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ABSTRACT

Dengue hemorrhagic fever (DHF) is an acute febrile disease caused by the dengue virus, which
is transmitted by various species of Aedes mosquitoes. The SEIR model is a mathematical model
Received: 29" April 2023 for studying the spread of dengue fever. In this model, it is assumed that some mosquito eggs
Revised: 10" August 2023 have been infected because infected mosquitoes can transmit the virus to their eggs. The main
Accepted: 18™ August 2023 vector of this disease is the Aedes albopictus mosquito. Analysis was carried out to assess the
stability of the equilibrium point, and numerical simulations were carried out to see changes in
population numbers due to changes in parameter values. A disease-free equilibrium (DFE)
point, which is stable given the basic reproductive number R, < 1. An endemic point whose
stability is guaranteed if the value R, > 1. The numerical simulations show that an increasing
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1. INTRODUCTION

Dengue Hemorrhagic Fever (DHF) is an acute febrile illness caused by the dengue virus. This virus
has four virus serotypes, namely Dengue I-1V [1]-[3]. Dengue virus is transmitted by various species of
Aedes mosquitoes. This mosquito is a very effective vector due to the association of mosquitoes with human
life. Also, biting and blood sucking behavior in some people by an adult female mosquito. Thus, it is so easy
for this disease to become an epidemic in the human population.

Dengue fever is common in Indonesia. There have been four recorded extraordinary events, namely in
1988, 1998, 2004 and 2006. The WHO estimates that around 2.5 billion people worldwide are at risk of
dengue [4]. With these facts, the DHF epidemic control program is a top priority for WHO and the Indonesian
Ministry of Health.

Since 1962, the prevention of dengue epidemics has focused on the eradication of mosquitoes carrying
the dengue virus. However, we understand that efforts to control the dengue epidemic in Indonesia are still
far from satisfactory. Various obstacles such as low amount of government budget for epidemic control,
limited infrastructure and lack of data and information are the major causes for our delay in preventing and
controlling this epidemic.

Mathematical modeling can help understand and identify the relationship between the spread of DHF
and various epidemiological parameters. Among the mathematical models are the Susceptible-Infected-
Recovered (SIR) model and the Susceptible-Exposed-Infected-Recovered (SEIR) model. This article
discusses the SEIR model which refers to the study by Erickson et al [5]-[7].

This model is a modification of the SIR model introduced by Derouich et al [8]. The modification is
done by adding the Exposed step. This addition was made because the dengue virus requires an intrinsic and
extrinsic incubation period before spreading [9]. The main vector in this model is the Aedes albopictus
mosquito, due to the large number of dengue cases caused by this mosquito [10]. In addition, Aedes albopictus
mosquitoes have greater coverage and are more difficult to control [11], [12]. In the SEIR model, stability
analysis and simulation were performed with functional programming using Mathematica 8.0 software
(Wolfram Research, Inc, Champaign, IL).

2. RESEARCH METHODS

This research modifies the SEIR model introduced by Erickson et al into a new SEIR model by adding
the B, parameter to the birth factor of infected mosquitoes. The new parameter 3., represents the probability
of transmission of the virus from the female mosquito to her eggs. The SEIR model by Erickson et al
previously assumed that all mosquito eggs were healthy. According to the research, infected mosquitoes can
transmit the virus to their eggs, so a modification of the model is necessary to obtain a better model. This new
model assumes that some mosquito eggs are already infected.

The state of the mosquito population has changed due to the assumption that some of their eggs are
infected. The number of infected mosquito populations will increase due to the birth of infected mosquitoes.
This has an impact on reducing the number of susceptible mosquito populations because some of the mosquito
eggs have been infected. Meanwhile, the human population in the model is still the same as in the previous
model.

In this model, the human population N, is divided into four subpopulations, namely susceptible humans
Sy, exposed humans E,, infected humans I, and recovered humans R, while the mosquito population N, is
divided into three subpopulations, namely susceptible mosquitoes S,,, exposed mosquitoes E,, and infected
mosquitoes I,. The assumptions used are that the total mosquito population is constant while the total human
population is not constant and that the human and mosquito populations are closed populations.

The transmission of the virus from mosquitoes to humans is by bite when the virus is found in the
salivary glands of the mosquito. After that, the virus needs 4-6 days, which is an intrinsic incubation period
before causing disease. During this incubation period, susceptible humans are considered open to infection
by the virus. Thus, these susceptible humans are then grouped into exposed human subpopulations.

