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ABSTRACT

COVID-19 is a deadly infectious disease that occurs throughout the world. Therefore, it is

necessary to prevent the transmission of COVID-19 such as vaccination. The purpose of this
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out to see the dynamics of the population that occurred. The analysis performed on the model
obtained two equilibriums, namely the disease-free equilibrium and the endemic equilibrium.
Disease-free equilibriums are locally asymptotically stable if R, < 1. Meanwhile, the endemic

Keywords: equilibrium is locally asymptotically stable if R, > 1. The numerical simulation results show

COVID-19 Outbreak; the same results as the analytical results.

Equilibrium Point;

Stability Analysis

Article History:

This article is an open access article distributed under the terms and conditions of the
Creative Commons Attribution-ShareAlike 4.0 International License.

How to cite this article:

S. Sugiarto, R. Kurniati MA and S. Nurwijaya., “DYNAMICAL SYSTEM FOR COVID-19 OUTBREAK WITHIN VACCINATION
TREATMENT,”BAREKENG: J. Math. &App., vol. Xx, iss. xX, pp. 0919-0930, June, 2023.

Copyright © 2023 Author(s)
Journal homepage: https://ojs3.unpatti.ac.id/index.php/barekeng/
Journal e-mail: barekeng.math@yahoo.com; barekeng.journal@mail.unpatti.ac.id

Research Article «Open Access

919


mailto:sigith.sugiarto@gmail.com
http://creativecommons.org/licenses/by-sa/4.0/
https://ojs3.unpatti.ac.id/index.php/barekeng/
mailto:barekeng.math@yahoo.com
mailto:barekeng.journal@mail.unpatti.ac.id

920 Sugiarto, et. al. DYNAMICAL SYSTEM FOR COVID-19 OUTBREAK WITHIN...

1. INTRODUCTION

Coronavirus Disease is an infectious disease caused by a type of corona virus that was recently
discovered in Wuhan, Hubei Province, China, in December 2019 [1]. In 2020, a new type of coronavirus
(SARS-CoV-2) spread which was later named Coronavirus Disease 2019 (COVID-19) by the World Health
Organization (WHO) [2]. In Wuhan, the capital city of Hubei Province, this virus has infected 90,308 people
on March 2, 2020. The number of deaths reached 3,087 people or 6%, and the number of patients recovered
was 45,726 people. Researchers at the Institute of Virology in Wuhan have carried out a metagenomics
analysis to identify the new coronavirus as a potential etiology. They call it the 2019 novel coronavirus
(nCoV-2019) [3]. Furthermore, the Centers for Disease Control and Prevention (CDC) in the United States
mention the coronavirus 2019 as the 2019 novel coronavirus (2019-nCoV), and now the disease is popular
with the term coronavirus disease-19 (COVID-19) [4].

Based on data from WHO [5], on May 26, 2021, cases of COVID-19 worldwide reached 167,492,769
cases with 3,482,907 deaths. However, in Indonesia, the COVID-19 case on May 23, 2021, reached 1,775,220
cases with 1,633,045 recoveries and 49,328 deaths [6]. The data shows that the COVID-19 virus is a
dangerous virus that must be dealt with immediately because it can have a negative impact on the economic
sector.

Currently, the COVID-19 virus has disrupted the global economy [7]. According to Organization for
Economic Co-operation and Development (OECD), the COVID-19 pandemic has an impact on the threat of
a major economic crisis which is marked by the cessation of production activities in various countries,
including Indonesia, the level of public consumption decreased, lost consumer confidence, and the fall of the
stock market which ultimately led to uncertainty[8]. In Indonesia, it is not only the economic sector
experiencing a downturn but also the education sector. The government of the Republic of Indonesia finally
took a bold step by vaccinating [6]. This vaccination is expected to reduce or even eliminate pandemic
outbreaks. So that all sectors of life can return to normal.

However, the effect of vaccination on the COVID-19 pandemic cannot be ascertained. It is not yet
certain whether this vaccination is effective or not in reducing the number of COVID-19 cases. Therefore,
the researchers modeled the dynamic system of the spread of the COVID-19 disease with the vaccination
treatment to determine the effect of the vaccination rate and the effectiveness of the vaccine against the
COVID-19 pandemic.

