
          https://doi.org/10.30598/barekengvol17iss4pp1885-1892 

 

December 2023     Volume 17 Issue 4 Page 1885–1892 

P-ISSN: 1978-7227   E-ISSN: 2615-3017 

 

BAREKENG: Journal of Mathematics and Its Applications 

   

1885 
      

 

GENERALIZATION OF VON-NEUMANN REGULAR RINGS TO VON-

NEUMANN REGULAR MODULES 

 Hubbi Muhammad 1*, Sri Wahyuni2  

 
1 Department of Mathematics, Universitas Pamulang PSDKU Serang 

Jl. Raya Jakarta, Km. 5, No. 6, Kalodran, Kec. Walantaka, Kota Serang, Banten, 4218, Indonesia 

2 Department of Mathematics, Gadjah Mada University 

Bulaksumur, Caturtunggal, Depok, Sleman, Yogyakarta, 55281, Indonesia 

Corresponding author’s e-mail: * hubbimuhammad@mail.ugm.ac.id 

 

 
 ABSTRACT 

Article History: 
An element r in a commutative ring R is called regular if there exist s∈R such that rsr=r. Ring 

R is called vN (von-Neumann)-regular ring if every element is regular. Recall that for any ring 

R always can be considered as module over itself. Using the fact, it is natural to generalize the 

definition of vN-regular ring to vN-regular module. Depend on the ways in generalizing there 

will be some different version in defining the vN-regular module. The first who defined the 

concept of regular module is Fieldhouse. Secondly Ramamuthi and Rangaswamy defined the 

concept of strongly regular module of Fieldhouse by giving stronger requirement. Afterward 

Jayaram and Tekir defined the concept of vN-regular module by generalizing the regular 

element in ring to regular element in R-module M. In this paper we investigate the properties 

of each module regular and the linkages between each vN-regular module. 
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1. INTRODUCTION 

Throughout this paper all rings are assumed to be commutative with nonzero identity. In 1936, von-

Neumann [4] introduced the definition of a regular von-Neumann element which is then written as vN-regular 

element. The definition of the vN-regular element is motivated by the unit element, that is, if 𝑎 is a unit 

element, then there is 𝑎−1 such that 𝑎𝑎−1 = 1. It means that 𝑎𝑎−1𝑎 = 𝑎. From that unit element, a definition 

of vN-regular element is formed. Then element 𝑒 ∈ 𝑅 is called idempotent element if fulfill 𝑒2 = 𝑒. And for 

any set that generated by 𝑎 we always denote as 〈𝑎〉. Now, let 𝑅 be a ring, 𝑎 ∈  𝑅 is called a vN-regular 

element if there exist 𝑏 ∈ 𝑅 such that 𝑎 = 𝑎𝑏𝑎. Now, it can be seen that the definition of vN-regular elements 

is a generalization of the definition of unit elements. A ring is called vN-regular if for every element it is a 

vN-regular element. Furthermore, since each ring can be viewed as a module on its own, it is possible to 

generalize the definition of a vN-regular ring to a vN-regular module. The generalization of vN-regular ring 
to vN-regular module, there is more than one definition which will be discussed later in this paper.  

In 1969, Fieldhouse [4] introduced the generalization of the vN-regular ring, namely as F-vN regular 

module. A module 𝑀 over ring 𝑅 is called a F-vN regular module if for every submodule 𝑁 in 𝑀, 𝑟𝑀 ∩ 𝑁 =
𝑟𝑁 for any 𝑟 ∈ 𝑅. Furthermore, Rawamurthi and Rangaswary [7] also defined the definition of vN-regular 

module which will called as RR-vN regular module. A module 𝑀 over R is called RR-vN regular module if 

for any submodule in M is strongly pure, that is 𝑁 is called strongly pure submodule in 𝑀 if for any 𝑎 ∈ 𝑁 

there is 𝑅-homomorphism 𝑓: 𝑀 → 𝑁 such that 𝑓(𝑎) = 𝑎. Whereas, Jayaram and Tekir [5] in forming the 
vN-regular module definition firstly defining the definition of 𝑀-vN regular element. Let 𝑀 be a module of 

𝑅, then 𝑎 ∈ 𝑅 is called a 𝑀-vN regular if 𝑎𝑀 = 𝑎2𝑀. If for every 𝑚 ∈ 𝑀 there exist  𝑀-vN regular element 

such that 𝑅𝑚 = 𝑎𝑀 then 𝑀 is called JT-vN regular module. And for the last, Anderson, et al [2] introduces 

a new definition of vN-regular modules by weakening the requirements of vN-regular modules defined by 

Jayaram. Furthermore, he is also describing the relationship between each of the four vN-regular modules 

that have been defined. 

This paper will explain in more detail the proofs of the properties that had been proven before. 

According to Adam et al (2022), if 𝑀 is a finitely generated module over ring 𝑅 then module 𝑀 is a regular 

JT-vN module if and only if 𝑀 is a strong duo reduced multiplication module. The consequence of this 

property is that a ring is vN-regular ring if and only if it is a strongly reduced duo ring. We also using [11]–

[14] for help us to prove the properties. Furthermore, we give a new property that is the linkages between JT-

vN regular and total quotient of module. 

2. RESULTS AND DISCUSSION 

Firstly, we will introduce the definition and some properties of von-Neumann regular ring. Element 

𝑎 ∈ 𝑅 is called vN-regular element if there exists 𝑏 ∈ 𝑅 such that 𝑎𝑏𝑎 = 𝑎. It is clear if 𝑎 is unit in ring 𝑅 

then a is vN-regular element because there exist 𝑏 such that 𝑎𝑏 =  1 which means 𝑎𝑏𝑎 = 𝑎. Ring 𝑅 is called 

ring vN-regular if every element is a vN-regular element. Based on [8] also we have Propositions 1, 2, and 3. 

Proposition 1. [8] Let 𝑝 be idempotent element in ring 𝑅 then for any 𝑎 ∈ 〈𝑝〉, 𝑎 = 𝑝𝑎. 

Proof. It is clear that 𝑝𝑎 ∈ 〈𝑝〉. Since 𝑎 ∈ 〈𝑝〉 there exist 𝑟 ∈ 𝑅 such that 𝑎 = 𝑝𝑟. Then we have,  

𝑝𝑎 = 𝑝𝑝𝑟 = 𝑝2𝑟 = 𝑝𝑟 = 𝑎. 

Proposition 2. [8] An element 𝑎 in ring 𝑅 is vN-regular element if and only if there exists idempotent element 

𝑝 such that 〈𝑎〉 = 〈𝑝〉. 

