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ABSTRACT 

Article History:  
There are many applications of graphs in various fields. Starting from chemical problems, such 

as the molecular shape of a compound, to internet network problems, we can also use graphs 

to depict the abstract concept of a mathematical structure.. Groups in Algebra can be 

represented as a graph. This is interesting because Groups are abstract objects in mathematics. 

The graph of a group shows the physical form of the group by looking at the relationship 

between its elements. So, we can know the distance of the elements. In 2013, Abawajy et al. 

conducted studies related to power graphs. Power graph representation of groups of integers 

modulo with the order of prime numbers has been carried out in 2022 by Syechah et al. In this 

article, the author provides the properties of a power graph on a group of integers modulo with 

the order of powers of prime numbers. 
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1. INTRODUCTION 

There are many applications of graphs in various fields. Starting from chemical problems, namely the 

molecular shape of a compound to internet network problems, we can also use graphs to depict the abstract 

concept of a mathematical structure. Groups in algebra can be represented as a graph. This is interesting 

because groups are abstract objects in mathematics. The graph of a group shows the physical form of the 

group by looking at the relationship between its elements. So, we can know the distance of the elements. 

There are many graph representations of a group and different representations give a new perspective.  

The coprime graph is a graph representation of group 𝑮 in which its vertices consist of all the elements of 

groups, and two vertices 𝒂, 𝒃 ∈ 𝑮 are adjacent whenever their order is prime relative or 𝐠𝐜𝐝(|𝒂|, |𝒃|) = 𝟏 

[1]–[5].  And there is a dual representation of a coprime graph called a non-coprime graph with similar 

vertices, but two vertices 𝒂, 𝒃 ∈ 𝑮 are adjacent whenever their order is not prime relative or 𝐠𝐜𝐝(|𝒂|, |𝒃|) ≠
𝟏   [5]–[8]. There is also a graph representation that its vertices consist of all the subgroups and two vertices 

are adjacent if only if its intersection is not trivial.  This graph representation is called the intersection graph 

[9]–[11].  We can also define a representation graph on a ring, such us prime graph [12]. 

In 2013, Abawajy, et al. carry out studies related to the power graphs of a group whose vertices consist 

of all of the elements of the group, and two different vertices 𝒂, 𝒃 ∈ 𝑮 are adjacent if one is the power of the 

other in other words 𝒂 = 𝒃𝒙 or 𝒃 = 𝒂𝒚 for some 𝒙, 𝒚 ∈ ℕ [13]. Later, the power graph is developed for 

dihedral groups [14]–[16] and groups of integers modulo(ℤ𝒏) with the order of prime numbers in 2022[15]. 

In this article, the author provides the properties of a power graph in a group of integers modulo with an order 

of powers of prime numbers as well as some numerical invariants. 

The type of research in this article is a literature review, which is a study conducted by examining 

various references with titles chosen by the author. The research is carried out by reading, analyzing, and 

comprehending references that come from books as well as other reading sources such as journals, papers 

that cover topics or materials related to groups, dihedral groups, coprime graphs, topological indices, and 

several topics needed to support this research. 

2. RESEARCH METHODS 

The type of research in this article is a basic research, which is a study conducted by examining various 

references with titles chosen by the author. The research is carried out by reading, analyzing, and 

comprehending references that come from articles as well as other reading sources such as journals, books, 

papers that cover topics or materials related to groups, dihedral groups, coprime graphs, topological indices, 

and several topics needed to support this research.  The research begins by formulating the problem, then 

through a case study based on the order of the group, a conjecture will be developed, and with deductive 

reasoning, the conjecture is analyzed. If proven to be true, the conjecture is stated as a theorem, and if not yet 

proven, another case study will be sought. 

3. RESULTS AND DISCUSSION 

We give some properties of the power graph of a group from its form representation to its numerical 

invariances such as the graph metrics and the topological indices. 

 3.1 Power Graph Representation 

The power graph of a group is defined as a graph whose vertices consist of all of the elements of the 

group, and two different vertices are adjacent if one is the power of the other. 

