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Rainbow antimagic coloring is a combination of antimagic labeling and rainbow coloring.
Antimagic labeling is labeling of each vertex of the graph G with a different label, so that each
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1. INTRODUCTION

Graph G is aset of (V(G), E(G)) with V(G) is non empty set which called as vertex and E(G)
is set from unordered pairs of different vertices of IV (possible empty) called the edge [1]. The number
of vertices on the graph G called the order denoted by |V (G)| [2], [3]. While the number of edges in the
graph G called the size denoted by |E(G)|. The degree of the graph G is the number of the adjacent
edges to the vertex x on graph G. The maximum degree on graph Gis denoted by A(G). Whereas
the smallest degree from graph G is denoted with §(G) [4].

Graph labeling is a mapping of the set of elements in a graph such as vertices, edges or both into
the set of positive integers or natural numbers [5]. The total labelling is the labelling of edge labeling
and vertex labeling. If there is a bijective function on the graph G, f: E(G) - {1, 2, ..., |E(G)|} called
antimagic labeling with the number of vertices having different weight values. The sum of the label
from every edge is called as edge weight, denoted by w(v).

The graph coloring is the procedure of assigning color on vertices and edges on graph.
The rainbow coloring is a part of edge coloring in graph G. Suppose that graph G is a connected
graph with edge coloring c: E(G) — {1, 2,3, ..., k}, under the condition k is a part of the natural number
where the neighboring edges can have the same color. The rainbow path in a graph G formed if two
vertices in graph has no path with the same color [6]. Rainbow coloring is also called edge coloring in
the graph G which is rainbow connected. The minimum colors of rainbow coloring is called the
rainbow connection number and it is notated with rc(G) [7].

Rainbow antimagic coloring is a combination of antimagic labeling and rainbow coloring.
The definition of rainbow antimagic coloring is as follow: suppose a graph G is a simple graph, the
bijective function f :V (G) — {1,2,...,|V(G)|} of the edge weight for each uv € E(G) on f is
w(uv) = f(u) + f(v). If there are two edges uv,u’v’ € E(G), where the color of each edge is
represented by the edge weights w(uv), w(u'v") on the track P on labeling graph vertex G called the
rainbow trajectory. A function on a graphG can be said rainbow antimagic labelling (labeling rainbow
antimagic), If every two vertices u,v € V(G)there is a rainbow trail uv. Rainbow antimagic coloring
is the coloring of each edge with a different color, say in a function f colored on uv with weights
w(uv) [8], [9]. Some relevance research can be seen at [10]-[13]. The definition of rainbow
antimagic is the smallest number of colors needed to create a graph G connected to the antimagic
rainbow is called the rainbow antimagic connection number. In previous studies, several graphs have
been studied rainbow antimagic coloring, namely path (B,)graphs, dragonfly graphs, (D g,,)octopus
(0,)graphs and others. This study also examines the topic of rainbow antimagic coloring, but on a
different graph. In this paper, we focused on analyzing the rainbow antimagic coloring of Snail graph
(55), Coconut Root graph (CR,, ,,,), Stalk Fan graph (Kt,) and lotus graph (Lo,).

2. RESEARCH METHODS

There are 2 methods that will be used in this research, namely the axiomatic deductive method and
pattern recognition. The axiomatic deductive method is a method that uses deductive proofs that apply in
mathematical logic [14], [15]. This method uses existing theorems to solve the problem of the topic to be
studied. While the pattern recognition method is a method used to determine patterns, cardinality and look
for rainbow antimagic connection numbers.

In order to prove some theorem in this paper, we use the lemma related to the rainbow antimagic
connections number lower bound. The lemma is as follow:

LL,emma 1.[13] The lower bound of rainbow antimagic connection on graph G is maximum number of rainbow
connection and the maximum degree of graph G, rac(G) = max{rc(G),A(G)}

Based on the Lemma 1, in order to prove the lower bound of rainbow antimagic connection number,
we can consider the rainbow connection number and the maximum degree of graph G. We can consider
the following step in order to prove the theorem of rainbow antimagic connection:

1. We can choose the biggest number between the rainbow connection number and the maximum degree
of graph G to be the lower bound of rainbow antimagic connections.
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2. After analyzing the lower bound, then we analyze the upper bound of rainbow antimagic connection
number by determining the vertex labelling and the edge weight of each graph.

