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ABSTRACT

Let © be a bounded open subset of R™, n > 3, f be a function in Stummel classes S, (Q), where

a=1,2,and
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be a semilinear monotone elliptic equation, where A(x) is n X n symmetric matrix, elliptic,
bounded, and g: R — R is non decreasing and Lipschitz. By proving a weighted estimation for
a function in Stummel class with its weight in %1’2 (Q), which allows us to use Stampacchia’s

Keywords: lemma, we obtained the existence and uniqueness of the solution of this equation.
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1. INTRODUCTION

For n = 3, let Q be a bounded open set of R™, with diameter [. For a € R™ and r > 0, we define
Qla,r) ={yeQ:|ly—al <r}.
Let 0 < a < n. The collection of all functions f € L'(Q) for which

If )]

r) = SsSu
=R ) -y

is called Stummel class and denoted by S, (). This classes have some inclusion properties with other
function spaces and applications to the regularity of the solution of elliptic partial differential equations [1,
2,3,4,5,6,7].

Let 0 < A < n. The collection of all functions f € L' (Q) for which

dy < o0,Vr >0,

1
llisey = sup = [ If@)ldy <o,
xeQr>0T
Q(x,r)
is called Morrey space and denoted by L*(Q). The Morrey spaces have some inclusion relations with the
Stummel classes and applications in study the theory of elliptic partial differential equations [2, 3, 8, 9, 10,
11,12, 13, 14].

Recall that the Sobolev space W12(Q) is the collection of all functions u € L2(Q) for which |Vu| €
L*(Q) and equipped by the norm [[ully12.qy = llull;2(qy + IVl 2(qy. The closure of C5°(Q) in W?(Q) is
denoted by W, (). The space W,"*(Q) is a Hilbert space [15, p. 287].

In this paper, we are interest in investigating the existence and uniqueness of semilinear monotone
elliptic equations, more precisely:

—div(A(x)Vu) + g(u) = f,

{ 12 1)
u € Wy (Q).
Here we assume that A(x) is n X n symmetric matrix with properties: A(x) is elliptic, that is, there exists
v > 0 such that
AE - =82,
forall £ € R™; and A(x) is bounded, that is, there exists x > 0 such that
M| < K,
for all x € Q. In equation (1), g: R — R is non decreasing and Lipschitz, that is, there exists K, > 0 such
that
lg(s) —g(O] < Kols —tl,

forall s,t € R. The data f in (1) is assumed belongs to S, (Q), for « = 1 or 2.

The existence, uniqueness, and the regularity of the solution and its gradient of the problem (1), for the
linear case, that is, g = 0, and f belongs to the Morrey spaces LM(Q), were studied by many authors, for
example [10, 11, 6, 8, 14]. For n — 2 < 1 < n, the existence, uniqueness, and the regularity of the problem
(1) obtained by [8, 6], but the detail proof for the existence and uniqueness of the problem was given by [10].
Meanwhile, for 0 < 1 < n — 2, the problem (1) was studied by [11, 6, 14]. For the case f € $,(Q) and the
linear case g = 0, the existence, uniqueness, and the regularity of the problem (1) was studied by [8].

In this paper, we prove the existence and uniqueness of the problem (1) solution by assuming f €
S.(Q) and g # 0. This generalized the result obtained by [6, 8, 10] since we work with semilinear equations,
that is g # 0, and the inclusion of §,(Q) 2 $,(Q) o L**(Q),n — 2 < A < n (see [2, 8]).

2. RESEARCH METHODS

We use the notations € = C(n,m, ...,p) > 0 to indicate that the constant € depends on n, m, ..., p.
This positive constant value may be varied from line to line when its appear.

