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Let G be an undirected, connected, and simple graph with edges set E (G)and vertex set V(G).
An edge irregular reflexive k-labeling f is one in which the label for each edge is an integer
number {1,2,.., k,} and the label for each vertex is an even integer number
{0,2,4,...,2k,}, k = max{k,, 2k,}. This type of labeling results in distinct weights for each
edge. The weight of an edge xy in a graph G with labeling f, indicated by wt (xy), is the total
of the labels on the vertex that are incident to the edge as well as the edge label. The minimum
value k of the largest label in the graph G is referred to as res (G), which stands for the reflexive
edge strength of the graph G. The topic of edge irregular reflexive k-labeling for Mongolian
tent graph (M,,,) and double quadrilateral snake graph (D(Q,)) will be discussed in this
paper. The res (M,,,),m = 2,n =3 has been obtained that is [%] for 5m—1=%
2,3 (mod 6) and [5";'1] + 1 for 5m—1= 2,3 (mod 6). Also the res (D(Q,)),n = 2 has
been obtained that is [7"3_7] for 7n—7 % 2,3 (mod 6) and [5";_1
2,3 (mod 6).

+1 for 7n—-7=
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1. INTRODUCTION

The graphs discussed in this article are undirected, connected, and simple graphs. Labeling is one of
the subjects in graph theory. A labeling of a graph is a mapping from graph elements into positive or non-
negative integers [1]. There are many methods for labeling graphs, which are broken down into vertex, edge,
and edge and vertex labeling, also known as complete labeling. Graph labeling has evolved to include a
number of different varieties, one of which is the irregular total k-labeling [2].

Baca et al. [3] defined total irregular k-labeling divided into edge irregular total k-labeling and vertex
irregular total k-labeling. Then in 2017, Ryan et al. [4] introduced a new concept of irregular total k-labeling,
that is vertex irregular reflexive k-labeling and edge irregular reflexive k-labeling on a graph. An edge
irregular reflexive k-labeling on a graph G is a labeling that takes positive integers from 1 to k., as edge labels
and positive even integers from 0 to 2k, as vertex labels so that the weight on each edge of the graph is
different.

Ryan et al. [4] define a vertex labeling f, : V (G) - {0,2,...,2k,} and edge labeling f, : E(G) —
{1,2,..., k. } with k = max {k,, 2k, }. The weight of edge xy in G with labeling f, denoted by wt (xy) is
defined as wt (xy) = f,(x) + f.(xy) + f, (). The minimum value k of the largest label of vertex and edge
is referred to as res (G), which stands for the reflexive edge strength of the graph G [5]. The following lemma
is given according to Ryan et al. in Baca et al. [4].

Lemma 1. For every graph G,

for |[E(G)| £ 2,3 (mod 6),

|E(G)I

3 |

|E(G)
3

res (G) =

l +1, for |[E(G)| = 2,3 (mod 6).

The lower bound for res(G) resulted from the facts that the smallest edge weight under an edge irregular
reflexive labeling is one and the basis of the maximal edge weights, so |E(G)| can only be obtained as the
sum of three values, at least two of which must be even.

Several result in res(G) have been obtained, banana tree graph B, ,, and B ,, [6], categorical product
of two paths [7], disjoint union of generalized petersen graph [8], palm tree graphs C3 — B, and C3 — B3 -
[9], caterpillar graphs [10] and then in 2020, Agustin et al. [11] determined the res(G) of broom graphs,
generalized sub-divided star graph, and double star graph, in the same year Indriati et al. [12] determined
corona of path and complete graph K; and corona of path and path graph P,. Then in 2021, Setiawan and
Indriati [13] determined corona of cycle and null graph. Because mongolian tent graph M,, ; with m > 2
[14] and double quadrilateral snake graph D(Q,,) withn = 2 [15] it has been studied in other labeling while
in this labeling has not, so in this paper we study these graphs for edge irregular reflexive labeling and
determine these reflexive edge strength.

2. RESEARCH METHODS

A literature review employing references from journals, books, or publications on edge irregular
reflexive k-labeling was the research methodology used in this study. From this method, it can be determined
res(G) of mongolian tent graph M,,, ; and double quadrilateral snake graph D(@Q,,). The methods used in this
research are

1. Determine the lower bounds of res(G) of mongolian tent graph M,, ; and double quadrilateral
snake graph D(Q,,) based on Lemma 1 is given according to Ryan et al. in Baca et al. [4]

2. Labeling the mongolian tent M,, ; and double quadrilateral snake graph D(Q,,) that satisfies the
predefined lower bound.

3. Calculating the weight of each edge of mongolian tent graph M,, 3 and double quadrilateral snake
graph D(Q,,) so that the weight of each edge is different.