2. RESEARCH METHODS

The method used in this study is a literature study that aims to develop and modify a model for the
spread of COVID-19. The model in this research is a modification of Cui et al. [9] and Resmawan et al. [10].
Modification of the model was carried out by removing the quarantine treatment and giving treatment in the
form of vaccination and dividing infected individuals into two groups, namely people who are infected with
clinical symptoms and people who are infected without clinical symptoms in a population N(t), which can
be seen in Figure 1. The model parameters used in the study are shown in Table 1. Furthermore, we will
look for a disease-free equilibrium, endemic equilibrium, and the basic reproduction number of the system
of Equations (1). From the equilibriums obtained, the stability conditions will be determined, and a numerical
simulation will be carried out to see the dynamics of the population in the form of the resulting solution curve.



BAREKENG: J. Math. & App., vol. 17(2), pp. 0919- 0930, June, 2023. 921

Figure 1. Compartment Diagram of the COVID-19 Disease Spread Model

The model above is given by the following system of non-linear differential equations:
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Table 1. ParameterValue
Parameter Description Value Unit Source
I Birth rate 13,330  People/day  Estimation
B Possibility of transmission upon contact 0.25 - Estimation
o The contact rate of susceptible people with exposed people 0.12 1/day Estimation
€ The rate of contact of susceptible people with infected 0.05 1/day [11]
people accompanied by clinical symptoms
4 The rate of contact of susceptible people with infected 0.08 1/day Estimation
people without clinical symptoms
W Vaccination rates 01-1 1l/day Estimation
3 Vaccine effectiveness 01-09 - Estimation
0 Proportion of infected persons without clinical symptoms 0.15 - Estimation
Q Transmission rate after completing the incubation period 0.00048  1/day [11]
and moving to the infected class without clinical symptoms
v Transmission rate after completing the incubation period 0.005 1/day [11]
and transition to the infected class accompanied by clinical
symptoms
T Recovery rate of infected people without clinical symptoms 0.854302 1/day [11]
y The rate of recovery of infected people accompanied by 0.33029 1/day [12]
clinical symptoms
a The death rate caused by COVID-19 in the class of people  1.78x10°  1/day [12]

who are infected with clinical symptoms
U Human natural death rate 4.36x10° 1/day [13]
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3. RESULTS AND DISCUSSION

3.1. Fixed Point

as av dE dA ai dR
=—=—=—=—=—=02as

The fixed point of system of Equation (1) obtained by solvingE = E T T T

follows:
N-—AS—wS—uS=0
WS —(1—AV —uV =0
AS+ (1 —e)AV —60¢E — (1 —6)vE —uE =0 @)
OpE —1tA—uA =20
(1—6WE—-yl—al —ul =0
TA+yl—uR =0
where A = } = BEreH4)

N
Based on the system of Equation (2), two types of equilibriums are obtained, namely disease-free
equilibrium and endemic equilibrium. The disease-free equilibrium fulfill E = A = I = 0, while the endemic
equilibriumhas E += 0,A = 0dan I # 0.

The disease-free equilibrium is a condition when everyone is healthy or it can be said that there is no
disease in a certain population. From the system of Equation (2) a disease-free equilibrium is obtained

TO(S,V,E, A, 1,R) = (5°,V°0,0,0,0).
with

IT wll
S0 = andV? = ——.
w+p n(w + W

The endemic equilibrium is a condition when in a certain population there are still sick people or the
disease has not disappeared. From the system of Equation (2) the endemic equilibrium is obtained

T*(S,V,E,ALLR) = (S",V",E", A" I",R")

with

I OpE

St=— ar =22

At w+p T+ u
o 95 . (@-06)E
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3.2.  Basic Reproduction Number
The approach to determining the basic reproduction number (R,) using the next generation matrix

follows Driessche and Watmough [14]. Determination of the basic reproduction number is based on the order
of subpopulations causing infection only [15], i.e. E, A and I as follows:

E
=AS+ (1 —-¢e)AV — 0¢pE — (1 — O)vE — uE,

A

= = —TA — 3
It OpE — 1A — U4, 3
a_ (1—-6)E -yl —al —

P VE —yl —al —pul.

