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Let G in this paper be a connected and simple graph with set V(G) which is called a vertex and
E(G) which is called an edge. The edge irregular reflexive k-labeling f on G consist of integers
{1,2,3,...,ke} as edge labels and even integers {0,2,4,..., 2k} as the label of vertices, k =
max{ke, 2k}, all edge weights are different. The weight of an edge xy in G represented by
wt(xy) is defined aswt(xy) = f (x) + f (xy) + f (¥). The smallestk of graph G has
an edge irregular reflexive k-labeling is called the reflexive edge strength, symbolized by res
(G). In article, we discuss about edge irregular reflexive k-labeling of alternate triangular

snake A(T;,) and the double alternate quadrilateral snake DA(Q,,). In this paper, the res of

alternate triangular snake A(T},) , n = 3 has been obtained. That is [2n3_1

1 £ 2,3 (mod 6), [an_l] +1 forneven, 2n—1 = 2,3 (mod 6), [2n3_

2 %23 (mod 6), and [*=

edge strength of double alternate quadrilateral snake DA (Q,,) [
4n-1

2,3 (mod 6), [T] +1 forneven, 4n — 1 = 2,3 (mmod 6), [

2,3 (mod 6), and [4"3‘4

]forneven, 2n —
2] fornodd, 2n—

] +1 for nodd,2n—2 = 2,3 (mod 6). Then, the reflexive
4”3_1]f0rn even,4n — 1 %

4"3_4] fornodd, 4n — 4 =

]+1fornodd,4n — 4 = 2,3 (mod 6).
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1. INTRODUCTION

Graphs discussed in this paper are connected, undirected, and simple graph. Here using vertex set
denoted as V(G) also edge set as E(G). Graph labeling is a mapping with component graph as domain and
the co-domain is integers number [1]. There is different types of labeling, which categorized as being vertex
labeling, edge labeling, and total labeling. There are many categories of labeling on Gallian research. One
type of labeling is irregular total k-labeling [2].

Baca et al. [3] the total k-labeling is divided into two types namely edge irregular total k-labeling and
vertex irregular total k-labeling. If all edges have different weights, an edge irregular total k-labeling similar
with total k-labeling. In 2017, Ryan et al. in Baca et al. [4] introduced concept of irregular total k-labeling.
Namely edge irregular reflexive total k-labeling and vertex irregular reflexive total k-labeling. In graph G,
e = xy, denoted by wt(e) as the sum of labels vertex x, vertex y and the label of edge e.

An edge irregular reflexive k-labeling is determine as the function fe : E(G) — {1,2,...,k.}and fv :
V() - {0,2,...,2k,}, where k = max{k,,2k,}. In a graph, the minimum value of k that can be labeled
with an edge irregular reflexive labeling is called the strength of the reflexive edge strength and is denoted
by res(G) [5]. For this article, we will discuss about reflexive edge strength of G, denoted as res (G). When
we prove the result, we will often use the lemma proven by Ryan et al. in Baca et al.[4].

LLemma 1. For every graph G
E(G E(G
| (3 )Wfor |E(G)| # 2,3 (mod 6) and [l (3 )l

The lower bound for res (G) appeared from the fact that the minimal edge weight under an edge
irregular reflexive labeling is one, and the basis of the maximal edge weights, that is |E(G)| can be achieved
only as the sum of three numbers from whose at least two are even.

res (G) =

l +1 for |[E(G)| = 2,3 (mod 6).

In the same paper, prove the res of prisms graph D,, and wheels [6], generalized friendship graph [4],
some tree graph [7]. Guirao et al. [8] determined for disjoint union of generalized Petersen graph. Zhang et
al. [9] defined disjoint union of gear graph and prims graphs. Then 2020, Indriati et al. [10] proved the res(G)
corona of path and complete graph K in the same year Ibrahim et al [11] determined for star, double
star, and caterpillar graphs. In 2021 Setiawan and Indriati proved res(G) Sun graph [12], in the same year
Novelia and Indriati determine for Banana tree graphs B 2,nand B 3,n [13], Nadia et al. proved tadpole
graphs T,,, ; and T, » [14]. This article, we determine the res () of alternate triangular snake AT, and double
alternate quadrilateral snake DA(Q,,).