Proof. Because of 〈𝑝〉  = 〈𝑎〉 then 𝑝 ∈  〈𝑎〉, it means there exist 𝑥 ∈  𝑅 such that 𝑝 =  𝑎𝑥. On the other hand, 

we also had the fact that 𝑝 is idempotent element, it means 𝑝2 = 𝑝. So 𝑝2 = (𝑎𝑥)2 = 𝑎𝑥𝑎𝑥 =  𝑝 =  𝑎𝑥. 

According to Proposition 1 𝑎 ∈  〈𝑝〉 implies that 𝑎 = 𝑝𝑎 = 𝑎𝑥𝑎. Furthermore, assume for any 𝑎 ∈ 𝑅 there 

exist 𝑥 ∈ 𝑅 such that 𝑎𝑥𝑎 = 𝑎 with 𝑝 = 𝑎𝑥, then for any 𝑠 ∈  〈𝑎〉, can be written as 𝑠 =  𝑎𝑟1 for some   𝑟1 ∈
𝑅. And we have 𝑠 = 𝑎𝑟1 = (𝑎𝑥𝑎)𝑟1 = (𝑝𝑎)𝑟1 =  𝑝𝑠, so 𝑠 ∈ (𝑝) it means (𝑎) ⊆ (𝑝). With the similiar way 

it’s easy to see (𝑝) ⊆ (𝑎).  

Proposition 3. [8] Element 𝑎 in ring 𝑅 is vN-regular if and only if 〈𝑎〉 = 〈𝑎2〉. 
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Proof. Let 𝑎 ∈ 𝑅 be a vN-regular element, then there exist 𝑥 ∈ 𝑅 such that 𝑎𝑥𝑎 = 𝑎. For any 𝑝 ∈ 〈𝑎〉 ⊆  𝑅 

there exist 𝑟 ∈ 𝑅 such that 𝑝 = 𝑎𝑟. We get 𝑝 = 𝑎𝑟 = 𝑎𝑥𝑎𝑟 = 𝑎2𝑥𝑟 ∈ 〈𝑎2〉, so 〈𝑎〉 ⊆ 〈𝑎2〉. And it’s clear if 

〈𝑎2〉  ⊆ 〈𝑎〉. So, we can conclude that 〈𝑎2〉 = 〈𝑎〉. To prove the otherwise assume that 〈𝑎2〉 = 〈𝑎〉. It is clear 

that if 𝑎 ∈ 〈𝑎〉, so there exist 𝑟 ∈ 𝑅 such that 𝑎 = 𝑎2𝑟 = 𝑎𝑎𝑟 = 𝑎𝑟𝑎. It’s proven that 𝑎 is vN-regular element.  

2.1 Von-Neumann Regular Module 

In this part we began to discuss about the definition and some basic properties of von-Neumann regular 

module. 

Definition 1. [7] Submodule 𝑵 of 𝑴 over ring 𝑹 is called pure submodule if 𝒓𝑴 ∩ 𝑵 = 𝒓𝑵 for any 𝒓 ∈ 𝑹. 

Example 1. Let ℝ𝟐 be an ℝ-module then 𝑵 = {(𝒂, 𝟎)|𝒂 ∈ ℝ} is a pure submodule of module ℝ𝟐. 

Definition 2. [4] Let 𝑀 be 𝑅-module. Then 𝑀 is called F (Fieldhouse)-vN regular module if every submodule 

in 𝑀 is pure submodule. 

Example 2. Ring 𝑅 is vN-regular if and only if 𝑅 is F-vN regular as 𝑅-module. For any 𝑎 ∈ 𝑅tehere exist 

𝑏 ∈ 𝑅 such that 𝑎𝑏𝑎 = 𝑎. Let 𝑁 be submodule in 𝑅-modul 𝑅. If 𝑥 ∈ 𝑎𝑅 ∩ 𝑁 then 𝑥 = 𝑎𝑟 = 𝑛 for some 𝑟 ∈
𝑅 and 𝑛 ∈ 𝑁 . Based on that fact we have 𝑥 = 𝑎𝑟 = (𝑎𝑏𝑎)𝑟 = 𝑎𝑏(𝑎𝑟) = 𝑎𝑏𝑛 ∈ 𝑎𝑁 and it’s clear if 𝑎𝑁 ⊆
𝑎𝑅 ∩ 𝑁. It means that 𝑎𝑅 ∩ 𝑁 = 𝑎𝑁. We proved that 𝑅 is F-vN regular as 𝑅-module. For the otherwise we 

assume that 𝑅 is F-vN regular as 𝑅-module. For any 𝑎 ∈ 𝑅 it’s clear that 𝑎𝑅 is submodule in 𝑅. It means 

that 𝑎𝑅 ∩ 𝑎𝑅 = 𝑎2𝑅. According to Proposition 3 𝑎 ∈ 𝑅 is vN-regular in 𝑅. Finally, we conclude that 𝑅 is 

vN-regular ring. 

Definition 3. [7] Submodule 𝑁 of 𝑀 over ring 𝑅 is called strongly pure submodule if for any 𝑛 ∈ 𝑁 there 

exist 𝑅-homomorphisme 𝑓: 𝑀 → 𝑁 such that 𝑓(𝑛) = 𝑛. 

Definition 4. [7] Let 𝑀 be 𝑅-module. Module 𝑀 is called RR (Ramamuthi and Rangaswamy)-vN regular 

module if every submodule in 𝑀 is strongly pure submodule. 

According to Proposition 3, an element 𝑎 in ring 𝑅 vN-regular if and only if 𝑎𝑅 = 𝑎2𝑅.  Using that 

fact, Jayaram and Tekir (2018) defined the generalize of element vN-regular as follows: 

Definition 5. [5] Let 𝑀 be an 𝑅-module, then 𝑎 ∈ 𝑅 is called M-vn regular if 𝑎𝑀 = 𝑎2𝑀. 

Notice that if 𝑅 is a vN-regular ring then for every 𝑎 ∈ 𝑅 there is always an element 𝑏 such that 𝑅𝑎 =
𝑎𝑅 = 𝑏𝑅. The existence of 𝑏 can be guaranteed because atleast there is 𝑏 = 𝑎. On the other hand, 𝑏 must be 

a vN-regular element. Furthermore, we know that if 𝑏 is a vN-regular element, then 𝑏𝑅 = 𝑏2𝑅, so that 𝑅𝑎 =
𝑏𝑅 = 𝑏2𝑅. Based on this fact Jayaram and Tekir (2018) defined the generalize definition of the vn regular 

module as follows. 