3. By proving the lower bound and upper bound of rainbow antimagic connection number, we can say
that the theorem is proved.

3. RESULTS AND DISCUSSION

This research produces four theorems about the rainbow antimagic connection number . The following
are the result of the theorem along with the proof regarding the rainbow antimagic connection humber on
snail (S,) graph, coconut root (CR,, ,,,) graph, fan stalk graph (Kt,) and graph lotus (Lo,).

Theorem 1. Rainbow antimagic connection number on a snail graph (S,), forn > 3 israc(S,) =n+ 3.

Proof. A snail graph (S,,) has a set of vertices V(S,) = {x;; 1 <i <6} U{x3;;1<j<2n+ 1} and a set
of edges E(S,) = {xjx;41;1 =1,2,3,5} U {x3x5} U {x3x3,j; 2<j<2njiseven}u {x3jx3j,1;1<j <
2n} U {xgx31} U {xX2x3 2,41} The cardinality of edge sets and vertices on a snail graph are |E(Sn)| = 3n +
7and |V (S,)| = 2n + 7. We will show that rac(S,,) = n + 3 using the lower bound and upper bound. First,

we will prove that lower bound of a snail graph (S,)with n > 3, rac(S,,) = n+ 3. Based on Lemma 1
obtained:

rac(S,) = max {rc(Sn),A(S,)}
n+3 = max{5n+ 3}
n+3 =2n+3

So, the lower bound of the rainbow antimagic connection number of the snail graph (S,,) is rac(S,,) =
n + 3. Next, we will prove the upper bound of the snail graph (S,) with n > 3, rac(S,) <n+ 3, for
example f:V (Sn) - {1,2, ...,2n + 7} as follows.

i+1 fori=13
fe) =172 o

2n — i + 11,fori =4,5
f(x6) = 3
flx) =n+ 4

4dn—i+11 N

#,fOF]ISOdd
f(x3,j)= 6+i -

> ,forjis even

Based on the vertex function above, the edge weights on the Snail graph (S,,) are obtained as follows
w(xixiz1) =n+ 4+ i; fori = 1,2
w(xixiz1) = 2n + 9; fori = 3,5
w(x3xs) = 2n + 8

W(X3X3j) = }E' for2<j<2n, j is even

_ {Zn + 9,forjis odd
W(X3,j%3,j41) = (2 4 8,for jis even
W(x6x3,1) =2n + 8
Ww(x2X32n+1) = 2n + 9
Then, we analyze the set of different edge weights. The set w(x3rj,x3rj+1); j is odd number and
w(x;x;41); 0 = 1,5 is a subset of w(x,x3p41). The set w(xs j, X3 ;11); j IS even number and w(x3xs) is
asubset of w(xsx3 1). So that the set of different edge weights is the set of w(x,x3 2p41), W(X6X3 1), W(X2X3)
and w(x3x3;). The following describes a set of different edge weights in a row.
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w = 1{6,7,8,....n + 52 + 8,2n + 9,n + 6}
W|l=n+3
Based on the set of edge weights, the upper bound is obtained rac(S,) < n+ 3. Based on the

lower and upper bounds, the rainbow antimagic connection number on the Snail graph (S,,) is rac(S,) =
n+3m

Here 's the rainbow path of the Snail graph:

Table 1. Rainbow Path on graph snail (S,,)

Case Condition x y Rainbow Path Condition
1 n=>3 x; x;j X, X i=1,235;
j=1i+

2 n=3 x; Xk Xy Xj, Xy 1<i<3j=1+1;
k=i+2
3 n=3 x; x; Xy Xj, Xye, Xig a=12;b=23;
c =35 d =456
4 n=>3 x; Xm X Xj, X, X, Xy a=1b=2;
c=3d=5e =6
5 n=3 X3 X3,j X3,X3,i,X3,j 2<i<2n,j

€ even number;
1<j < 2nj

€ odd number
6 n =3 x3; X3 X300 X3, X3 1 2<j<2n1<i<2n
3<k<2n

Figure 1 shows the rainbow antimagic coloring graph snail (Ss).

19 .3 14 19 5
Rt
, 18

Figure 1. RAC graph snail S5

Theorem 2. Rainbow antimagic connection number on coconut roots graph (CR,, ,,,), for every integer n =
5andm = 2israc(CR, ;) = m + 3.