Definition 1.[17] Suppose 𝑮 = (𝑮, . ) is a group. The set of vertices 𝑽(𝑮) is equal to 𝑮 and two distinct 

vertices are neighbors if and only if one of the vertices is the power of the other vertex. In other words, 𝒂, 𝒃 ∈
𝑮 are neighbors if and only if 𝒂 = 𝒃𝒙 or 𝒂𝒚 = 𝒃, for some 𝒙, 𝒚 ∈ ℕ 

The group of integers modulo (ℤ𝑛)of order,𝑛 is the set of equivalence classes of integers modulo 𝑛 

equipped with the addition operation modulo 𝑛 (+𝑚𝑜𝑑(𝑛)) which fulfills associative properties, has the 

identity, and has an inverse.  
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Definition 2. [18] Group 𝑮 is said to be called a group of order 𝒏 modulo integers, which is a group 

consisting of the set of all non-negative integers equipped with the addition operation modulo 𝒏. Or denoted 

by the set ℤ𝒏 = {𝟎, 𝟏, 𝟐 … , 𝒏 −  𝟏} with the +𝒎𝒐𝒅(𝒏)operation. 

Here are some examples of power graph representations on groups of integers modulo with the order 

of powers of primes.  

Example 1. Given group ℤ𝟒 = {𝟎, 𝟏, 𝟐, 𝟑}. 

Table 1. The Neighborhood Table ofℤ𝟒 

Elements of ℤ𝟒 𝟎 𝟏 𝟐 𝟑 

𝟎 − 0 = 14 0 = 22 0 = 34 

𝟏 0 = 14 − 2 = 12 3 = 13 

𝟐 0 = 22 2 = 12 − 2 = 32 

𝟑 0 = 34 3 = 13 2 = 32 − 

Figure 1 represents the power graph of the group ℤ𝟒 based on the neighborhood table. 

 

 

 

 

 

Figure 1. The power graph of ℤ𝟒 

Another example is the representation of a power graph in a group ℤ𝟖 which is shown in Figure 2 

below based on Table 2. 

Example 2. Given group ℤ𝟖 = {𝟎, 𝟏, 𝟐, 𝟑, 𝟒, 𝟓, 𝟔, 𝟕}. 

Table 2. The Neighborhood Table of ℤ𝟖 

Elements of 

ℤ𝟖 
𝟎 𝟏 𝟐 𝟑 4 5 6 7 

𝟎 − 0 = 18 0 = 24 0 = 38 0 = 42 0 = 58 0 = 64 0 = 78 

𝟏 0 = 18 − 2 = 12 3 = 13 4 = 14 5 = 15 6 = 16 7 = 17 

𝟐 0 = 24 2 = 12 − 2 = 36 4 = 22 2 = 52 2 = 63 2 = 76 

𝟑 0 = 38 3 = 13 2 = 36 − 4 = 34 3 = 57 6 = 32 3 = 75 

4 0 = 42 4 = 14 4 = 22 4 = 34 − 4 = 54 4 = 62 4 = 74 

5 0 = 58 5 = 15 2 = 52 3 = 57 4 = 54 − 6 = 56 5 = 73 

6 0 = 64 6 = 16 2 = 63 6 = 32 4 = 62 6 = 56 − 6 = 72 

7 0 = 78 7 = 17 2 = 76 3 = 75 4 = 74 5 = 73 6 = 72 − 

 
Figure 2 represents the power graph of the group ℤ𝟖 based on the neighborhood table. 
 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. The power graph of ℤ𝟖 group 
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Theorem 1. Given a group of integers modulo 𝑛(ℤ𝑛)with the operation +𝑚𝑜𝑑(𝑛) . If 𝑛 = 𝑝
𝑘 for some 𝑘 ∈ ℕ 

and 𝑝 is a prime number. Then the power graph of the group ℤ𝑛(𝛤ℤ𝑛)is a complete graph of 𝐾𝑛. 

Proof. Let n = pk  for some k ∈ ℕ and p is a prime number. Take any a̅, b̅ ∈ ℤn 

1) If (a, n) ≠ 1 and (b, n) ≠ 1, then a|n and b|n.  Consequently a = pl and b = pm for an l, m ∈ ℤ  
with l, m ≤ k. Without reducing the generalization, let l < m, then ∃q ∈ ℕ ∋ m = l + q. 

Consequently, b = pm = pl+q = apq. Then ∃r = pq ∈ ℕ so that b = a. r = a + a+. . . +a⏟        
r 

. In other 

words, b̅ = a̅r. As a result, a̅ and b̅ are neighbors. 

2) Without reducing generalization, if (a, n) = 1 and(b, n) ≠ 1. Then a is relatively prime with n, so 

that ∃α, β ∈ ℤ so that αa + βn = 1. Because the applicable operation is the addition modulo 

operation, then 1 = αa = a + a+. . . +a⏟        
α 

 , in other words, a̅α = 1̅. That is, a̅α is a generator of ℤn. So 

there is γ ∈ ℕ ∋ b̅ = a̅γ. That is, a̅ and b̅ are neighbors. 