Definition 6. [5] Let 𝑀 be a module over ring 𝑅, then 𝑀 is called as JT (Jayaram and Tekir)-vN regular 

module if for every 𝑚 ∈ 𝑀 there exist element 𝑀-vN regular 𝑎 ∈ 𝑅 such that 𝑅𝑚 = 𝑎𝑀 

We give some example of module JT-vN regular. 

Example 3. Every simple 𝑅-module M is 𝐽𝑇 − 𝑣𝑁 regular. Let 𝑚 ∈ 𝑀, then 𝑅𝑚 𝑅𝑚 =  {0}  =  0𝑀 or 

𝑅𝑚 =  𝑀 =  1𝑀. On the other hand, we have 0M =  02M and 1M =  12M, It means that 0 and 1 is M-vN 

regular. So M must be JT-vN regular module. 

Example 4. Let (𝐺, +) be abelian group with prime number order 𝑝. It’s clear that 𝐺 is module over ring ℤ. 

On the other hand, we also know that 𝐺 is cyclic group with order 𝑝. Let 𝐺 =  〈𝑔〉 then there exist 

isomorphism f ∶  G → ℤp with 𝑓(𝑔) = 1. We know that ℤp is a simple module over ℤ. So ℤpis JT-vN regular 

ℤ-module, and we conclude that G also JT-vN regular ℤ-module.  

Example 5. Let 𝑅 be a ring and 𝑃 is maximal ideal in 𝑅. It is clear that 𝑀 = 𝑅/𝑃 is R-module. And now we 

will show that M is JT-vN regular R-module. We know that if M is a field. Then all of the ideal in M only 0 

and itself. It means that if we consider M as a module then submodule in M is only 0 and M itself. Based on 

that fact we proved that M is simple module which mean M is JT-vN regular R-module. 

Now we introduce the weakening definition of JT-vN regular module that is Anderson et al. (2019) 

vN-regular module version. In this paper we will call Anderson et al. (2019) vN-regular module version with 

ASJ (Anderson, Sangmin, Juett)-vN regular module. 
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Definition 7. [2] Module 𝑀 over 𝑅 is called ASJ-vN regular if every element in 𝑅 is 𝑀-vN regular. 

Example 6. Boolean ring is ASJ-vN regular module over itself. 

Let 𝑀 be an 𝑅-module. According to [6], 𝑀 is called multiplication module if for any submodule 𝑁 in 

𝑀 there exist ideal 𝐼 in 𝑅 such that 𝑁 = 𝐼𝑀. Also, 𝑍𝑅(𝑀) = {𝑟 ∈ 𝑅|𝑟𝑚 = 0 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 0 ≠ 𝑚 ∈ 𝑀} will be 

denotes as the set of zero divisor of 𝑅 on 𝑀. Furthermore, if 𝑁, 𝐾 is submodules of 𝑀 then the ideal {𝑎 ∈
𝑅|𝑎𝐾 ⊆ 𝑁} will denoted as (𝑁: 𝐾). It’s clear that (0: 𝑀) = {𝑎 ∈ 𝑅|𝑎𝑀 ⊆ 0} is annihilator of 𝑀. Now, let 

𝑒 ∈ 𝑅 be idempotent element then we have 𝑒 = 𝑒2 which mean 𝑒 − 𝑒2 = 0. So, we have 𝑒 − 𝑒2 ∈ (0: 𝑀). 

But for the otherwise it’s not always true. For the example let 𝑀 = ℤ4 be a module over ℤ, then 4 − 42 =
−12 ∈ (0: 𝑍4) but 4 ≠ 42 ∈ ℤ. Based on that explanation, a definition of the weak idempotent element can 

be constructed. 

Definition 8. [5] Let 𝑀 be 𝑅-module, then 𝑒 ∈ 𝑅 is called weak idempotent if 𝑒 − 𝑒2 ∈ (0: 𝑀). 

Definition 9. [5] 𝑅-module 𝑀 is called distributive colon if (𝑁: 𝑀) + (𝐾: 𝑀) = (𝑁 + 𝐾: 𝑀) for any 

submodule 𝑁, 𝐾 in 𝑀 

Definition 10. [5] Ideal 𝐼 and 𝐽 in 𝑅 is called complemented if 𝐼 ∩ 𝐽 = 0 and 𝐼 + 𝐽 = 𝑅. Similarly, Submodule 

𝑁1, 𝑁2 in 𝑅-module 𝑀 is called complemented if 𝑁1 ∩ 𝑁2 = 0 and 𝑁1 + 𝑁2 = 𝑀. 

We denote all ideals of ring 𝑅 as 𝐿(𝑅) and all submodules of 𝑀 𝑅-module as 𝐿𝑅(𝑀). In this section 

we give some properties of each vN-regular module version. And also, we prove the main theorem that we 

will discuss in this paper. 

2.2 The Properties of vN-regular Module 

Proposition 4. [5] Let 𝑀 be an 𝑅-module. If 𝑒 ∈ 𝑅 is weak idempotent then 𝑒 is 𝑀-vN regular. 

Proof. (𝑒 − 𝑒2) ∈ (0: 𝑀) ⇒ (𝑒 − 𝑒2)𝑚 = 0 for all 𝑚 ∈ 𝑀. It implies 𝑒𝑚 = 𝑒2𝑚 for all 𝑚 ∈ 𝑀, then we 

have 𝑒𝑀 = 𝑒2𝑀. 

Proposition 5. [5] Let 𝑀 be a multiplication 𝑅-module. If 𝐽(𝑅) is Jacobson radical of 𝑅 then the following 

statement are equivalent 

1. 𝑀 is JT-vN regular and 𝑍𝑅(𝑀) ⊆ 𝐽(𝑅). 

2. 𝑀 is trivial or 𝑅 is quasi local and 𝑀 is simple. 

Proof. 

1. If 𝑀 trivial then it’s clear. Now, assume that 𝑀 is not trivial and 𝑀 is JT-vN regular. Let 0 ≠ 𝑚 ∈
𝑀. Since 𝑀 is JT-vN regular then 𝑅𝑚 = 𝑎𝑀 = 𝑎2𝑀 for some 𝑎 ∈ 𝑅. Note that 𝑅𝑚 = 𝑎𝑀 = 𝑎2𝑀 =
𝑎(𝑎𝑀) = 𝑎(𝑅𝑚) = (𝑅𝑎)𝑚. Hence (𝑅 − 𝑅𝑎)𝑚 = 0 which mean (𝑅 − 𝑅𝑎) ⊆ 𝐴𝑛𝑛(𝑚). Based on 

that fact we have 𝑅 ⊆ 𝐴𝑛𝑛(𝑚) + 𝑅𝑎 that implies 𝑅 = 𝐴𝑛𝑛(𝑚) + 𝑅𝑎. On the other hand, we know 

that 𝐴𝑛𝑛(𝑚) ⊆ 𝑍𝑅(𝑀) ⊆ 𝐽(𝑅). Consequently 𝑅 = 𝑅𝑎 that implies 𝑅𝑚 = 𝑀 whch mean 𝑀 is 

simple. Since 𝑎𝑛𝑛(𝑚) is maximal ideal and fulfill 𝐴𝑛𝑛(𝑚) ⊆ 𝑍𝑅(𝑀) ⊆ 𝐽(𝑅) then 𝑅 must be quasi 

local.  