Our method uses the functional analysis tools, that is, the Stampacchia’s lemma [16], combine with a
weighted estimation for functions in Stummel class with its weight in W(l,’2 (), to handle a continuous linear
mapping in the second variable and a bounded linear functional.
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Let H be a Hilbert space with norm ||-|| and H~1 be the set of all liner functional on H. The map

B: H x H — Ris called continuous and linear in the second variable if u, y, w € H and for every sequence

{Y,}, in H such that lim|ly,, —¢|l =0, then lim |B(u,¥,) — Bw,¥)|=0 and B(u, Y + w) =
n—oo n—-oo

B(u, ) + B(u, w). Meanwhile, F € H~1 is called bounded linear functional if there exists a constant C >
0 such that |F(w)| < C||u|| forall u € H.

We state the following Stampacchia’s lemma [16] and refer to [17] for its proof.

Lemma 1 (Stampacchia). Let H be a Hilbert space and B: H x H — R be a continuous and linear in the
second variable, and there exists two constants K; > 0 and K, > 0 such that

(1) [B(uqy, ¥) — B(uy, )| < Kqlluy — ua|[lI¥Il, Yuy,us, 9 € H,

(2) B(ug,ug — up) — B(ug, ug — up) = Kpllug — up||%, Vug,up € H,

then, for every bounded linear functional F € H™1, there exists a unique u € H such that F(w) = B(u,w)
forevery w € H.

Now we define a map B: W,"*(Q) x W,;"*(Q) - R by the formula

B(u, ) = f AGOVu -V + f . )

For f € 5,(€), we also define Fy: W“(Q) - R by the formula

Fw) = | 1o ©)
Q

Notice that, for every u, % € W,"*(Q), we have

1B, )| < f AG)Vu - V| + f 9GOV
Q Q

< C(k,n) f IVa [ 7] + j(6|u| +lg@DIY] < o,
Q Q

since A(x) is bounded and g is Lipschitz, where the second constant C = C(Kj). This means (2) is well
defined. Moreover, the function F defined by (3) is a linear functional on Wol'2 (Q) which is easily proved
from the linearity of integration.

3. RESULTS AND DISCUSSION

The first result is that the map B defined by (2) is continuous and linear in the second variable.
Lemma 2. The map B defined by (2) is continuous and linear in the second variable.
Proof. Let u,y € W;"*(Q) and {i,}, be any sequence in W,"*(Q) such that lim ||, — Yllyazq) = 0.
n—oo
Notice that,

[ eove- vy, - ave-v)| < [14GoTe - VG, - ). @)
By using the boundedness of A(x) and Holder’s inequality, the right-hand side of (4) is estimated as follows
[ 1460w s = Wl < COom) [ 19196, - ) -
Q

Q
< Cle M) IVull 2y V@b = P)Il12(q)-
Joining together (4) and (5), we get

f(A(X)Vu Vi — A Vu - V)| < Cle, ) IVull 2y IV @ — P)Il12(q)- (6)
Q
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Furthermore, |g(w)| < C(Ky)|u| + |g(0)| € L2(Q) since g is Lipschitz. Therefore
[ @awpn - g@w)| < [ 19l - vl
Q Q

@)
< j (C(Ko)lul + 19O D[ — |

0
< ICK) lul + 19O 2y IV W = Pl 2(q)-
We conclude from (6) and (7) that is

|B(w, ) — B(w, )| < f(A(X)Vu Vi — A(0)Vu - V)| + f(g(u)lpn —gWy)
Q Q

< C(re, IVl 2o IVWn — Y)l 20y
+IC K [ul + 19Ol 2y IV — Pl 2(q)
< CllYn — Yllwrzq),
where C = C(x,n)||Vull2(q) + [IC(Ko) |ul + |g(0)]ll;2(qy- This inequality gives us Ai_l)l(’)lJB(u,l,bn) —

B(u,y)| = 0. This means B continuous in the second variable. The map B is linear in the second variable
follows from the linearity property of V, the dot product -, and the integration. [

LLemma 3. Let B be defined by (2). Then there exist two constants K; > 0 and K, > 0 such that
(1) 1B(uy, ) — B(uz, )| < Ky llug — usllwrzqylllwrzqy, Yur, ug, P € Wy"2 (),
(2) B(ug,uy —up) — B(up,uy —up) = Kplluy — uz”ZWl.zm), Vuy,u, € Wol'z(Q)-