Proof. The Coconut root graph (CR,,,,) has a set of vertices V(CR, ) = {x;,yj,z; 1<i<n1<j<
mj}and a set of edges E(CRy;m) = {(xnx1} U{XiXjy; 1S is<n—1JU{x,y; 1<j<mju{yyjsi; 1<
J <m—1}U {x,z}. The cardinality of the edge set and vertex set on the coconut root graph (CR,, ,,,) are
[V (CRym)|=n+m+1and |[E(CR, )| =n+2m. In order to prove the rac(CR, ) =m+ 3, we
should show that rac(CRy,) < m + 3 and rac(CRy,,) = m + 3. First, we prove the lower bound of the
coconut root graph (CRn, m)with n = 5 danm > 2,rac(CR,,,) = m + 3. Based on Definition 2.7.2, we
obtained:

TaC(CRn,m) > {TC(CRn,m)r A(CRn,m)}
m+ 3 = max{4,m+ 3}
m+3 >m+3

So, the lower bound of the rainbow antimagic connection number of coconut roots (CRy.,)is
rac(CRy,,) = m + 3. Then prove the upper bound of the coconut root graph (CR,, ,,) Withn = 5danm >
2,rac(CR,m) < m+ 3, forexample f : V(CRy,) = {1,2, ..., n+m+ 1} as follows
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fz)=m+5,form=6
f(xy)=m+3,form=>=6
flxz)=m—1,form=>6
f(x3) =m,form =6
f(xy) = m+4,form=>6
f(xs) = m—2,form=6
£ )_{m+5,for9Sm§ 18
Ym) =1 m — 6,form > 19
m + 5for6 < m < 8andm > 19
fOm) = m — 6,for13 < m < 18
m — 5forl0 <m < 12
j— 1for4 <j <
j—3,forj=78m=9
1,forj =1
m—5,form =jm = 6,7

o)}

m—6form+j=8m=7,m=j,m=8;
f(yj)=< m—6form—j=5m-j=7m=10;
m-—6form+j=9m=11,m =9
m+ j,forj=12m =6
m— j,forj =3,4m =6

m+j—1,forj=23m=78
m—j+ 1,forj=45m=7

Based on the vertex function above, the edge weights on the coconut root graph are obtained as follows
w(xixs) = 2m + 1,form > 6
w(xyx3) = 2m — 1,form = 6
w(x3x,) = 2m + 4,form = 6
w(xjxjy1) = 2m + 2,form = 6,j = 1,4
w(xsz) = 2m + 4,form = 6

_{Zm + 3,for9 <m < 18
WOmXs) =1 2m — 8 form = 19

2m — 1,form = 6
7

2Zm + 3, for6 < m < 9;m 19
W(Vm-1X5) = 2m — 8,for13 < m <
=m<

2m — 7,for 10

v

1
1

[\S o]
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( m+j— 3,for4 <j<6; ]

2m + j — 2,form = 6,]

2m — j — 2,form = 6,j = 3,4
2m — j — 1,form = 7,j

2Zm + j — 3,form = 7,8,j

j =7,8,m=29

j =273
2m — 8, form +j =8,m=7;m j,m=8;m—j=5
2m — 8,form =9;m — j = = 10

,m

2m—7form—]m=6,7
j+2m-—3 j+
2

15
w(yjxs) = 4 Jforjisodd ;1 <j < 11,m > > ;13<j<n
j+2m—3
2

am—j+2

2
Am—j+2

2

4m — j .
L > ,for1l0 < j < n,

Jform = j + 2
Jforj =2,4,m =9

Jforj =2,4,m =9

m,forj =57,m>=9;j =9,m
m,forl2 < j<nm
m+ 1,forj =68m=9;j=10,m = 13;j = 5,6
m— 1,for1l < j < n,j €oddnumber,m =2 j + 2,m=89
2m — 1,forj = 2,3,m = 6,7; m = 13
2m + 1,forj =45 m =6,7;j =8,m =9
2m + 1,for12 < j <15,14 <m <1
2m + 2,forj = 6, m = 8
2m + 3,forj = 1,2,m =6
2m,forj = 5m =6
w(jYjea) = 2m — 6] + 15, forj = 2,3,4,m = 8
m+ 2,forj =1,m 7,8
m+j+ 1,forj=67m=78
2m + 3,for6 <m < 9;m = 19
m — 8,for13 < m < 18
2m — 7,for10 < m < 12