2. To prove the other way is obvious by Example 3. 

Proposition 6. [2] Let 𝑀 be an 𝑅-module. If 𝑅 is vN-regular ring then 𝑀 is F-vN regular module. 

Proof. Let 𝑁 be a submodule in 𝑀 and 𝑟 ∈ 𝑅. We will show that 𝑟𝑀 ∩ 𝑁 = 𝑟𝑁. Let 𝑥 ∈ 𝑟𝑀 ∩ 𝑁 then 𝑥 =
𝑟𝑚 = 𝑛 for some 𝑚 ∈ 𝑀 and 𝑛 ∈ 𝑁. Since 𝑅 is a vN-regular ring then there exist 𝑠 ∈ 𝑅 such that 𝑟𝑠𝑟 = 𝑟. 

Therefore 𝑟𝑠𝑛 = 𝑟𝑠(𝑟𝑚) = (𝑟𝑠𝑟)𝑚 = 𝑟𝑚 = 𝑛. Clearly that 𝑠𝑛 ∈ 𝑁, which mean 𝑟(𝑠𝑛) ∈ 𝑟𝑁. On the other 

hand, it’s obvious if 𝑟𝑁 ⊆ 𝑟𝑀 ∩ 𝑁. So, we proved that 𝑟𝑀 ∩ 𝑁 = 𝑟𝑁. 

The converse of Proposition 6 is not always true, for the example: 

Example 7. Module ℤ6 over ℤ is F-vN regular because of any submodule in M is pure but there is no r ∈ ℤ 

that fulfill 2. r. 2 = 2 ∈ ℤ. This mean ℤ6 is F-vN regular module but ℤ is not vN-regular ring. 

Proposition 7. [5] Let 𝑀1, 𝑀2 be 𝑅-module and 𝑓 ∈ 𝐻𝑜𝑚𝑅(𝑀1, 𝑀2). If 𝑀1 is JT-vN regular module then 

𝐼𝑚(𝑓) is also JT-vN regular module. 

Proof. For any 𝑚′ ∈ 𝐼𝑚(𝑓) there exist 𝑚 ∈ 𝑀 such that 𝑚′ = 𝑓 (𝑚). Because of 𝑀1 is JT-vN regular module 

then there exist 𝑀-vN regular element 𝑎 ∈ 𝑅 such that 𝑅𝑚′ = 𝑅(𝑓(𝑚)) = 𝑓(𝑅𝑚) = 𝑓(𝑎𝑀) = 𝑓(𝑎2𝑀). 
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Based on that fact then we have 𝑅𝑚′  𝑎𝑓(𝑀 ) = 𝑎(𝐼𝑚(𝑓)) = 𝑎2(𝑓(𝑀)) = 𝑎2(𝐼𝑚(𝑓)). Hence, we proved 

that properties. 

Corollary 1. [5] If 𝑀 is JT-vN regular 𝑅-module, and 𝑁 is submodule of 𝑀. Then module quotient 𝑀/𝑁 is 

also JT-vN regular module. 

Furthermore, we give the necessary and sufficient condition an element is 𝑀-vN regular element. 

Lemma 1. [5] Let 𝑀 be finitely generated 𝑅-module. An element 𝑎 ∈ 𝑅 is 𝑀-vN regular if and only if 〈𝑎〉 +
(0: 𝑀) = 〈𝑎2〉 + (0: 𝑀) 

Proof. If 𝑎 ∈ 𝑅 is 𝑀-vN regular, then 𝑎𝑀 =  𝑎2𝑀. It implies that 〈𝑎〉𝑀 = 〈𝑎〉〈𝑎〉𝑀. Because of 𝑀 is finitely 

generated module then 〈𝑎〉𝑀 is also finitely generated module. According to [3, Corollary 2.5] then we have 

(1 +  𝑟𝑎)〈𝑎〉𝑀 = 0 for some 𝑟 ∈ 𝑅. It means (𝑎 +  𝑟𝑎2)(𝑚) = 0 for any 𝑚 ∈ 𝑀. Based on that fact we 

have there exist 𝑟1 ∈ (0: 𝑀) such that 𝑎 + 𝑟𝑎2 = 𝑟1 ⇒ 𝑎 = −𝑟𝑎2 + 𝑟1 and implies 〈𝑎〉 + (0: 𝑀) ⊆ 〈𝑎2〉 +
(0: 𝑀). On the other hand, it’s clear that 〈𝑎2〉 + (0: 𝑀) ⊆ 〈𝑎〉 + (0: 𝑀). Then finally we have 〈𝑎〉 + (0: 𝑀) =
〈𝑎2〉 + (0: 𝑀). For the otherwise we assume that 〈𝑎〉 + (0: 𝑀) = 〈𝑎〉 + (0: 𝑀). Then there exist 𝑟1 ∈ 𝑅 and 

𝑚 ∈ (0: 𝑀) such that 𝑎 = 𝑎2𝑟1 + 𝑚. It means 𝑎𝑀 = (𝑎2𝑟1 + 𝑚)𝑀 = 𝑎2𝑟1𝑀 ⊆ 𝑎2𝑀. On the other hand, it’s 

clear that we have this implication 𝑎2𝑀 ⊆ 𝑎𝑀. So, we proved that 𝑎𝑀 = 𝑎2𝑀 or 𝑎 is 𝑀-vN regular. 

Lemma 2. [5] If 𝑀 is finitely generated 𝑅-module. Then 𝑎 ∈ 𝑅 is 𝑀-vN regular if and only if 𝑎𝑀 = 𝑒𝑀 for 

some weak idempotent element 𝑒 ∈ 𝑅. 