Transmission of the virus from humans to mosquitoes can only occur if a susceptible mosquito bites
an infected human who is suffering from viremia, which is a medical condition where the dengue virus is in
human blood. This condition lasts from 2 days before the fever until 5 days after the fever. Moreover, the
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virus requires 8-10 days, which shows an extrinsic incubation period before causing disease. During this
incubation period, susceptible mosquitoes are considered to have been exposed to virus infection. The
mosquitoes were then grouped into an exposed mosquito subpopulation.

Schematically, the pattern of spread of DHF (dengue virus) assuming that some of the mosquito eggs

are infected can be depicted in the following compartment diagram.
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Figure 1. The SEIR model diagram assumes that some of the mosquito eggs are infected

The meaning of the compartment diagram (Figure 1) is:

1.

The growth rate of vulnerable humans takes into account the factors of birth, death and migration
proportion of susceptible humans to exposed humans, writes:

dSp Conl Conl
o ApNp — ( thu +.Uh>5h = AN, — ( ];th + Mh)Sh
where taken 4 = A;,. The proportion of movement of susceptible humans to exposed humans is influenced
by the probability of contact between infected mosquitoes and susceptible humans C,,;,. This probability
value is the multiplication of the probability of virus transmission from infected mosquitoes to susceptible
humans p,, by the average number of infected mosquito bites b;. So, C,, = Punb;.

The growth rate of exposed humans takes into account the mortality factor, the proportion of
displacement of susceptible humans to exposed humans and the proportion of displacement of exposed
humans to infected humans, writes:
dEh _ thlv
dt N
The growth rate of infected people takes into account the mortality factor, both natural deaths and deaths
due to DHF, the proportion of people exposed to infected people and the proportion of infected people
moving towards recovered people, written:
dly,
dt
The growth rate of recovered humans takes into account the mortality factor and the proportion of infected
humans moving to recovered humans, writes:
dRy
dt
The growth rate of susceptible mosquitoes takes into account the factors of birth, death and the transfer
ratio of susceptible mosquitoes to exposed mosquitoes, writes:

dSv Chvlh
dt = .uv(Nv - .Belv) - ( N, + Mv) Sy

The proportion of movement of susceptible mosquitoes to exposed mosquitoes is influenced by the
probability of contact between susceptible mosquitoes and infected humans C,,. This probability value

Sp — (Texn + un)Ep.

= ToxnEn — (Tin + @ + pp)1p.

= Tinlp — UnRp.
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is the multiplication of the probability of virus transmission from infected humans to susceptible
mosquitoes py,,, by the average bite rate of susceptible mosquitoes bg. So, Cry, = Prybs.

The growth rate of exposed mosquitoes takes into account the mortality factor, the proportion of
movement is the proportion of transfer of susceptible mosquitoes to exposed mosquitoes and the
proportion of movement of mosquitoes exposed to infected mosquitoes, writes:

dE, Cpply
dtv = N—vhsv — (Texy + ) Ex.
The growth rate of infected mosquitoes takes into account the mortality factor and the proportion of
mosquito movement exposed to infected mosquitoes, writes:

dl,

E = .uvﬁelv + Toxv By — Uyl

Based on the description above, the SEIR model can be stated as follows:

Human population

dSp _ _ Conly
o= AN = (G4 un) S
dEh _ Cynly _
e = Sh = (Texn + tn)En M
dl
d_th = TexnEn — (Tin + @ + up)ly
dR
—¢ = Tinln — tnRn
Mosquito population
ds, Chol
ar ty(Ny — Bely,) — ( ’It/hh + .uv) Sy
dEy,  Cpyl
a Z,hhsv - (Texv + /"V)Ev (2)
dr,
kE = UpPely + TexvEy — typly
conditionally
Sh+Eh+Ih+Rh=NhandSU+E,,+IU=N,, (3)
as well as
N, : total human population
N, : total mosquito population
A : human birth rate
Uy  : mosquito mortality rate
Be  : probability of transmission of the virus from the female mosquito to her eggs
Un : natural human mortality rate
a : human mortality rate due to DHF

Texn - Proportion of exposed humans moving towards infected humans
Toxy . Proportion of mosquitoes exposed compared to infected mosquitoes