~

,7

sm-12 ,forj = 16, m = 18

amis forj = 17,m = 19

4m ]+7 ,for19 < j < 27
4m—j+8

> ,fOT]lS even number,18 < j < 26

Then, we analyze the set of different edge weights. The set of different edge weights is the set
w(x1x5), w(xsxs), w(xsz)and the w(y; xs).following is a description of the set of different edge weights

respectively.

n+2m—3}

w ={2m +1,2m + 2,2m + 4,2’”2‘1,..., .
Wl=m+3

Based on the set of edge weights, the upper bound is obtained rac(CR,,,,) < n + 3. Based on the
lower and upper bounds, the rainbow antimagic connection number on the coconut root graph (CR;, ,,,) is
rac(CR,m) =m+3. m

The following is the rainbow path of the coconut root graph:
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Table 2. Rainbow Path on the coconut root graph(CR,, ,,)

Case Condition x y Rainbow Path Condition

1 n=>5 X z X,z —
m=2

2 n=>5 X; Xj X, X 1<i<4
m > 2 j=i+1

3 n=>5 X; Xj Xir Xi 41, %] 1<i<3
m =2 j—i=2

4 n=>5 Xs i Xs, Yj 1<j<m
m=2

5 n=>5 X; Yj Xi, Xk, Y i=14 k=5
m =2 1<j<m

6 n=>5 X; Yj Xiy Xi» X5, Y i=23k=14
m =2 1<j<m

” n=-5 Vi Y Vi Yj l1<sis=m-1
m>2 1<j<m

Figure 2 and Figure 3 are illustrations of rainbow antimagic coloring coconut root graph
(CRS’Z,CR5'3,CR5’4,dan CRS,S):

Figure 2. RAC graph roots coconut (CRs, And CRs3)

Figure 3. RAC graph roots coconut (CRs, And CRss)
Theorem 3. Rainbow antimagic connection number on a lotus graph (Lo,) forn > 2israc(Lo,) =n + 1.

Proof. A lotus graph (Lo,,) has a set of vertices V(Lo,) = {x}U{y} U {x;; 1 <i <2n—1} and a set of
edges E(Loy) ={xy}U{xx;;1 <i<2n-—1;i € Odd number} U {x;x;;1;1 < i < 2n— 2}. The
cardinality of edge sets and vertices on a lotus graph are (Loy)and |E(Lo,)| = 4n — 2, respectively
|V (Lo,)| = 2n + 1. Proved rac(Lo,) = n + 1using the lower bound and upper bound. First, we prove the
lower bound of the lotus graph(Lo,,) withn > 2, rac(Lo,) = n + 1based on Definition 2.7.2, we obtained

rac(Lo,) = max{rc(Lo,),A(Lo,)}
n+1 =max{3,n+1}
n+l =zn+1

So, the lower bound of the rainbow antimagic connection number graph lotus (Lo,,) is rac(Lo,) =
n + 1. Next, we prove the upper bound of the lotus graph (Lo,)withn > 2,rac(Lo,) < n + 1, for example
f:V(Loy) = {1,2,...,2n + 1}as follows.

fx) =1
fiy) =2n+1
4n—i+1
(ORI
2
Based on the vertex function above, the edge weights on the lotus graph (Lo,,)are obtained as follows

, foriis odd number

, foriis even number
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w(xy) =2n+2
4n—-i+3
r
2n+2,foriisodd
2n+1,foriiseven

w(xx;) = foriis odd number

W(XiXiy1) = {

Then, we analyze the set of different edge weights. The set w(xl-xl-_ﬂ), i is an odd number, is a subset
of w(xx;). The set w(x;x; 11 ),i is an even number, is a subset of w(xy). So that the set of different edge
weights is the set w(xx;)and w(xy). The following describes a set of different edge weights in a row.