Proof. Let 𝑎 ∈ 𝑅 be a 𝑀-vN regular. Then 𝑎𝑀 = 𝑎2𝑀, based on Lemma we have  〈𝑎〉 + (0: 𝑀) = 〈𝑎2〉 +
(0: 𝑀). It’s clear that 𝑎 ∈ 〈𝑎〉 + (0: 𝑀), so there exist 𝑟 ∈ 𝑅 and 𝑟1 ∈ (0: 𝑀) such that 𝑎 = 𝑎2𝑟 + 𝑟1. Let 𝑒 =
𝑎𝑟 then we have 𝑒 − 𝑒2 = 𝑎𝑟 − 𝑎2𝑟2 = 𝑟1𝑟 ∈ (0: 𝑀). It means 𝑒 is weak idempotent element. Because of 

𝑒 = 𝑎𝑟 so it’s clear that 〈𝑒〉 ⊆ 〈𝑎〉 it implies 〈𝑒〉 + (0: 𝑀) ⊆ 〈𝑎〉 + (0: 𝑀). On the other hand, we also have 

𝑎 = 𝑎2𝑟 + 𝑟1 = 𝑎(𝑎𝑟) + 𝑟1 = 𝑎𝑒 + 𝑟1 = 𝑒𝑎 + 𝑟1. It implies that 〈𝑎〉 + (0: 𝑀) ⊆ 〈𝑒〉 + (0: 𝑀).  So, we have 
〈𝑎〉 + (0: 𝑀) = 〈𝑒〉 + (0: 𝑀) ⇒ 〈𝑎〉𝑀 + (0: 𝑀)𝑀 = 〈𝑎〉𝑀 = 〈𝑒〉𝑀 + (0: 𝑀)𝑀 = 〈𝑒〉𝑀. And it implies 

𝑒𝑀 = 𝑎𝑀. For the otherwise we assume that 𝑎𝑀 = 𝑒𝑀 for some weak idempotent 𝑒 ∈  𝑅. Because of 𝑒 ∈ 𝑅 

is weak idempotent then 𝑒 − 𝑒2 ∈ (0: 𝑀) ⇔ (𝑒 − 𝑒2)𝑀 = 0 ⇔ 𝑒𝑀 = 𝑒2𝑀. So, 𝑎𝑀 = 𝑒𝑀 = 𝑒2𝑀 =
𝑒(𝑎𝑀) = 𝑎(𝑒𝑀) = 𝑎(𝑎𝑀) = 𝑎2𝑀. It means that 𝑎 is 𝑀-vN regular element. 

Lemma 3. [5] If 𝑀 is finitely generated 𝑅-module then these statements are equivalent: 

1. 𝑅/(0: 𝑀) is vN-regular ring. 

2. Every element in 𝑅 is 𝑀-vN regular. 

3. 𝐼𝑀 ∩ 𝐽𝑀 = 𝐼𝐽𝑀 for any 𝐼, 𝐽 ∈ 𝐿(𝑅). 

4. 𝐼𝑀 = 𝐼𝐼𝑀 = 𝐼2𝑀, for any 𝐼 ∈ 𝐿(𝑅). 

5. Every submodule in 𝑀 is pure submodule. 

Proof.  

1. Because of 𝑅/(0: 𝑀) is vN-regular ring, for any 𝑎 ∈ 𝑅 there exist 𝑥 ∈ 𝑅 such that  �̅� = 𝑎𝑥𝑎̅̅ ̅̅ ̅ = 𝑎2𝑥̅̅ ̅̅ ̅. 

It means that �̅� − 𝑎2𝑥̅̅ ̅̅ ̅ = 0̅ ∈ 𝑅/(0: 𝑀) then implies 𝑎 − 𝑎2𝑥 ∈ (0: 𝑀). Furthermore, because of 𝑎 −
𝑎2𝑥 ∈ (0: 𝑀) then we have 𝑎𝑀 + (0: 𝑀)𝑀 = 𝑎𝑀 = 𝑎2𝑥𝑀 + (0: 𝑀)𝑀 = 𝑎2𝑥𝑀 ⊆ 𝑎2𝑀. On the 

other hand, it’s clear that if 𝑎2𝑀 ⊆ 𝑎𝑀 so we have 𝑎𝑀 = 𝑎2𝑀. And we already proved that 𝑎 ∈ 𝑅 

is 𝑀-vN regular. Now, we will prove statement 1 by statement 2. We assume that every element in 

𝑅 is 𝑀-vN regular. Let 𝑎 ∈ 𝑅, since 𝑎 is 𝑀-vN regular then we have 𝑎𝑀 = 𝑎2𝑀. Based on Lemma 

1 then we have 〈𝑎〉 + (0: 𝑀) = 〈𝑎2〉 + (0: 𝑀). Consequently, there exist 𝑟 ∈ 𝑅 and 𝑟1 ∈ 𝑅 such that 

𝑎 = 𝑎2𝑟 + 𝑟1𝑎 ⇔ 𝑎 − 𝑎2𝑟 = 𝑟1 ∈ (0: 𝑀). Since 𝑎 − 𝑎2𝑟 = 𝑟1 ∈ (0: 𝑀) then we have �̅� = 𝑎2𝑟̅̅ ̅̅ ̅ ∈
𝑅/(0: 𝑀). Hence, quotient ring 𝑅/(0: 𝑀) is vN-regular ring.  

2. We will prove statement 3 by statement 1. Let 𝐼, 𝐽 ∈ 𝐿(𝑅). It’s obvious if 𝐼𝐽𝑀 ⊆ 𝐼𝑀 and 𝐼𝐽𝑀 ⊆ 𝐽𝑀 

hence 𝐼𝐽𝑀 ⊆ 𝐼𝑀 ∩ 𝐽𝑀. Now we will prove it, if 𝐼𝑀 ∩ 𝐽𝑀 ⊆ 𝐼𝐽𝑀. According to [9, Corollary 1.7] 

we have 𝐼𝑀 ∩ 𝐽𝑀 = ((𝐼 + (0: 𝑀)) ∩ (𝐽 + (0: 𝑀))) 𝑀. Let 𝑎 ∈ (𝐼 + (0: 𝑀)) ∩ (𝐽 + (0: 𝑀)) then 

there exists 𝑎1 ∈ 𝐼, 𝑏1 ∈ 𝐽 and 𝑟1, 𝑟2 ∈ (0: 𝑀) such that 𝑎 = 𝑎1 + 𝑟1 = 𝑏1 + 𝑟2. It means that 𝑎2 =
(𝑎1 + 𝑟1)(𝑏1 + 𝑟2) = 𝑎1𝑏1 + 𝑎1𝑟2 + 𝑏1𝑟1 + 𝑟1𝑟2 ∈ 𝐼𝐽 + (0: 𝑀). Based on assumption, 𝑅/(0: 𝑀) is 

vN-regular ring. It implies that 〈𝑎〉 + (0: 𝑀) = 〈𝑎2〉 + (0: 𝑀). Consequently, we have 𝑎 ∈ 〈𝑎〉 +
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(0: 𝑀) = 〈𝑎2〉 + (0: 𝑀) ⊆ 𝐼𝐽 + (0: 𝑀). Furthermore, we also have (𝐼 + (0: 𝑀)) ∩ (𝐽 + (0: 𝑀)) ⊆

𝐼𝐽 + (0: 𝑀) thus 𝐼𝑀 ∩ 𝐽𝑀 ⊆ 𝐼𝐽𝑀. So, we proved that 𝐼𝑀 ∩ 𝐽𝑀 = 𝐼𝐽𝑀. 