. proportion of infected humans moving towards cured humans
. probability of contact between susceptible mosquitoes and infected humans
. probability of contact between infected mosquitoes and susceptible humans

Moreover, the Equation (1) and Equation (2) and Equation (3) can be simplified for example

sh=3r ph=Enqn_In ph_Bn gv_3 pv_Lvgnq p_lv

Np Ny’ Ny’ Ny’ Ny’ Ny Ny

and also in this model assuming the value is Cy,, = C,, = c, then the system can to write:
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ddith =1 — (ncl’ + u,)S"
dd_E;‘ = ncl’S" — (Texn + pn)E"

< %h = TexnE" = (Tin + @ + )1 ®
B = eI"(1 = B = 1) = (Texy + )Y

(& = e B = (1= I

withn = % and set conditions
h

SP+EM+I"+R"=1and S+ EV+1" =1 (5)

3. RESULTS AND DISCUSSION
3.1 The Equilibrium Point and Stability

In this section, the equilibrium point of the Equation (4) is sought in a region that has biological
significance, called Q, with Q = {(S", E", ", E”?,1”) € R}|S" + E" + I" < 1,EV + IV < 1}. This point is

h h h v v
obtained by solving Equation (4) when sk Al _dE_dl Using Mathematica software, a

] e ) ac ~ dt  dat  dr  dt
disease-free equilibrium is obtained

T, (Sh EM, IMEY,I°) = Ty (ui 0,0,0,0) (6)

h
and endemic equilibrium
T,(St ER 10, ED, 1Y) ()
with
S = {(ty + Texv) [ATexn + tho(n + Texn) (@ + ptp + Ti) 3/ {CTexn[cNTexy + i (y + Texn) ]}

Ef = _[_Czn/h-ethexv + .u?z.uv (ﬂv + Texv) + a#h.uv(.“h + Texh)(.“v + Texv) + UnHyTexn (l/‘v +
Texv)Tin + ﬂ%ﬂv (Uy + Texv) (Texn + Tin)1/{CTexn (n + Texn) [CNTexy + Uy + Texw)]}

It = (_.uh)/'ﬁ(ﬂv + Texy) + {(Czanethexv)/[(.“h + Texn) (@ + pp + 1)1} /{c[cnTexy + pn (1y +
Texv

E»F = {.uv [_.uh(a + ﬂh)ﬂ%(#h + Texh) - [_Czn)‘fexh + .uh(a + .uh).uv(.uh + Texh)]Texv -
Unty (Un + Texn) (Uy + Texv)Tih]}/{CnTexv (Uy + Texv) [CATexn + ty(Un + Texn) (@ + pup + Tin) 1},

I =1/n((—un/c) + {ATexn[cNTexy + tn Uy + Texw) 1D /{(tv + Texv) [cATexn + y(Un + Texn) (@ + i +

Tin)13-

The disease-free equilibrium T; will be stable when R, = \/? <1 for 0 <& < 1, otherwise T; is
unstable when R, = \/E > 1. The endemic equilibrium T, will be stable when R, = \/E > 1, while T, is
unstable when Ry = \/E <1 for 0 <& < 1. The R, symbol in this case is called the basic reproduction
number. This number is a measure of the potential spread of the disease in a population.

The basic reproduction number is defined as the expected value of the number of susceptible
populations that become infected during the infection period. The basic reproduction number is determined
from the nonnegative eigenvalue with the largest modulus in the next generation matrix [13]-[19]. This
matrix is constructed from sub-populations that cause infection only.

In this study, the basic formula for the reproduction number is given by

ERO _ \/— _ C\/ﬁﬁ\/ Texh\/ Texv

\/(1 - ﬁe).uhl’lu(ﬂh + Texh)(ﬂv + Texv)(a + Un + Tih)

with
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_ Cznlrexhrexv
(1 - ﬁe)ﬂh#v(ﬂh + Texh) (,le + Texv)(a +up + Tih)
and the next generation matrix K = FV~1 is given by

$

0 CNAToyy 0 cni
(1 - ﬁe)ﬂh.uv(.uv + Texv) (1 - ﬁe)”h.uv
K = C(/“thexh + TeXhTexv) 0 ¢ 0
(.uh + Texh)(/"v + Texv) (a + Un + Tih) a+ HUn + Tih
\ 0 0 0 0
0 0 0 0
with
00 0 Hi Texn + Hn 0 0 0
h
F — 0 0 C 0 dan V — 0 T€X170+ :u‘li 0 8
00 0 0 —Texh Tin T @+ Uy
00 0 O 0 —Texv 0 ty(1 = )