3) If (a, n) ≠ 1, (b, n) ≠ 1, then a, b are relatively prime with n. So there areα1, α2, β1, and β2 ∈ ℤ so 

that α1a + β1n = α2b + β2n = 1. That is, 1 = aα1 = bα2, with a same techique like before we have 

a̅α1 = b̅α2 = 1̅. Consequently, a̅α1and b̅α2  are the generators of ℤn. So there are γ∈ ℕ so that a̅ =
b̅γ. That is, a̅ and b̅ are neighbors. 

Because it applies to all a̅, b̅ ∈ ℤn, and all the possibilities that exist, then the power graph of the group ℤn 

with n = pkfor a k ∈ ℕ and p prime numbers is a complete graph Kn.  ∎ 

3.2 Numerical Invariance 

Apart from representing graphs in groups, another interesting thing to discuss is the numerical 

invariance of a graph. The nature of the graph will make it easier to find the numerical invariance of the graph 

in that group. Following are some definitions of the numerical invariance of a graph. 

3.2.1 Clique and Chromatic Number 

Definition 3.[19]. Suppose 𝑮 is a graph where 𝑽(𝑮) is a set of vertices, and 𝑬(𝑮) is a set of edges. 

1) Suppose 𝒙 ∈ 𝑽(𝑮), the eccentricity of 𝒙 is the maximum distance 𝒙 to another vertex, denoted by 

𝒆𝒄(𝒙) = 𝒎𝒂𝒙 {𝒅(𝒙, 𝒚)|𝒚 ∈ 𝑽(𝑮)} . 
2) The radius of a graph G is the minimum eccentricity of all points in 𝑽(𝑮), denoted 𝒓𝒂𝒅(𝑮) =

𝒎𝒊𝒏 {𝒆𝒄(𝒙)|𝒙 ∈ 𝑽(𝑮)} . 
3) The diameter of a graph 𝑮 is the maximum eccentricity of all points in 𝑽(𝑮), denoted 𝒅𝒊𝒂𝒎(𝑮) =

𝒎𝒂𝒙 {𝒆𝒄(𝒙)|𝒙 ∈ 𝑽(𝑮)}. 
4) The chromatic number of a graph is the minimum number of colors to color graph 𝑮, denoted by 𝝌(𝑮). 
5) The clique number of a graph G is the maximum number of vertices of a graph 𝑮 that form a complete 

subgraph, denoted by 𝝎(𝑮). 

Theorem 2. Suppose that given a group of integers modulo (ℤ𝒏). If n is the power of prime numbers, then 

we get 𝒓𝒂𝒅(𝜞ℤ𝒏) = 𝒅𝒊𝒂𝒎(𝜞ℤ𝒏) = 𝟏. 

Proof. According to Theorem 1, graph 𝜞(ℤ𝒏) is a complete graph. This means that the distance of all elements 

of 𝑽(𝜞ℤ𝒏) to each other is 1. By definition, the eccentricity of all elements of 𝑽(𝜞ℤ𝒏) is 1. As a result, we 

get 𝒓𝒂𝒅(𝜞ℤ𝒏) = 𝒅𝒊𝒂𝒎(𝜞ℤ𝒏) = 𝟏. ∎ 

Theorem 3. Suppose that given a group of integers modulo ℤ𝒏. If n is the power of prime numbers then we 

get 𝝎(𝜞ℤ𝒏) = 𝝌(𝜞ℤ𝒏)   = 𝒏. 

Proof. Based on Theorem 1, it is obtained that 𝜞ℤ𝐧is a complete graph of 𝑲𝒏, so that every two vertices are 

adjacent to each other. Because every two points are neighbors, each point must have a different color, so the 

chromatic number of a power graph 𝜞ℤ𝐧is the number |𝑽(𝜞ℤ𝐧)| = 𝒏. Then because graph 𝜞ℤ𝐧is a complete 

graph, it is clear that the maximum number of complete subgraphs is 𝜞ℤ𝐧itself, so the clique number of a 

power graph 𝜞ℤ𝐧is a number |𝑽(𝜞ℤ𝒏)| = 𝒏. ∎ 
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3.2.2 Zagreb, Harmonic, Randic, Gutman, and Wiener Index 

In this section, we will give some topological indices, such as the Zagreb index, the Harmonic index, 

the Gutman index, and the Wiener index. 