3. It is easy to see that 𝐼𝑚 = 𝐼𝑚 ∩ 𝐼𝑚 = 𝐼𝐼𝑀 = 𝐼2𝑀. So, we have been proven statement 4 by statement 

3. To prove statement 2 by statement 4, Let 𝑎 ∈ 𝑅 then from the assumption we have 〈𝑎〉𝑀 =
〈𝑎〉〈𝑎〉𝑀,  hence 𝑎𝑀 = 𝑎2𝑀. It means 𝑎 ∈ 𝑅 is 𝑀-vN regular element. Next, we prove statement 5 

by statement 3. Let 𝑁 be a submodule in 𝑀 and 𝑎 ∈ 𝑅. Since 𝑀 is multiplication submodule then 

according to description of proof [5, Lemma 3] we have 𝑁 = (𝑁: 𝑀)𝑀. Based on the assumption, 

we also have 𝑎𝑀 ∩ 𝑁 = 𝑎𝑀 ∩ (𝑁: 𝑀)𝑀 = 𝑎(𝑁: 𝑀)𝑀 = 𝑎𝑁. Furthermore, we got 𝑎𝑀 ∩ 𝑁 = 𝑎𝑁. 

So, 𝑁 is pure submodule. 

4. Lastly, we prove statement 2 by statement 5. Let 𝑎 ∈ 𝑅, clearly 𝑎𝑀 is a submodule in 𝑀. Based on 

assumption, 𝑎𝑀 is pure submodule. It means that 𝑎𝑀 = 𝑎𝑀 ∩ 𝑎𝑀 = 𝑎(𝑎𝑀) = 𝑎2𝑀. So, we prove 

that 𝑎 ∈ 𝑅 is M-vN regular element. By description above we have proving 1 ⇒ 2, 2 ⇒ 1, 1 ⇒
3, 3 ⇒ 4, 4 ⇒ 2, 3 ⇒ 5, 5 ⇒ 2 and it means we already proven Lemma 3. 

Now we ready to prove the main theorem about JT-vN regular modules. 

Theorem 1. [5] If 𝑀 is finitely generated 𝑅-module then these statements are equivalent: 

1. 𝑀 is JT-vN regular module. 

2. 𝑀 is multiplication module and satisfies of any conditions of Lemma 3. 

3. 𝑀 is colon distributive, and 𝑅𝑚 has complement in 𝐿𝑅(𝑀) for any 𝑚 ∈ 𝑀. 

4. Every submodule in 𝑀 is JT-vN regular module. 

Proof.  

1. Let 𝑚 ∈ 𝑀. Since 𝑀 is JT-vN regular module, then there exists 𝑀-vN regular 𝑎 ∈ 𝑅 such that 𝑅𝑚 =
𝑎𝑀. Consequently, 𝑅𝑚 = 〈𝑎〉𝑀. According to [9, Proposition 1.1] and [5. Lemma 6] 𝑀 is 

multiplication module and quotient ring 𝑅/(0: 𝑀) is vN-regular ring. So, we conclude that statement 

2 are true. Now we will prove statement 1 by statement 2. According to Lemma 3 quotient ring 

𝑅/(0: 𝑀) is vN-regular ring. According to the assumption, 𝑀 is multiplication module. Then by [5, 

Lemma 7] we finally conclude that 𝑀 is JT-vN regular module. 

2. We will be proving statement 3 by statement 1. Based on Lemma 3 and the description of the 

proofing section in [5, Lemma 2 (iii)] clearly that 𝑀 is colon distributive. Now we will prove that 

𝑅𝑚 has complement in 𝐿𝑅(𝑀) for any 𝑚 ∈ 𝑀. Let 𝑚 ∈ 𝑀. Since  𝑀 is JT-vN regular module then 

there exist 𝑀-vN regular 𝑎 ∈ 𝑅 such that 𝑅𝑚 = 𝑎𝑀. Based on Lemma 2 there exists weak 

idempotent 𝑒 ∈ 𝑅 that fulfill 𝑅𝑚 = 𝑎𝑀 = 𝑒𝑀. Furthermore, according to [5, Lemma 1] 𝑒𝑀 = 𝑅𝑚 

has complement in 𝐿𝑅(𝑀). 

3. To prove statement 1 by statement 3, let 𝑚 ∈ 𝑀. Since 𝑅𝑚 has complement in 𝑀 then by [5, Lemma 

3] there exist weak idempotent 𝑒 ∈ 𝑅 such that 𝑅𝑚 = 𝑒𝑀. Furthermore, by Lemma 2 there exist 𝑀-

vN regular element 𝑎 ∈ 𝑅 such that 𝑅𝑚 = 𝑒𝑀 = 𝑎𝑀. Finally, we proved that 𝑀 is JT-vN regular. 

4. Next, we proved statement 4 by statement 1. Let 𝑁 be a submodule in 𝑀. According to [5, Lemma 

6], quotient ring 𝑅/(0: 𝑀) is vn-regular ring. Hence by Lemma 3 𝑁 is pure submodule. Let 𝑛 ∈ 𝑁, 

since 𝑀 is JT-vN regular module then 𝑅𝑛 = 𝑎𝑀 = 𝑎2𝑀 for some 𝑀-vN regular element 𝑎 ∈ 𝑅. 

Based on that fact we have 𝑎𝑀 ∩ 𝑁 = 𝑅𝑛 ∩ 𝑁 = 𝑅𝑛 and since 𝑁 is pure then 𝑅𝑛 = 𝑅𝑛 ∩ 𝑁 = 𝑎𝑀 ∩
𝑁 = 𝑎𝑁. Therefore, 𝑅𝑛 = 𝑅𝑛 ∩ 𝑁 = 𝑎2𝑀 ∩ 𝑁 = 𝑎2𝑁. It means that 𝑅𝑛 = 𝑎𝑁 = 𝑎2𝑁 or 

equivalently we say that 𝑁 is JT-vN regular module. 