4. Find the general pattern res of mongolian tent graph M,,, s;and double quadrilateral snake graph

D(Qn)-
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3. RESULTS AND DISCUSSION

In this chapter, results and discussion are given about reflexive edge strength on mongolian tent graph
M,, 5 and double quadrilateral snake graph D (Q,).

3.1 Mongolian Tent Graph M,,, 3

The process of creating a mongolian tent graph involves adding one additional vertex above the grid
and connecting each odd vertex in the first row of P, X P, to the new vertex [15]. Mongolian tent graph is
denoted by M,, ,where m > 2 andn > 3.

A mongolian tent graph M,,, 3 has 3m + 1 order and 5m — 1 size. Let the vertex set of M,, 3 be
V(Mp3) ={u} U {v;1,v;2,v3:1 < i < m}and the edge set of M, 3 be E(Mp,3) =

{(Viavi2 Vigviz 1< i <mbU {10410, ViaVis1,2 ViaVisr3 : 1 < i <m—1} U {uvy; : j odd}. The
reflexive edge strength of mongolian tent graph M,, 3 can be obtained through Theorem 1.

Theorem 1. For all positive integersm > 2 and n = 3,
[*==|,if 5m — 12 2,3 (mod 6),
res(Mpy,3) = [Sm_l
3

] + 1,if 5m — 1 = 2,3 (mod 6).

Proof. Because mongolian tent graph M,, shas 5m — 1 edges, then by [4,L.emma 1] we get

S5m—-1
[ ],ime—l # 2,3 (mod 6),

res(Mpy,3) =

S5m-—-1
[ ]+1,if5m— 1= 2,3 (mod 6).

The lower bound in Theorem 1 is the same as the lower bound of res(M,, 3) shown by Ryan et al. in Baca
etal. [4].
Next, we have shown an upper bound on the labeling of edge irregular reflexive labelling in mongolian

tent graph M,, 3. Let us construct k-labeling f with k = [Sm—ll for 5m—1 # 2,3 (mod 6) and k =

3
[5";‘1] +1for5m—1= 23 (mod 6),

2m
[?] +m,m = 1,2 (mod 6),
Faw) ={2m— [%]m = 0,4,5 (mod 6),

2m
[T] +m+1,m= 3 (mod 6).

m
2m—2i,[ ]+1SiSm,m>3,or1£iSm,m=2,3,

m—3]
6 )
m—3]

m+1 _
Zm—[TJ,mE 1(mod6),m>31< i< [
f(vi,l) = f(vi,z) = f(Vi,3) = 4

m-—1
Zm—[TJ,mEZ,B (mod 6),m > 3,1 < iS[

m m—3
2m—[§],mzo,4,5 (mod 6),m > 3,1 < is[ ]
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f(vi1viz) =4 2m—5i — [g] —1,m=23(mod6),m>91< i< l

EDGE IRREGULAR REFLEXIVE LABELING ON MONGOLIAN TENT GRAPH....

( m
m—i+1,1§i£m,m§9orl J+1Si§m,m>9,

m m-—4
2m—5i—l§J,mE1(mod6),m>9,1£iSl J,

m—4J

m
2m—5i—l§J+2,mE4(mod6),m>9,1S iS[

m—4J

om . m-—4
2m—51—l§J+1,mEO,5(mod6),m>9,1SlSl J

m-—4

m—i+2,1§i£m,m§9orl J+1Si§m,m>9,

m m-—4
2m—5i—l§J+1,mE1(mod6),m>9,1£iST,

om . m—4|

f(viv13) = | 2m—51—ng,mEZ,3(mod6),m>9,1SlSl - J
.m . |m-—4
2m—51—[§J+3,m54(mod6),m>9,1slST,

m _m—l_}
k2m—5i—[E]+2,mz0,5(rmmls),m>9,1sis[ J

f(vi,lvi+1,1) =

f(vi,z vi+1,2)

f(vi,3vi+1,3) =9

m
m—i,lSiSm—l,mS‘)orl J+1Si£m—1,m>9,

m m-—4
2m—5i—[§]—2,m50(mod6),m>9,1£iS[ J

m m—
2m—5i—[§]—(t+1),mEt(mod6),m>9,1S is[ J,t=1,2,3,
.om ] m-—4
Zm—Sl—[—],m54(mod6),m>9,1SlSl J
3 6
., m . m-—4
\ 2m—51—[§]—1,m55(m0d6),m>9,1£lS[ J

m
m—i+1,1SiSm—1,mS9or[ J+1Si§m—1,m>9,

.m ) m-—4
Zm—Sl—[g]—l,mEO(mod6),m>9,1S i< < I’
m m—4 _
=<2m—5i—[§]—r,mEr(mod6),m>9,1SiS[ ,r=1,2,3,
.m ) m-—4
Zm—Sl—[§]+1,m54(m0d6),m>9,1s i< < I’

