;v;j11) =di — p(vie1;) — p(vijs1) —
(2i —(2j— 1)) wherei =34,..,nandj = 2,3,...,0.

Clearly all weights are distinct and we realized that the last diagonal and horizontal edge label of ith

level (i = 3,4, ...,n) are always less than [@] because of the following results.

a. Last horizontal edge label

Suppose that ¢ (v; ;v;i41) > [@] We have
i(3i—1)+8 i(3i—1)+8
i(3i 6) >[l(l 6) } )

The Inequality (5) contradicts the fact that the ceiling of any real number x is greater than or equal to x.

Therefore, we obtain qb(vl-livi,iﬂ) < [@ ]

b. Last diagonal edge label

3i2-3i+8 [3i?-7i+12] [3i*?—-i+8
(vicrivii) = > - 3 - 5
3i2—3i+8 [3i*—7i+12 3i*—i+8
< - +
2 6 6
.2_. .2_.
By Equation (4), we have ¢(vi_1,ivi,l-) < [3l 6”4] -1< [31—6”8]
Hence, the proof is completed. ]

Figure 6 illustrates a graph B,T5 with a total edge irregular 13-labeling.

13 —>—{13
=

Figure 6. Graph B,T5 with a total edge irregular 13-labeling

===
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The second spanning subgraph of triangular grid graph that we observe is also T,, with some
modifications. We remove one border edge of each level such that there does not exist a pair of two incidence
border edges which are removed together. This graph is denoted by B; T,. It is clear that |V, 7. | = |Vr. | and
|Es,,| = |Er,| — n(3n+1) for n € N (see Figure 7). Obviously, the vertex set is Vi, 7, = Vr., and the

edge set is EBlTn = ETn\({vo,ovLZ,vl_lllvuﬂ, iodd} U {v;_;,v;1; i even}). Another possibility of
describing B, T,, is by defining the edge set

Ep,1, = ETn\({Ui—l.i”i.iﬂ ;1 even} U {770,0771,1:171'—1,1771',1 ;i Odd}).

which we call as the mirror of graph B, T, as shown at Figure 8.

Figure 7. Graph BT,

Figure 8. The mirror of graph BT,
Theorem 3. For every positive integer n, it follows that tes(B;,T,,) = [M]

Proof. It is easy to check that for any n € N, A(B;T,,) <
[ n(3n+1)+4

[@] Therefore, we obtain tes(B,T,) >

] To prove Equation (1), we have to show that tes(T,) < [—nm:)*“

[ n(3n-;-1)+4- ]}

] for any n € N, by
showmg that there exists a map ¢ : V(B T,,) U E(B;T,,) = {1,2, . Forn = 2, we label all

vertices by ¢(vu) [z(31+1)+4
labeling by Figure 9.

] where i = 4,5, ...,n. For n = 4, we prescribe a total edge irregular 10-



862 Huda et al. TOTAL EDGE IRREGULAR LABELING FOR TRIANGULAR GRID GRAPHS AND...

Figure 9. Graph B,T5 with a total edge irregular 10-labeling

We know that h, = 28. By doing some observations for n = 6, we will obtain d; and h; as follows

iBi—1)+4 )

wtg (Ui—1,117i,2) = i even
i = i(3i—1)+4 _

Wt¢(vi_1,ivi_i) == i odd

iBi+1)+4 )
wtg (Vi,lvi,z) = — 1 even

P i(3i+1)+4 _

Wt¢ (vi'ivi,iﬂ) = f’ i odd

where i = 5,6, ..., n. Those formulas hold for all i = 5,6, ..., n by induction. Now, we consider the following
two cases:

a. Since there are i horizontal edges at ith level (i = 5,6, ..., n), then we have
wtg (Vi jvije1) = hi = J,
so that the label is
¢ (vijvije1) = hi — 2¢(vij) — J,
where j = 1,2, ..., 1.

1, i even _ (0, i even
b. Leta = {o, iodd 2Mdb= {1, i odd
level, then we have the weights of right diagonal edge is

for i = 5,6, ...,n. Since there are 2i — 1 diagonal edges at ith

Wtqb(vi—l,jvi,j) = di - 2] + 3a — 2ib,
so that the label is
d)(vi_l,jvi,j) = di - 2] + 3a — 2ib — ¢(vi,j) - ¢(vi—1,j)’
{2,3,...,i}, i even
{1,2,...,i}, i odd

Wt¢(vi_1,jvi'j+1) = di - 2(—1)l] —2a+ (1 - Zl)b,

where j € { . On the other hand, the weights of left diagonal edge is

so that the label is

G(Vi-1jVijr1) = di = 2(=1)Y = 2a + (1 = 20b = ¢(vi-1,j) — d(vij41),
{2,3,...,1i}, i even
{1,2,...,i — 1}, i odd
and horizontal edge label of ith level are always less than [

where j € { . Clearly all weights are distinct and we realized that the last diagonal

i(3i+1)+4

- ] because of the following results.