5. Proofing statement 1 by statement 4 is obvious from the assumption. So, we had 1 ⇒ 2, 2 ⇒ 1, 1 ⇒
3, 3 ⇒ 1, 1 ⇒ 4, 4 ⇒ 1. 

Theorem 2. [2] Let 𝑀 be a finitely generated 𝑅-module. Then 𝑀 is JT-vN regular module if and only if 𝑀 is 

F-vN regular module. 

Proof. Since 𝑀 is finitely generated JT-vN regular module, then it’s satisfying of Lemma 3 and Theorem 1. 

Hence every submodule in 𝑀 is pure. So, 𝑀 is F-vN regular module. Again, with the same reason. Since 𝑀 

is finitely generated F-vN regular module then it’s satisfying of Lemma 3 and Theorem 1. So, 𝑀 must be 

JT-vN regular moule. 

 



BAREKENG: J. Math. & App., vol. 17(4), pp. 1885- 1892, December, 2023  1891 

 

Proposition 7. Let 𝑀 be non-trivial torsion free 𝑅-module. If 𝑀 is JT-vN regular then 𝑀 is RR-vN regular. 

Proof. Let 𝑁 be a submodule in 𝑀 and 𝑛 is any element in 𝑁. Since 𝑀 is JT-vN regular then there exist 𝑟 ∈
𝑅 such that 𝑅𝑛 = 𝑟𝑀 = 𝑟2𝑀. By assumption we have (𝑟2 − 𝑟)𝑀 = 0 ⇔ 𝑟2 = 𝑟. Consequently 𝑛 = 1. 𝑛 =
𝑟𝑚1 = 𝑟2𝑚1 for some 𝑚1 ∈ 𝑀. Defined homomorphism 𝑓 from 𝑀 to 𝑁 by 𝑓(𝑚) = 𝑟𝑚. Therefore 𝑓(𝑛) =
𝑓(𝑟𝑚1) = 𝑟𝑓(𝑚1) = 𝑟2𝑚1 = 𝑟𝑚1 = 𝑛. So 𝑁 is strongly pure submodule which is 𝑀 is RR-vN regular 

module. 

In general, we have this implication. 

Theorem 3. [2] Let 𝑀 be 𝑅-module. Then, 

 RR-vN regular module ⇒ F-vN regular module ⇒ ASJ-vN regular module 

Proof. (RR-vN regular ⇒ F-vN regular) Let 𝑀 be RR-vN regular 𝑅-module. It means that every submodule 

in 𝑀 is strongly pure. On the other hand, from [7] we know that every strongly pure submodule is pure 

submodule. Therefore 𝑀 is F-vN regular module. (F-vN regular ⇒ ASJ-modul regular) Let 𝑎 ∈  𝑅. Since 𝑀 

is F-vN regular module then every submodule in 𝑀 is pure submodule. Clearly that 𝑎𝑀 is submodule in 𝑀 

which mean 𝑎𝑀 is also pure submodule. Hence 𝑎𝑀 ∩ 𝑎𝑀 = 𝑎(𝑎𝑀) = 𝑎2𝑀. On the other hand, we have 

𝑎𝑀 ∩ 𝑎𝑀 = 𝑎𝑀. Consequently, 𝑎𝑀 = 𝑎2𝑀. 

Now, according to [1] we have the linkages between JT-vN regular module and reduced module. An 

𝑅-module 𝑀 is called reduced module if for any 𝑀 ∈ 𝑀 and 𝑎 ∈ 𝑅 with 𝑎2𝑚 = 0 implies 𝑎𝑚 = 0. Whereas 

𝑀 is called strongly duo module if 𝑇𝑟(𝑁, 𝑀) = {∑𝐼𝑚(𝑓)|𝑓 ∈ 𝐻𝑜𝑚𝑅(𝑁, 𝑀)} = 𝑁 for any submodule 𝑁 in 

𝑀. 

Lemma 4. [5] If 𝑀 is finitely generated JT-vN regular 𝑅-module then 𝑀 is reduced module. 

Proof. Let 𝑚 ∈ 𝑀 and 𝑎 ∈ 𝑅 with 𝑎2𝑚 = 0. This mean 𝑎2 ∈ (0: 𝑅𝑚). Since 𝑀 is JT-vN regular module 

then there exist M-vN regular element 𝑒 ∈ 𝑅 such that 𝑅𝑚 = 𝑒𝑀. Therefore 𝑎2 ∈ (0: 𝑅𝑚) = (0: 𝑒𝑀). Since 

𝑎2 ∈ (0: 𝑒𝑀) then 𝑎2𝑒𝑚′ = (𝑎2𝑒)𝑚′ = 0 for any 𝑚′ ∈ 𝑀. Hence 𝑎2𝑒 ∈ (0: 𝑀). Based on Lemma 3 and 

Theorem 1. 𝑅/(0: 𝑀) vN-regular ring. So, there exist 𝑟 ∈ 𝑅 such that 𝑎 + (0: 𝑀) = 𝑎2𝑟 + (0: 𝑀) which is 

𝑎 − 𝑎2𝑟 ∈ (0: 𝑀). Since on that fact then we have 𝑒𝑎 = 𝑒𝑎 − 𝑎2𝑟𝑒 + 𝑎2𝑟𝑒 = 𝑒(𝑎 − 𝑎2𝑟) + 𝑟(𝑎2𝑒) ∈
(0: 𝑀). Therefore 𝑒𝑎𝑀 = 𝑎𝑒𝑀 = 𝑎𝑅𝑚 = 0. Consequently 𝑎(1. 𝑚) = 𝑎𝑚 = 0. Finally, we conclude that 𝑀 

is reduced module. 

Theorem 4. [5] If 𝑀 is finitely generated 𝑅-module then 𝑀 is JT-Vn regular if and only if 𝑀 is multiplication 

reduced strongly duo module. 