Proof. Letuq, u,, ¥ € I/I/01'2 (Q2). The assumptions g Lipschitz, A(x) bounded, and using Holder’s inequality,
yields

IB(us, ) — B(up, )| = j ACOV(uy —uz) - Vip + j (9Gtr) — g(u) )
Q Q

(8)
< [ 19 = w1991+ ¢ [l = wlly)
Q Q
< ClIV(uy — w2 IVl 2) + Cllug — u2||L2(Q)||1/)||L2(g)
< Clluy — uzllywrz) ¥ llwrzcqy,
where C = C(k,n,K,) = K; > 0. Furthermore, we observe that
B(uy,uy —up) — B(up,uy —uy)
~ [ 4w @ - )+ [ g —w)
Q Q
- [ 4G v~ w) [ g0 - w)
) ) )

f A)V(uy —up) - V(uy —up) + f(g(uq) — g(uz))(wy — up)
Q Q

> v [ 1908 = w)1? = Vil = w1 a2
Q

obtained by using A(x) is elliptic and g is non-decreasing. Setting K, = v. From (8) and (9), the lemma is
proved. [

The following lemma was stated in [5]. We will use this lemma to prove the next theorem.
Lemma 4. If £ € §;(£2), then there exists a positive constant C = C(n) such that,
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[ 1791 = cn [ 1ot
Q Q

for every ¥ € W,"*().
Now we will prove a weighted estimation of a function in Stummel classes where the weight in compactly
supported Sobolev spaces W,"* ().

Theorem 5. Lety € W,"*(R). If f € §;(12), then there exists a positive constant C = € (n, 1) such that,

f 191 < Cnp Dbl
Q

If £ € S,(02), then there exists a positive constant C = C(n) such that,

1
[ 1701 < €O O 1l 2
Q

Proof. Let f € S, (). We first deal with the case a = 1. By Lemma 4 and Hélder’s inequality, there exists
a positive constant C = C(n, 1) such that

f Il < Cnf(l)JIVt/JI < CnrDYllwrzeg).-
Q Q
Now, let @ = 2. Sub representation of i, Tonelli’s theorem, and Holder’s inequality yield

f 9] = f FCPEOldx < C(n) f £ GOl f || w(}lglldy dx

N =

|f ()

<C(n)f|vw( ) fl S (x|

LA S d
lx —y|n—1 * Y
Q

dy < COVllzm | [
[9)

Notice that

QU

[([ Lo _ f@) f el Y,
eyt | |z—y|n1 FEmT
Q Q
1
K[ F@IIf G f e | dxde

< c(n) f f F@IF g | dxdz

—C(n)flf( ) fl |f<|)n|2 az

< CEnrONfll 2 a)-
Combining the last two inequalities, we have

|f ()l

lx —y[mt | dy

[ 1701 < covtwpliz | [
Q Q
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1 1
< COIVYl 2oy (€M DIf ll2cey)? < CE e DNf Nl 2cay) I llwr2 (-
The proof is complete. [

Because of Theorem 5, we obtain the following corollary which tells us that the linear functional
defined by (3) is bounded.

Corollary 6. The linear functional F: Wol'2 () — R defined by (3) is bounded.
Proof. Let 1 € W,"*(Q). According to Theorem 5, we have

1| = [ 1] < Clbllyzcay
Q

where C = € (n,L1(1)) or € = C(n, 1y (W, If o).

With Lemma 3 and Corollary (6) in hand, we can now apply Stampacchia’s lemma to obtain the
existence and uniqueness of solution of the equation (1).

Theorem 7. There exists u € Wol'2 (©2) which is unique solution of the equation (1) in the following sense:

By = [ ACVa W+ [ gw = [ fo = F),
for all ¥ € W,"%(Q). ! ! !

4. CONCLUSIONS

The semilinear monotone elliptic equation (1) has a unique solution. This fact is proved by using a
weighted embedding of a function in Stummel classes where the weight in compactly supported Sobolev
spaces and Stampacchia’s lemma.
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