Based on the system of Equation (3), obtained matrices F and V which are then evaluated at the disease-free
equilibrium T°, i.e.:

0 0 0

(Uﬁﬂ {BQ Eﬁﬂ)
F =
0 0 0

with
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2= (u)L-l—u-l_ 1-e) ((wi u))>

and
kqy 0 O
—(1-6 0 ks
while
ki=0p+(1—-0)v+u ks=y+a+yu
k2 =T + /J-
Thus, the G matrix is obtained, withG = FV ~as follows:
1
— 0 O
ky
aBQ (B €pQ (E1) 1 Gi1 Gz Gi3
¢G=[ o 0 0o |- K o 01=(o0 0 0
112 2 0 0 0
0 0 0 (v —6v) 0 1
kiks k3
Thus
__ €BQ(ku—k,60v) UBO. CLYHY) {ﬁﬂ eLQ
Gll - —k1k2k3 Ky + K1k, Glz - and 613 - K
Based on the G matrix, the dominant eigenvalue is obtamed, namely:
QB (k,e(v — 0v) + ky ko + k3C0
Ry = B (koe( ) 23 3¢ (p)=iR01+3202+iR03 4)
kikoks
with
koe(v — Bv kokso k30
01;93(#) Qﬁ( 2K3 ) 3=Q,B( 3¢ <P)
kikoks kikaks kikaks

3.3.  Equilibrium Stability Analysis

This section will describe the stability properties for disease-free equilibrium T° and endemic
equilibrium T*.

Theorem 1. If Ry < 1then the disease-free equilibrium T° for the system of Equation (1) is locally
asymptotically stable.
T wll

- 0 _ (.0
Proof. Stability propertiesT°(S,V,E,A,I,R) = (MH oL
system (1) around T?, so that the Jacobi matrix for the disease-free equilibrium T° is obtained as follows:

]11 0 ]13 ]14- ]15 0
]21 ]22 ]23 ]24- ]25 0
]0: ]31 ]32 ]33 ]34» ]35 O
T 0 0 Ju;s Jaw O O
0 0 Jes 0 Jss O
0 0 O Jea Jos Jes

0,0,0, 0) can be known by linearizing the

with
Ji1=—(w+p), J34 = Biu + (1-¢) ((f)i(fl)),
13 = —EL:;’ J3s = Beu + (1- )((Zit)),
14 = —%' Jaz = 9<,0,
Jis = —iit' Jaa = —(T+p),

J21 = w, Js3 = (1 —0)y,
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J22 = —1, 5 Jss=—@+a+p),
—_ —_ ow —_—
Joz3=—(1—¢) (((E;u)), Jea =T,
—_— — w —
.]24- - (1 S) (((E'HJ'))’ ]65 =Y
_ _ EW —
Jos =—(1—-¢) ((u)+u))' Jes = — 1L
J31=0,
J32 = B’ g
g agw
Jss = £2 4 (1 - &) (£55) = (6 + (1 = O)v + ),
Eigenvalues for disease-free equilibrium T obtained by |]T0 - /11| =0, or
11— 4 0 J13 J1a J1s 0
J21 Ja22 — A J23 J24 J2s 0
0 0 J3z — 4 J34 I35 0 =0
0 0 Ja3 Jaa — A 0 0 ’
0 0 Js3 0 Js5 — A 0
0 0 0 Jea Jes  Jes — A
so that the characteristic equation is obtained as follows:
U11 = DUz2 = VUss — DA + ;22 + a3 +a3) =0 5)

with
al == (1 - Roz)kl + kz + k3
a = (1 - (:ROZ + :Rog)) k1k2 + (1 - (:Rol + .(ROZ)) k1k3 + k2k3
az = (1—Ro)kikzks

N

Based on Equation (5), six eigenvalues are obtained with three negative eigenvalues, namely

M=Jun=—(w+w, L2=]n=—1n A3 = Joo = —H.
while the other three eigenvalues are obtained by solving the following equation
B +a A2 +aA+a3)=0 (6)

Based on criteria Routh-Hurwitz [16], Equation (6) at the disease-free equilibrium T° is stable if it
satisfies the following stability conditions:

a; > 0,a; > 0,and a,a, > as (7)

Since all parameters are positive, the coefficient aswill be positive when R, < 1. Furthermore, for the
coefficient a, will be positive if R,? < 1. Hence R, < 1, we also have R,? < 1. Then, to prove a;a, > as
it takes parameter values at the time of the condition R, < 1. The parameters used are presented in Table 1
and Table 2. So that for Ry < 1 condition (6) is fulfilled. So, it is proved that the disease-free equilibrium
T? for system (1) is locally asymptotically stable if R, < 1.