Proof. Since 𝑀 is finitely generated JT-vn regular then by Lemma 4 𝑀 is reduced module. Again, by 

Theorem 1. 𝑀 is multiplication module. Furthermore, we used [10, Lemma 2.12] to prove 𝑀 is strongly duo 

module. Let 𝑚, 𝑚1 ∈ 𝑀 with 𝐴𝑛𝑛(𝑚) ⊆ 𝐴𝑛𝑛(𝑚1). Since 𝑀 is JT-vN regular then there exist 𝑀-vN regular 

𝑎 ∈ 𝑅 such that 𝑅𝑚 = 𝑎𝑀. Furthermore, based on Lemma 2 there exists weak idempotent 𝑒 ∈ 𝑅 such that 

𝑅𝑚 = 𝑎𝑀 = 𝑒𝑀 = 𝑒2𝑀. Consequently, 𝑚 = 𝑒𝑚2 = 𝑒2𝑚2 for some 𝑚2 ∈ 𝑀. It implies 𝑒𝑚2 − 𝑒2𝑚2 =
(1 − 𝑒)(𝑒𝑚2) = (1 − 𝑒)𝑚 = 0 which mean (1 − 𝑒) ∈ 𝐴𝑛𝑛(𝑚) ⊆ 𝐴𝑛𝑛(𝑚1). Hence 𝑚1 = 𝑚1 − 0 =
𝑚1 − (1 − 𝑒)𝑚1 = 𝑒𝑚1 ∈ 𝑒𝑀 = 𝑅𝑚. We prove that 𝑀 is multiplication reduced strongly duo module. For 

the otherwise, let 𝑎 ∈ 𝑅. If 𝑥 ∈ 𝑎𝑀 then there exist 𝑚 ∈ 𝑀 such that 𝑥 = 𝑎𝑚. Since 𝑀 is reduced module 

then for any 𝑟 ∈ 𝑅 with 𝑟(𝑎2𝑚) = 𝑎2(𝑟𝑚) = 0 always fulfill 𝑎(𝑟𝑚) = 𝑟(𝑎𝑚) = 0. This means 

𝐴𝑛𝑛(𝑎2𝑚) ⊆ 𝐴𝑛𝑛(𝑎𝑚). Since 𝑀 is strongly duo module then by [10, Lemma 2.12] 𝑥 = 𝑎𝑚 ∈ 𝑅(𝑎2𝑚) ⊆
𝑎2𝑀. On the other hand, clearly that 𝑎2𝑀 ⊆ 𝑎𝑀. Therefore 𝑎 ∈ 𝑅 is M-vN regular. Since 𝑀 is multiplication 

module, then by Lemma 3 and Theorem 1, 𝑀 is JT-vN regular module. 

Let us to introduce some noktation. Let 𝑀 be an 𝑅-module. If 𝑆𝑀 = 𝑅\𝑍𝑅(𝑀) then 𝑄𝑅(𝑀) = 𝑆𝑀
−1𝑅 

denotes the total quotient ring of 𝑅 with respect to 𝑀 and 𝑄(𝑀) = 𝑆𝑀
−1𝑀 denotes the total quotient module 

of 𝑀. 

Theorem 5. If 𝑀 is JT-vN regular 𝑅-module then 𝑄(𝑀) is also JT-vN regular module over 𝑄𝑅(𝑀). 

Proof. Let 𝑥 ∈ 𝑄(𝑀), it means there exist 𝑎 ∈ 𝑀 and 𝑏 ∈ 𝑆𝑀 such that 𝑥 =
𝑎

𝑏
. Since 𝑀 is JT-vN regular 𝑅-

module then 𝑅𝑎 = 𝑟𝑀 = 𝑟2𝑀 for some 𝑟 ∈ 𝑅. Also, we know that 𝑎 = 1. 𝑎 ∈ 𝑅𝑎. This means there exists 

𝑚1, 𝑚2 ∈ 𝑀 such that 𝑎 = 𝑟𝑚1 = 𝑟2𝑚2. Let 𝑦 =
𝑟

𝑏
∈ 𝑄𝑅(𝑀). We will show that if 𝑄𝑅(𝑀)𝑥 = 𝑦𝑄(𝑀) =
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𝑦2𝑄(𝑀). For any 𝑢 ∈ 𝑄𝑅(𝑀)𝑥 we have 𝑢 =
𝑡

𝑠
𝑥 =

𝑡

𝑠
·

𝑎

𝑏
=

𝑡𝑎

𝑏𝑠
 for some 𝑡 ∈ 𝑅 and 𝑠 ∈ 𝑆𝑀. Based on this fact, 

we have 𝑢 =
𝑡𝑎

𝑏𝑠
=

𝑟

𝑏
·

𝑡𝑚1

𝑠
= 𝑦

𝑡𝑚1

𝑠
∈  𝑦𝑄(𝑀) and 𝑢 =

𝑡𝑎

𝑏𝑠
=

𝑟2

𝑏2 ·
𝑡𝑚2𝑏

𝑠
= 𝑦2 𝑡𝑚2𝑏

𝑠
 ∈ 𝑦2𝑄(𝑀). So, 𝑄𝑅(𝑀)𝑥 ⊆

𝑦𝑄(𝑀) and 𝑄𝑅(𝑀)𝑥 ⊆ 𝑦2𝑄(𝑀). For the otherwise, let 𝑣1 ∈ 𝑦𝑄(𝑀) and 𝑣2 ∈ 𝑦2𝑄(𝑀). This means 𝑣1 =

𝑦
𝑝1

𝑠1
=

𝑟

𝑏
·

𝑝1

𝑠1
=

𝑟𝑝1

𝑏𝑠1
 and 𝑣2 = 𝑦2 𝑝2

𝑠2
=

𝑟2

𝑏2
·

𝑝2

𝑠2
=

𝑟2𝑝2

𝑏2𝑠2
 for some 𝑝1, 𝑝2 ∈ 𝑀 and 𝑠1, 𝑠2 ∈ 𝑆𝑀. We know that 

𝑟𝑝1 ∈ 𝑟𝑀 and 𝑟2𝑝2 ∈ 𝑟2𝑀 hence there exist 𝑟1, 𝑟2 ∈ 𝑅 such that 𝑎𝑟1 = 𝑟𝑝1 and 𝑎𝑟2 = 𝑟2𝑝2. Therefore 𝑣1 =
𝑟𝑝1

𝑏𝑠1
=

𝑎𝑟1

𝑏𝑠1
=

𝑟1

𝑠1
·

𝑎

𝑏
∈ 𝑄𝑅(𝑀)𝑥 and 𝑣2 =

𝑟2𝑝2

𝑏2𝑠2
=

𝑎𝑟2

𝑏2𝑠2
=

𝑟2

𝑏𝑠2
·

𝑎

𝑏
∈ 𝑄𝑅(𝑀)𝑥. Moreover, we proved that 

𝑄𝑅(𝑀)𝑥 = 𝑦𝑄(𝑀) = 𝑦2𝑄(𝑀) which mean 𝑄(𝑀) is JT-vN regular 𝑄𝑅(𝑀)-module. 

3. CONCLUSIONS 

According to the description above, we know that the definition of von-Neumann regular module can 

be constructed from von-Neumann regular ring. Depending on the way the construction, it can have a 

different definition. It will be interesting in the future if there is a new definition of von-Neumann regular 

module, and it should be linkages between all of the definition of von-Neumann regular module. 
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