2m —5i — [2],m =5 (mod 6 91<i<|m?
\ m-— L—[g],m: (mod 6),m > 9, _l_[ e J

m
m—i+2,1£i£m—1,m£9or[ J+1Si£m—1,m>9,

m m—4
2m—5i—[§],m50(mod6),m>9,1SiSl J,
., m ] m—
2m—51—[§]—(s—l),mEs(m0d6),m>9,1S lS[ J,s=1,2,3,
m m—4
2m—5i—[§]+2,m54(m0d6),m>9,15isl J
m m-—4
\ 2m—5i—[§]+1,m55(m0d6),m>9,1§iS[ J
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For j odd,
m+ [éJ ,m< 3,

m+ 2t +4 j
2m — [T] + [gJ ,m=t (mod®6),t=0,1,23m>3,
f(uvlj)=< :
’ m ]
2m — [?] + H,m =4 (mod 6),m > 3,

m+ 2 j
2m—[T]+[§J,mE 5 (mod 6),m > 3.

Based on the proof of the lower and upper bound of res (M,,3) form > 2, obtained the maximum
label of the vertex label which is an even integer and edge labels that are positive integers, namely [%] for

5m—1 # 2,3 (mod 6) and [5";_1] + 1 for 5m — 1 = 2,3 (mod 6). Furthermore, it is shown edge weight
for mongolian tent graph M,, 5 as follows,
we(vi1vi5) =5m—5i+ Lfor m>2,1<i<m.
we(viavi3) =5m—5i+2,form>21<i<m,
we(Vi1Vip11) =5m—5i—2,form=>2,1<i<m-1.
Wt(vilzviﬂ'z) =5m—-5i—-1form>21<i<m-1.
Wt(vi,3vi+1'3) =5m—>5iform>2,1<i<m,—1.

_(5m—2,forj =1,
Wt(uvl'f) - {Sm —1,forj = 3.

Based on the research that has been done, it can be concluded that each edge has a different weight,
the lower bound and upper bound are equal to res(M,, 3) so that f satisfies the edge irregular reflexive k-

labeling element and has a reflexive edge strength (res) according to Theorem 1. Thus, the theorem is
proven.

Example 1. The edge irregular reflexive 7-labeling of mongolian tent graph M, ;. Figure 1 shows Example
1, the red color is edge weights, blue color is edge labels and black color is vertex labels, while the black
letters are the names of the vertex and edge labels of mongolian tent graph M, 5.

u

5 18 s~ 19
V.
16 L2 17
Vii( 6 /;\ : 6 Jv13
° e N2 s\l
3 |13 4 |14 5 |15
N N
v
HO e O O
2| 8 3|9 4 |10
s PN T -4
D\ >v
v 2 2 33
w(——2) \J
1| 3 2| 4 3 | 5
1 T 2

Figure 1. Edge irregular reflexive 7-labeling of mongolian tent M, 3 graph
3.2 Double Quadrilateral Snake Graph D(Q,,)

A double quadrilateral snake graph is is obtained form a path uq, u,, ..., u, by joining each of vertex
w;andu;4,i = 1,2,...,n — 1to new vertex v;, x; and to the new vertex w; and y; respectively and adding
an edge between each pair of vertex (v;, w;) and (x;, y;) [17]. A double quadrilateral snake graph is denoted
by D(Q,,) forn > 2.
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A double quadrilateral snake graph has 5n — 4 order and 7n — 7 size. Let the vertex set of D(Q,,) be
VID(Qp) ={ui:1 <i<n}U {v;,x;,w;,y;:1<i<n-—1} and the edge set of D(Q,,) be E(D(Q,)) =
{uix;, winie1, e Wi, WiV, XV U1y 1 < 0 < n— 1}, The reflexive edge strength of double quadrilateral
snake graph D(Q,,) can be obtained through Theorem 2.

|757]if 7n = 7 # 2,3 (mod 6),
Theorem 2. For all positive integers n = 2,res(D(Qn)) = r7,—7
=]+ 1,if 7n— 7 = 2,3 (mod 6).

Proof. Because double quadrilateral snake graph D(Q,,) has 7n — 7 edges, then by [4, Lemma 1] we get

m—17

res@@Qu) =1 2

[ 3 ]+1,if7n—752,3 (mod 6).