Theorem 2. If Ry > 1then the endemic equilibrium T* for the system of Equation (1) is locally
asymptotically stable.
Proof. Let ¢ = S is the bifurcation parameter. Based on the condition R, = 1 resulted in

e kikyks
¢$=9"= Q(kye(v — OV) + kyksz0 + k3(0¢)

The equilibrium T° has one zero eigenvalue and five negative eigenvalues if R, = 1 or ¢ = ¢*. The zero
eigenvalue has a right eigenvector (uq, u,, us, Uy, Us, ug) and left eigenvector (vq, vy, V3, V4, Vs, Vg).
_ (-0

0 6 1-6
Letus > 0, hence uy = —2uz > 0,us = uz >0,ug = — (£—¢+Z(—)U) us; <0,
k k3 Uk u o ks

__(_Por_ Bp e pew (A-6)
T @+ (@+wik,  (@+w? ks P

Uy
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(w+m? (0+W?ky, (0+p? ks (w+w)/p
BSw \16¢ Bew \1(1-8)v
+ -0 () a e+ 1= ()2 >u3<0.

Furthermore, v, = 0,v; = 0,v4 = 0. Let vz > 0, then v, = Qk—B{v3 >0,v5 = %1@ > 0.
2

Based on the Castillo-Chaves and Song equation [16] defined

6 2, 6 5,
k k .
a= ) wauym e 060, b= ) vy SET.6) Q)
ki,j=1 ki j=1
with
x1=S, x2=V’ X3=E,
x4-:Ar XS:I, x6=R'
dxy P(ox3 + €xs + {x4)
flzﬁzn— N X1 — WXy — UXq,
dx, P(ox3 + €xs + {xy)
fzzngwﬁ—(l—g) N Xy — UX3,
dx 0Xx3 + €xs + (x ox3 +exs +{x
f3:d_t3:¢( 3 Ns ¢ 4)x1+(1—£)¢( 3 Ns {x4) — 0gxs — (1 — 0)vxs — pxs,
dx,
fa= dar Opxs — x4 — UXy,
de
fs = e (1 - 0)vxs — yxs — axs — uxs,
dx

6
fe =E=Tx4+)’x5 — UXg.

Based on the system of Equation (1), the following partial derivatives for Equation (8) are obtained

0% op” MU(P* 0%fs <X M((P*

6x16x3(0¢)_ m’ 6x16x4(0¢)_ m’

L €p”  ped’ 0% (1 —&uop”

6x10x5( 0¢)__ -’ axzaxg( )= I ’

0*fs (1- e)u( ¢ 0*f3 (1—e&)ued”

6x26x4( ) = I ’ 6x26x5( )= I ’

PLs (10,4) = on el =
x50 = ' ’
CRE o~

o (T, ¢*) = €q.

So, based on Equation (8) we get
2 2 2

3 *
a= Vsthlsz 9% 3(T0 ,Q )+v3u1u4a 9% 4(T° ,Q )+v3u1u56 s (T°, ")
2 2
+ TO + O’ + 0 *
v3u2u3a S0x 3( ) v3u2u4a J0x 4( @) U3u2usa J0x 5( @)
ool u6¢*+uu uiep* . pep” b (1= &uad” b (1= eulp”
= 3\ MU= U= 1Us Uz s ™
b (1—e)ued”
245 I )
Since v, us, Uy, us > 0and uq,u, < 0, then a < 0 and then we get
2 aZf aZf
3 3 3
b: TO, * + TO, * + TO, *
V3U3 axga(p( ") + v3uy 6x46(p( ®*) + v3us 6x56(p( ®")

= v3U300 + VU4 + v3us€(),
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Hence v, us, uy,us > 0,s0thatbh > 0.

The value of a and b obtained meets the criteria for case 4 of the Castillo-Chavez and Song Theorem
[16]. As a result, when ¢ changed from ¢ < @*( Ry < 1) into ¢ > @*( Ry > 1), the endemic equilibrium
T* which is unstable turns from negative to positive and locally asymptotically stable. Hence, we have proved
if Ry > 1 then the endemic equilibrium T is locally asymptotically stable.

3.4. Numerical Simulation

Numerical simulations on the modified model are carried out to show stability and show the stability
properties of each fixed point by entering the parameter values in Table 2. Then, numerical simulations are
carried out to study things in dynamical systems. In this case, the dynamics of the human population and
varying parameter values, namely parameters that are still possible for humans to control in an effort to
suppress the spread of COVID-19, among them are the parameters of the rate of vaccination (w)and vaccine
efficacy (e).

Table 2. Parameter Value of Research on the Spread of COVID-19

Parameter Ro<1 Ro > 1
Value Source Value Source
w 0.5 Assumption 0.8 Assumption
£ 0.95 Assumption 0.5 Assumption

Other parameter values can be seen in Table 1. Since the parameters that can be changed in this study
are the parameters w and &, then the parameter values that are changed in the study are the parameter values
w and &. Population dynamics were observed when R, < 1 and Ry > 1. In this case, R, is the basic
reproduction number defined in Equation (4). The initial value used is S(0) = 20,000,V (0) =
250,000, E(0) = 150,000, 4(0) = 1,000,1(0) = 50,000, and R(0) = 40,000.