3.2 Simulation of Population Dynamics of Dengue Virus Transmission

To analyze population dynamics, modifications were made to the mosquito mortality rate u,, and the
average number of bites of infected mosquitoes b;. These two parameters were chosen because they were
considered influential in overcoming the epidemic. The p, value was taken at [0.01, 0.09] with a step of 0.01,
while the b; value was taken at [0.25, 0.60] with a step of 0.01[20]—[23]. Other parameter values can be
viewed in Table 1 below.

Table 1. Definition and Values Of The Parameters of the SEIR Model In Numerical Simulation

Parameter Notasi Nilai
The rate of human births per day A 2,244 x 1073
The probability of transmission of the virus from infected mosquitoes to humans per day Pon 4x1071
The rate of human deaths due to dengue per day a 3x10°8
The rate of natural human deaths per day Un 3,571 x 1073
Proportion of human movements exposed to infected humans per day Toxh 101
Proportion of mosquitoes exposed to infected mosquitoes per day Toxv 1,111 x 101
The proportion of infected humans transferred to recovered humans per day Tin 25x101
The probability of transmission of the virus from infected mosquitoes to their eggs Be 3x107?

Data source: Erickson et al and Derouich et al.

Figure 2 below shows the stability of each subpopulation, both in the human population and in the
mosquito population, for the conditions R, < 1. Based on the values of the parameters in Table 1 and taking
the values u,, and b; at predetermined intervals, the image of the population dynamics below is obtained for
the values u,, = 0,07 and b; = 0,3 with the value R, = 0,67.

Figure 2a shows that the number of susceptible human subpopulations S" after being infected with
the virus, since the start of the simulation decreased until it stabilized at S = 0,593. In contrast, what
happened to the exposed E™ and infected 1™ human subpopulations, first increased and then decreased until
it stabilized at E" = 0 and I = 0. In the recovered human subpopulation R", since the start of the simulation,
it increased until it stabilized at R* = 1 — (S" + E" + I") = 0,407.

In Figure 2b, the number of exposed mosquito subpopulations EV initially increased and then
decreased until it stabilized at EY = 0. Contrary to what happened to the subpopulation of infected
mosquitoes 1Y, since the start of the simulation, it decreased until it stabilized at I = 0. In the susceptible
mosquito subpopulation S?, it increased until it stabilized at S¥ =1 — (EV +1¥) = 1.

Thus, we can say that the number of each subpopulation is stable at a disease-free equilibrium
T, (S EM 1M EV, 1Y) = Ty(A/ s, 0,0, 0, 0) with A/py, = 0,628. This suggests that the human subpopulation
is exposed and infected and that mosquitoes are exposed and infected towards zero.
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Figure 2. Dynamics of the human population (a) and the mosquito population (b) as a function of time t for the
conditions Ry < 1

In addition, simulations were carried out on human and mosquito populations by modifying the values
of the parameters u,, and b;. Taking the values of these two parameters satisfies the condition R, < 1, so
they can be simulated for several different conditions as shown in Table 2, Figure 3 and Figure 4.

Table 2. Simulation for conditions R, < 1

Model parameters Ro Model parameters Ro
U, =0,03  b; =0,30 0,97 U, =005 b =025 0,59
Uy, =005 b, =030 0,70 U, =005 b, =030 0,70
u, = 0,07 b; =030 0,56 u, = 0,05 b; =035 0,82
1, =0,09 b; =030 0,47 u, = 0,05 b; =0,40 0,94

Figure 3 shows the evolution of the number of each subpopulation when the value of the mosquito
mortality rate p, is modified. In the human population, as shown in Figures 3(a) — 3(d), if the mosquito
mortality rate u,, increases and the values of the other parameters are constant, then the number of susceptible
human subpopulations increases while the number of other subpopulations increases. -human populations are
decreasing. Indeed, an increase in the mosquito mortality rate leads to a decrease in the number of mosquitoes,
including infected mosquitoes. As a result, the ratio of susceptible human movements to exposed humans
decreased, so the number of vulnerable humans increased.