e Last horizontal edge label
Suppose that ¢ (v, vy i41) > [M

A ]Wherei =5,6,...,n. Then
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b (v vie) = i(3i +21) +4 ) [ i(3i +61) + 4} S [ i(3i +61) + 4}

i(3i+1)+4>[i(3i+1)+4}. ©)

6 6
The Inequality (6) contradicts the fact that the ceiling of any real number x is greater than or equal to
x. Therefore, we obtain qb(vl-,ivi,iﬂ) < [%] wherei = 5,6, ..., n.

o Last diagonal edge label
For i is even,

¢(17i—1,117i,2) =d; - ¢(vi—1,1) - ({b(vi,z)
_i@Bi-1)+4 [(i—l)(S(i—1)+1)+4} F(Si+1)+4l
- - B 6

2 6
=3i2—i+4_<[3i2—5i+6l+Fi2+i+4D
2 6 6 '
By Inequality (2) and Equation (4), then ¢(v;_11v;,) < [3i22i_4] < [3izzi+4]. By the same way, we have
P (vi—11vi2) < [3i2+i+4] for i is odd.
Hence, the proof is completed. ]

The tes of the mirror of B, T,, is clearly equivalent to the Theorem 3. The vertex labels are similar with
B, T, but the edge labels are different with B, T,,, precisely it is different at index i and j. Explicitly, we obtain
horizontal edge label is

d(vijvije1) = ¢(vijvije1) = hi — 2¢(vij) —J,

(2,3,...,i}, i odd
{1,2,...,i—1}, ieve

(I)(Ui—l,jvi,j) = di - 2] + 3a — 2ib — ¢(Ui,j) - ¢(vi—1,j)
and the left diagonal edge label is
P (VieyjVije1) = di — 2(=1D)Y = 2a+ (1 = 20)b — ¢(vi-1,;) — d(vi j41)-
Figure 10 illustrates a graph B, T, with a total edge irregular 20-labeling.

wherej =1,2,...,i. Forj € { o then the right diagonal edge label is

3 3 2
1 2 3 4 6
3 4 5
6 6 6 2 6
9 7 6 5 4 3 2
8 7 6 5
10 10 10 10 10
5 6 7 8 9 0 1 20
10 11 12 13 14
14 14 14 14 14 14
9 18 71 501 312 110 9
19 18 17 16 15 1
20 20 20 20 20 20 20
T/ \/ \J S \J

Figure 10. Graph BT, with a total edge irregular 20-labeling

2.2 Sierpinski Gasket Graphs
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Sierpinski gasket is a geometric shape formed by infinitely repeated dividing a triangle into four
smaller triangles out of its center, whereas Sierpinski gasket graph (§G,,) of n levels is a graph obtained by
n — 1 repeated dividing a triangle graph into smaller triangle graphs out of its center. In other words, SG,,
consists of three attached copies of SG,,_, which refer to as top, bottom left, and bottom right components of
SGy, denoted by SG,, 1, SGy ., and SG,, gr, respectively (see Figure 11). It is easy to see that Sierpinski

gasket graph is also a subgraph of triangular grid graph and it has %(3"‘1 + 1) vertices and 3™ edges for
every positive integer n > 2.

Figure 11. Sierpinski gasket graph SG; consists of three attached copies of SG, as SG3 1, SG3 g1, and SG3 pp,
where there are vZ'llT = vO'()'BL, 172'3‘1‘ = vO’O’BR, and v2'3_3L = vz_LBR

The following theorem as a result of our observation about the total edge irregularity strength for some
cases of Sierpinski gasket graphs.

Theorem 4. For n € {1,2,3,4}, it follows that tes(SG,,) = | 3142 |
Proof. We will show the proof by providing a figure of labeled graph SG,, of eachn € {1,2,3,4}.

i. Forn =1, S5G, isisomorphic with triangular grid graph T; and cycle C5. By Figure 5 and [1], we obtain
tes(5Gy) = 2.

ii. Forn =2, 5G, isisomorphic with triangular grid graph T,. By Figure 2, we obtain tes(SG,) = 4.
iii. Forn = 3, we obtain tes(SG,) = 10 by Figure 12.

()

Figure 12. Graph SG3 with total edge irregular 10-labeling

iv. Forn = 4, we obtain tes(SG,) = 28 by Figure 13.
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Figure 13. Graph SG, with total edge irregular 28-labeling

3. CONCLUSIONS

We conclude the tes of triangular grid graphs T,, for every positive integer n is tes(T;,) = [W ]

and the tes of some spanning subgraphs of triangular grid graph i.e. B;T,, and B,T,, for every positive integer

n are tes(B;T,) = [M] and tes(B,T,) = [w] respectively. In addition, the tes of the

6 6
Sierpinski gasket graphs SG,, for n € {1,2,3,4} is tes(SG,,) = [% ]
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