The system of Equation (1) when R, < 1 has one disease-free equilibrium can be represented by a
numerical solution. The equilibrium is obtained using the parameter values in Table 2, with R, =
0.346029 < 1 and disease-free equilibrium TO°(S = 26,657.7,V = 3.05707 X 108,E = 0,A = 0,1 =
0,R = 0). By linearizing and calculating the system of Equation (1) around the equilibrium, the Jacobian
matrix and eigenvalues for the disease-free equilibrium are obtained. It can be concluded that the disease-
free equilibrium is stable because all eigenvalues are negative, namely 4; = —0.854346,1, =
—0.500044, A3 = —0.33036,4, = —0.00285491,1; = —0.0000436,and A, = —0.0000436.

Dynamics of subpopulations with vulnerable populations (S), vaccinated population (V), exposed
population (E), asymptomatic infected population (4), symptomatic infected population (I), population that
has recovered from the disease (R), to a disease-free equilibrium T° as can be seen in Figure 2. The number
of susceptible populations and vaccinated populations increases continuously until they reach stability around
their respective equilibrium, that is S = 26,657.7 and V = 3.05707 x 108. The exposed population, the
asymptomatic infected population and the symptomatic infected population decreased steadily until they
stabilized around a equilibrium E = A = I = 0. Meanwhile, the population that recovered from the disease
initially increased, then decreased continuously until it reached stability around a equilibrium R = 0. The
simulation results are in accordance with Theorem 1that if R, < 1, disease-free equilibrium T° is locally
asymptotically stable.

A dynamical system also has one endemic equilibrium which can be represented by a numerical
solution. The equilibrium is obtained using the parameter values in Table 2, with R, = 3.45475. The
endemic equilibrium T*(S = 16,657.1, V = 8.84648 x 107,E = 2.16974 x 10, A = 182,855, =
27,913.9,R = 2.15043 x 108). By linearization and calculation of the system of Equation (1) around a
equilibrium, the Jacobian matrix and eigenvalues for endemic equilibrium are obtained. Furthermore, it can
be concluded that the endemic fixed point is stable because there are four negative eigenvalues and two
eigenvalues whose real part is negative. They are 4; = —0.854346, 1, = —0.800258, 1; = —0.330375,
A4 = 0.0000436, A5 = —0.0000753128 — 0.0006794i, and A, = —0.0000753128 + 0.0006794i.
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Figure 2. Population Dynamics for Ry < 1
(a) Susceptible Population, (b) Vaccinated Population, (c) Exposed Population, (d) Asymptomatic Infected
Population, (¢) Symptomatic Infected Population, and (f) Recovered Population

The dynamics of the subpopulation for R, > 1 is shown in Figure 3. Population dynamics indicate
that a subpopulation is moving towards an endemic equilibrium or is stable around an endemic equilibrium.
The vulnerable population declines continuously until it stabilizes around a equilibrium, specifically S =
16,657.1. The vaccinated population increases steadily until it stabilizes around a fixed point V =
8.84648 x 107. The exposed population, asymptomatic infected population and symptomatic infected
population initially fluctuated, then stabilized around their respective fixed points, namely E =
2.16974 x 10°, A = 182,855, and I = 27,913.9. Meanwhile, the recovered population experienced a
continuous increase until it reached stability around a fixed point R = 2.15043 x 108. This simulation result
is in accordance with Theorem 2 that if R, > 1, the endemic equilibrium T* is locally asymptotically stable.
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Figure 3. Population Dynamics for Ry > 1
(a) Susceptible Population, (b) Vaccinated Population, (c) Exposed Population, (d) Asymptomatic Infected
Population, (e) Symptomatic Infected Population, and (f) Recovered Population

4. CONCLUSIONS

This research is a modification of the mathematical model of the spread of the COVID-19 disease. The
model considers vaccination of susceptible individuals. The resulting model is able to describe the spread of
the COVID-19 virus. The results of the analysis performed on the modified model obtained two equilibriums,
namely disease-free equilibrium and endemic equilibrium. The disease-free equilibrium is locally
asymptotically stable if the basic reproduction number is less than one, while the endemic equilibrium
islocally asymptotically stable if the basic reproduction number greater than one. Numerical simulations of
population dynamics show that the results are consistent with the stability of the disease-free equilibrium and
endemic equilibrium.
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