,if 7n—7 # 2,3 (mod 6),

Next, the upper bound on res(D(Q,)) is proved. To prove the upper bound, let us construct k-

labeling f with k = [ for 7n — 7 2,3 (mod 6) and k = | 7| + 1 for 7n — 7 = 2,3 (mod 6),
fort<i<n,
0,i =1,
4i-3) . . . .
[ 3 J+l,lEO,2 (mod 3),ioddori = 0 (mod 3),i even,
) = [ 3 J+i,iEO(mod3),ieven,
4i -3 . . ) . .
l 3 J+l—1,151(m0d3),loddorl52(m0d3),leven.
\
Fori<i<n-1,
0,i =1,
4i -3 o , . .
l 3 J+l,150,2(m0d3),10ddorlEl(mod3),leven,
4i — 4 o )
Fwy) = flx) =4 l 3 J+l,lEO(mod3),leven,
4i — 3
[ ]+i,i52(mod3),ieven,
4i—41 . .
\ [ 3 ]+l—1,151(mod3),lodd.
(r4i—1y . . . . .
3 ]+l+1,lEO(mOd3),lOddOl‘l =1 (mod 3),i even,
4i — 1
fw) =1Fn) =5 [ 3 ]+i,i50(mod3),ievenoriEl,Z(modB),iodd,
4i — 3 ) . ]
L [ 3 ]+L—1,152(m0d3),1even.
4i —7
[ 3 J+i,iEO(mod3),ioddor

i =1 (mod 3),ieven,

fuixy) = fuuier) = Wipawy) = 3

[41'—5

3 ]+i,i = 0 (mod 3),i even or

i = 2(mod 3),
] +i,i =1 (mod 3),i odd.

4i -3
.
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(140 — 11

l 3 J+i,i50(mod3),iodd,
4i —7

[ ]+i,i50(mod3),ieven,
4i — 3

fuwvy) = fviw) =< [ 3 J+i,i51(mod3),iodd,

4i — 11

[ 3 ]+i,i51(mod3),ieven,
4i -7
[ J+i,i52(m0d3).

(141 —5

l J +i,i =0 (mod 3),i odd,
4i —1

[ 3 ]+i,i50(m0d3),ieven,
4i

fiy) = finir) = o [?] +1i,i =1 (mod 3),i odd,

4i —5

[ 3 ]+i,i51(m0d3),ieven,
4i—1p

\ l 3 J+l,l:2(m0d3).

Based on the proof of the lower and upper bound of res (D(Q,,)) for n > 2, obtained the maximum
label of the vertex label which is an even integer and edge labels that are positive integers, namely [7n_7] for

3
7n — 7 % 2,3 (mod 6) and [7n3_7] + 1 for 7n — 7 = 2,3 (mod 6). Furthermore, it is shown edge weight for
double quadrilateral snake graph D(Q,,) as follows,

wi(Uiujpq) =7i—3,forn=2,1<i<n-1.
wi(uv;)) =7i—6,forn=>2,1<i<n-1.
wi(viw;)) =7i—4,forn>2,1<i<n-1.
we(uix;)) =7i—=5forn>2,1<i<n-1.
we(xy;)) =7i—=2,forn>2,1<i<n-1
wr(ujpwy) =7i—1,forn>2,1<i<n-1
wr(Ujp1y) =7i,forn>2,1<i<n-1.

Based on the research that has been done, it can be concluded that each edge has a different weight,
the lower bound and upper bound are equal to res(D(Q,,) ) so that f satisfies the edge irregular reflexive k-
labeling element and has a reflexive edge strength (res) according to Theorem 2. Thus the theorem is proven.

Example 2. The edge irregular reflexive 8-labeling of double quadrilateral snake graph D(Q,). Figure 2
shows Example 2, the red color is edge weights, blue color is edge labels and black color is vertex labels,
while the black letters are the names of the vertex and edge labels of double quadrilateral snake graph D (Q,).

Figure 2. Edge Irregular Reflexive 8-Labeling Of Double Quadrilateral Snake Graph D(Q,).



1940 Indriati, et. al.  EDGE IRREGULAR REFLEXIVE LABELING ON MONGOLIAN TENT GRAPH...
4. CONCLUSIONS

Based on this discussion, the reflexive edge strength of mongolian tent graph M, 5 is [@] for 5m —
1 # 2,3 (mod 6) and [Sm_l] + 1 for 5m — 1 = 2,3 (mod 6). While the reflexive edge strength of double

3

quadrilateral snake graph D(Q,,) is [7"3_7] for 7n—7 # 2,3 (mod 6) and [5";_1] +1 for 7Tn—7=
2,3 (mod 6). The author hopes that those interested in edge irregular reflexive k-labeling and reflexive edge
strength on graphs will conduct research to determine the reflexive edge strength of mongolian tent M,, ,,

graphs form > 2,n > 3.
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