In the mosquito population as shown in Figures 3(e) — 3(g), if the mosquito mortality rate p,, increases
and the values of other parameters are constant, then the number of susceptible mosquito subpopulations
increases while the number of other mosquito subpopulations decreases. This increase in the mosquito
mortality rate leads to a decrease in the number of infected mosquitoes so that the number of infected humans
decreases. As a result, the transfer ratio of susceptible mosquitoes to exposed mosquitoes decreases so that
the number of susceptible mosquitoes increases.

The increase or decrease in the number of each subpopulation tends to be different for each increase in
the mosquito mortality rate, both in the human population and in the mosquito population. The maximum
number of exposed human subpopulations occurred on day 15 with a proportion of 12% and a mosquito
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mortality rate of 0.03. In the infected human subpopulation, the maximum occurred on day 21 with a
proportion of 5% and a mosquito mortality rate of 0.03.

Figure 4 shows the evolution of the number of each subpopulation when the average number of bites
of infected mosquitoes b; is modified. In the human population, as shown in Figures 4(a) — 4(d), if the
average number of bites of infected mosquitoes b; increases and the values of the other parameters are
constant, then the number of susceptible human subpopulations decreases. while the number of other human
subpopulations increases. An increase in the average number of bites of infected mosquitoes b; may increase
the value of the probability of contact between infected mosquitoes and susceptible humans. As a result, the
proportion of vulnerable humans moving towards exposed humans increases.

In the mosquito population shown in Figures 4(e) — 4(qg), if the average number of bites of infected
mosquitoes b; increases and the values of other parameters are the same, then the number of susceptible
mosquito subpopulations decreases. while the number of other mosquito subpopulations increases. This is
due to the increasing value of the contact probability between susceptible mosquitoes and infected humans
such that the transfer ratio of susceptible mosquitoes to exposed mosquitoes increases.

The increase or decrease in the number of each subpopulation tends to be different for each increase in
the average number of bites of infected mosquitoes, both in the human population and in the mosquito
population. The maximum number of exposed human subpopulations occurred on day 13 with a proportion
of 14% and the average number of bites of infected mosquitoes was 0.4. In the infected human subpopulation,
the maximum occurred on day 18 with a proportion of 5% and a mosquito mortality rate of 0.4.
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Figure 3. The dynamics of the human population (a) susceptible $, (b) exposed E", (c) infected I", and (d)
recovered R", and the mosquito population (e) susceptible S?, (f) exposed E?, (g) infected I” against time ¢ under

condition R, < 1 and the value of the parameter u,, is modified
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condition R, < 1 and the value of the parameter b; is modified



BAREKENG: J. Math. & App., vol. 17(3), pp. 1641- 1652, September, 2023 1651

4. CONCLUSIONS

This research resulted in the following conclusions:

In general, the resulting model can indicate the presence of endemics in an area for certain parameter
values. This can be seen from the equilibrium point calculation of the SEIR model.

This research produces two equilibrium points:

a.

b.

The disease-free equilibrium point T, (S", E*, I, E¥, 1) = T,(1/un,0,0,0,0) which is always present
and is the point that is stable if the value of the basic reproduction number is R, < 1.

The endemic equilibrium point T,(S® E!, I E?,17) where S" is the number of susceptible human
subpopulations, E" is the number of exposed human subpopulations, 1" is the number of infected
human subpopulations, E? is the number of exposed mosquito subpopulations, I? is the number of
infected mosquito subpopulations. The stability of this endemic fixed point is guaranteed if the value
R, > 1.

Through observations in numerical simulations, the dynamic results for each subpopulation are affected
by the selection of the R, value. In this paper, the value of R, is influenced by several parameter values,
but the focus of the simulation is the mosquito mortality rate x, and the average number of bites of
infected mosquitoes b;:

a.

In the human population, the greater the mosquito mortality rate, the fewer susceptible humans
become exposed, and the greater the average number of infected mosquito bites, the greater the
number of susceptible humans who become exposed.

In the mosquito population, the greater the mosquito mortality rate, the fewer susceptible mosquitoes
that become exposed, and the greater the average number of infected mosquito bites, the greater the
number of susceptible mosquitoes that become exposed.

The increase or decrease in the number of each subpopulation tends to be different for each increase in
the mosquito mortality rate or for each increase in the average number of bites of infected mosquitoes,
both in the human population and the mosquito population.
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