_{4n+24 5n+3 5 +2}
- 2 ’ n!"'! 2 ) n
[Wl=n+1

Based on the set of edge weights, the upper bound is obtained rac(Lo,,) < n + 1. Based on the lower
and upper bounds, the rainbow antimagic connection number on the lotus graph (Lo,)is rac(Lo,) = n + 1.
m The following is the rainbow path of the lotus graph:

Table 3. Rainbow Path on a lotus graph(Lo,,)

Case Condition x y Rainbow Path Condition

1 n=2 x y X,y -

2 n=?2 x X; X, X; 1<i<2n-1;
iis odd number

3 n=?2 X; Xi 41 Xiy X, X 41 1<i<2n-3;
iis odd number

4 n=?2 X; Xi 41 Xy Xi 41 1<i<2n-1

5 n=?2 X; x Xi) Xj, X 1<i<2n-1;

iis odd number

2<i<2n-2;

iis even number

6 n=?2 X; y Xi) Xj, X, Y 1<i<2n-1;
i is odd number

2<i<2n-2;

iis even number

We can see the figure of rainbow antimagic coloring graph lotus(Lo-) in Figure 4.

el5
Figure 4. RAC lotus graph(Lo,)

Theorem 4. Rainbow antimagic connection number on a fan stalk graph (Kt,,), for each integer n > 2is
rac(Kt,) = n + 1.

Proof. A stalk fan graph (Kt,)has a vertex V(Kt,) = {x}U{y} U {x;;1 <i < n} set and an edge set
E(Kt,) ={xy}U{xx;1 <i<n}uU{x;x;.1;1 <i<n-—1}. The cardinality of the edge set and vertex
set of the fan stalk graph(Kt,,) respectively are |V (Kt,)| = n + 2and |E(Kt,)| = 2n. Proved rac(Kt,) =
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n + 1using the lower bound and upper bound. First, we prove the lower bound of the fan stalk graph(Kt,)
withn > 2, rac(Kt,) = n+ 1. Based on Lemma 1, we obtained:
rac(Kt,) = max{rc(Kt,),A(Kt,)}
n+1 > max{3,n + 1}
n+1 >n+1
So, the lower bound of the rainbow antimagic connection number of the fan stalk graph (Kt,)is rac(Kt,) =
n + 1. Then prove the upper bound of the fan stalk graph (Kt,,)withn > 2,rac(Kt,) < n + 1, for example
f:V(Kty) = {1,2,..,n+ 2} as follows.
fx) =1

f) =n+2
2Zn—i+3
fe) =4 ;.5
2
Based on the vertex function above, the edge weights on the fan stalk graph (Kt,) are obtained as follows

, for iis odd number

, for iis even number

wkxy)=n + 3
2n—i+5
2

i+4
2

n+ 3, fori is odd number
n+ 2, for iis even number

, for iis odd number
w(xx;) =

, for iis even number

w(XiXi41) = {

Then, we analyze the set of different edge weights. The set w(x;x;,,); i € even numberis a subset
of w(xx;). The set w(x;x;,1); i € odd numberis a subset of w(xy). So that the set of different edge weights
is the set w(xx;)and w(xy). The following describes a set of different edge weights in a row.

W = {3,4,5,..,n+2,n+ 3}
Wl=n+1

Based on the set of edge weights, the upper bound is obtained rac(Kt,) < n + 1. Based on the lower
and upper bounds, the rainbow antimagic connection number for the fan stalk graph (Kt,)israc(Kt,) =n +
1. m

Here, we describe the rainbow path of the fan stalk graph:

Table 4. Rainbow Path on the fan stalk graph(Kt,,)

Case Condition x y  Rainbow Path Condition
1 n =2 x y XYy -
2 n=2 X; y X, X,y 1<i<n
3 n =2 X; x X;,x 1<i<n
4 n=2 X; Xit1 Xi) Xit1 1<i<n
1<i<n-—-1;
5 n =2 X X; X, X, X; 2<j<m

We can see the figure of rainbow antimagic coloring fan stalk graph (Ktq)in Figure 5.
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I8 12
4

el
Figure 5. RAC fan stalk graph(Kt,)

4. CONCLUSIONS

Based on the above results, we got a new theorem related to the rainbow antimagic connection number
of Snail graph (S,,), coconut root (CR,, ,,,)graph, fan stalk (Kt,,) graph and lotus graph (Lo,,) as follow:

1. Rainbow Antimagic Connection Number on a Snail graph S,, withn > 3israc(S,) = n + 3;

2. Rainbow Antimagic Connection Number on a coconut root graph CR,,,, withn = 5and m > 2 is
rac(CRym) = m+ 3;

3. Rainbow Antimagic Connection Number on a lotus graph Lo,withn > 2israc(Lo,) = n + 1;

4. The Rainbow Antimagic Connection Number in the fan stalk graph Kt,with n > 2is rac(Kt,) =
n + 1.
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