Definition 4. [20] Suppose 𝑮 is a graph where 𝑽(𝑮) is a set of vertices. Degree of 𝒙 ∈ 𝑽(𝑮) is the number 

of sides adjacent to 𝒙, denoted by 𝒅𝒆𝒈 (𝒙). 

Definition 5.[21]  Let 𝑮 be a connected graph without loops and multiple edges where 𝑽(𝑮) is a set of 

vertices, and 𝑬(𝑮) is a set of edges. The first Zagreb index 𝑴𝟏and the second Zagreb index 𝑴𝟐 of 𝑮 are 

defined as follows. 

𝑀1 = 𝑀1(𝐺) = ∑ (deg(𝑢))2𝑢∈𝑉(𝐺)         (1) 

𝑀2 = 𝑀2(𝐺) = ∑ (deg(𝑢) deg(𝑣)){𝑢,𝑣}∈𝐸(𝐺)        (2) 

Theorem 4.  Suppose that given a group of integers modulo (ℤ𝒏). If 𝒏 is the power of prime numbers, then 

𝑴𝟏(𝜞ℤ𝒏) = 𝒏(𝒏 − 𝟏)
𝟐and 𝑴𝟏(𝜞ℤ𝒏) =

𝒏

𝟐
(𝒏 − 𝟏)𝟑. 

Proof. Given a graf 𝚪ℤ𝒏. Based on Theorem 1, we get deg(𝑢) = deg(𝑣) = 𝑛 − 1, ∀𝑢, 𝑣 ∈ 𝑉(𝐺). So that,  

𝑀1(Γℤ𝑛) = ∑ (deg(𝑢))2  = (𝑛 − 1)2 + (𝑛 − 1)2 +⋯+ (𝑛 − 1)2⏟                        
𝑛 𝑡𝑖𝑚𝑒𝑠

= 𝑛(𝑛 − 1)2

𝑢∈𝑉(Γℤ𝑛)

 

Then, we get  

𝑀2(Γℤ𝑛) = ∑ (deg(𝑢) deg(𝑣))

{𝑢,𝑣}∈𝐸(Γℤ𝑛)

 

 
= (𝑛 − 1)(𝑛 − 1) +⋯+ (𝑛 − 1)(𝑛 − 1)⏟                        

(𝑛2) 𝑡𝑖𝑚𝑒𝑠

 

= (
𝑛

2
) (𝑛 − 1)2 

=
𝑛(𝑛 − 1)(𝑛 − 2)!

(𝑛 − 2)! 2!
(𝑛 − 1)2 

=
𝑛

2
(𝑛 − 1)3. ∎ 

Definition 6.[7]. Let 𝑮 be a connected graph where 𝑬(𝑮) is a set of edges. The first harmonic index 𝑯(𝑮) 
and Randic index 𝑹(𝑮) of 𝑮 are defined as follows 

𝑯(𝑮) = ∑
𝟐

𝐝𝐞𝐠(𝒖)+𝐝𝐞𝐠 (𝒗){𝒖,𝒗}∈𝑬(𝑮)                        (3) 

𝑹(𝑮) = ∑ (𝐝𝐞𝐠(𝒖)𝐝𝐞𝐠(𝒗))−
𝟏

𝟐{𝒖,𝒗}∈𝑬(𝑮)                                    (4) 

Theorem 5. Suppose that given a group of integers modulo (ℤ𝒏). If n is the power of prime numbers, then 

𝑯(𝜞ℤ𝒏) = 𝑹(𝜞ℤ𝒏) =
𝒏

𝟐
. 

Proof. Given a graf 𝚪ℤ𝒏. Based on Theorem 1, we get 𝐝𝐞𝐠(𝒖) = 𝐝𝐞𝐠(𝒗) = 𝒏 − 𝟏,∀𝒖, 𝒗 ∈ 𝑽(𝑮). So that,  

𝐻(Γℤ𝑛) = ∑
2

deg(𝑢) + deg(𝑣)
{𝑢,𝑣}∈𝐸(Γℤ𝑛)

 

=
2

(𝑛 − 1) + (𝑛 − 1)
+⋯+

2

(𝑛 − 1) + (𝑛 − 1)⏟                            
(𝑛2) 𝑡𝑖𝑚𝑒𝑠

 

= (
𝑛

2
)

1

𝑛 − 1
 

=
𝑛(𝑛 − 1)(𝑛 − 2)!

(𝑛 − 2)! 2!

1

(𝑛 − 1)
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=
𝑛

2
. 

.Also, we get 

𝑅(Γℤn) = ∑ (deg(𝑢) deg(𝑣))−
1

2

{𝑢,𝑣}∈𝐸(Γℤ𝑛)

 

= ((𝑛 − 1)(𝑛 − 1))
−
1

2 +⋯+ ((𝑛 − 1)(𝑛 − 1))
−
1

2
⏟                              

(𝑛2) 𝑡𝑖𝑚𝑒𝑠

 

= (
𝑛

2
) ((𝑛 − 1)2)−

1

2 

=
𝑛(𝑛 − 1)(𝑛 − 2)!

(𝑛 − 2)! 2!

1

(𝑛 − 1)
 

=
𝑛

2
.∎ 

Definition 7. [22] Let 𝑮 be a connected graph where 𝑽(𝑮) is a set of vertices. The Gutman index is defined 

as 

𝑮𝒖𝒕(𝑮) = ∑ 𝐝𝐞𝐠(𝒖) 𝐝𝐞𝐠(𝒗)𝒅(𝒖, 𝒗)𝒖,𝒗∈𝑽(𝑮)                        (5) 

Theorem 6. Suppose that given a group of integers modulo (ℤ𝒏). If n is the power of prime numbers, then  

𝐺𝑢𝑡(𝛤ℤ𝑛) =
𝑛

2
(𝑛 − 1)3. 

Proof. Given a graf 𝚪ℤ𝒏. Based on Theorem 1, we get deg(𝑢) = deg(𝑣) = 𝑛 − 1, ∀𝑢, 𝑣 ∈ 𝑉(𝐺). So, we get  

𝐺𝑢𝑡(Γℤ𝑛) = ∑ deg(𝑢) deg(𝑣) 𝑑(𝑢, 𝑣)

𝑢,𝑣∈𝑉(𝐺)

 

= (𝑛 − 1)(𝑛 − 1)1 +⋯+ (𝑛 − 1)(𝑛 − 1)1⏟                          
(𝑛2) 𝑡𝑖𝑚𝑒𝑠

 

= (
𝑛

2
) (𝑛 − 1)2 

=
𝑛

2
(𝑛 − 1)3. ∎ 

Definition 8.[23]. Let 𝑮 be a connected graph where 𝑽(𝑮) is a set of vertices and 𝑬(𝑮) is a set of edges. The 

Wiener index 𝑾(𝑮) and Wiener edge index 𝑾𝒆(𝑮) are defined as 

𝑊(𝐺) =
1

2
∑ 𝑑(𝑢, 𝑣)𝑢,𝑣∈𝑉(𝐺)                         (6) 

 

𝑊𝑒(𝐺) = ∑ 𝑑(𝑢, 𝑣){𝑢,𝑣}∈𝐸(𝐺)                         (7) 

Theorem 7. Suppose that given a group of integers modulo (ℤ𝒏). If n is the power of prime numbers, then 

𝑾(𝜞ℤ𝒏) =
𝒏(𝒏−𝟏)

𝟒
 and 𝑾𝒆(𝜞ℤ𝒏) =

𝒏(𝒏−𝟏)

𝟐
. 

Proof. Given a graph 𝚪ℤ𝒏. By Equation (6) and Equation (7) we get, 

𝑊(Γℤ𝑛) =
1

2
∑ 𝑑(𝑢, 𝑣)

𝑢,𝑣∈𝑉(Γℤ𝑛)

 

=
1

2
(
𝑛

2
)  1 

=
(𝑛2)

2
 

=
𝑛(𝑛 − 1)

4
 

and 
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𝑊𝑒(Γℤ𝑛) = ∑ 𝑑(𝑢, 𝑣)

{𝑢,𝑣}∈𝐸(Γℤ𝑛)

 

= (
𝑛

2
) 1 

=
𝑛(𝑛 − 1)

2
.∎ 

4. CONCLUSIONS 

The power graph of the group ℤ𝑛(𝛤ℤ𝑛)for 𝑛 is a prime power is a complete graph of 𝐾𝑛, and its radius 

and its diameter are equal to one.  And the other numerical invariant such as the clique number and the 

chromatic numberis equal to 𝑛.  Last we found its first Zagreb, second Zagreb, Harmonic, Randic, and 

Gutman indexes are 𝑛(𝑛 − 1)2, 
𝑛

2
(𝑛 − 1)3, 

𝑛

2
, and 

𝑛

2
(𝑛 − 1)3. 
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