2. RESEARCH METHODS

Research explained in this article uses literature studies related to reflexive edge strength for various
types about graphs. The materials used in this research are books, journals, papers, and articles. Related to
reflexive edge strength, alternate triangular snake, and double alternate quadrilateral snake. The procedure
used in this research are as follows,

1. Determine the lower bound res(G) of alternate triangular snake A(T,) and double alternate
quadrilateral snake DA(Q,,) based on lemma proven by Ryan et al. in Baca et al. [4],

2. Labeling alternate triangular snake A(T,) and double alternate quadrilateral snake DA(Q,,) that
satisfies the lower bound,

3. Calculating the weight of each side of the alternate triangular snake A(T,) and double alternate
quadrilateral snake DA(Q,,) so that all edges have different weight,

4. Looking for general pattern res alternate triangular snake graph A(T,) and double alternate
quadrilateral DA(Q,,).
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3. RESULTS AND DISCUSSION

In this section describes the results about reflexive edge strength of alternate triangular snake A(T;,)
and double alternate quadrilateral snake DA(Q,,).

3.1 Alternate Triangular Snake A(T,,)

An alternate triangular snake A(T,,) has been obtained from a path u,, u,, ... u, by joining u; and u; 4
(alternatively) to new vertex v; . That is every alternate edge of a path is replaced by C3 [15]. Alternate

triangular snake A (T;,) consist of the set vertices V(A(Tn)) ={upl<i<niu{vpl<i< [nT_l]}and the
set edges E(A(Tn)) ={uyu:1<i<n-1}u {uzi—ﬂfi: 1<i< BJ} U {uzl-vl-: 1<i< EJ} Thus,
alternate triangular snake A(T,) has |V(A(T))| = =2 and |E(A(T))|=2n—2 if n odd and

2
V(A(T,)| = Z-and |E(A(T,))| = 2n — 1if neven.
The reflexive edge strength of alternate triangular snake A(T,,) can be got through Theorem 1.

Theorem 1. For every positive integer n > 3, the reflexive edge strength of alternate triangular snake A(T, )
is

a. formneven

2n—1
[ 3 ] 2n —1 £ 2,3 (mod 6),

res (A(T,)) = on—1
[ 3 ]+1, 2n —1 = 2,3 (mod 6).

b. fornodd

2n — 2
[ 3 ], 2n — 2 # 2,3 (mod 6),

res (A(T,)) = o — 2
[ 3 ]+1, 2n — 2 = 2,3 (mod 6).

Proof.

a) First, we prove the lower bound of res (A(T;,)). Because alternate triangular snake A(T,,) with n
even has 2n — 1 edges, then by Lemma 1 we get.

2n—1
[ 3 ] if 2n — 1 £ 2,3 (mod 6),

2n—1

[ 3 ]+1, if 2n—1 = 2,3 (mod 6).

b) Second, we prove the lower bound of res (A(T,,)). Because alternate triangular snake A(T,,) with n
odd has 2n — 2 edges, then by Lemma 1 we get.

2n — 2]

res (A(T,)) = [2n3— ?
[ 3 ]+1, 2n — 2 = 2,3 (mod 6).

res (A(Ty)) =

2n — 2 # 2,3 (mod 6),

The lower bound res (A(T;,)) is shown. The lower bound in Theorem 1 is the same as the lower bound
res (A(T,)) shown by Ryan et al [3].
Next step, we have shown an upper bound on the labeling of alternate triangular snake A(T,,). Then create

the k-labeling f with k :[%] forn even,2n —1 % 2,3 (mod 6), [2n3—1
2,3 (mod 6), [2n3_2] fornodd, 2n—2 # 2,3 (mod 6),  and [Zn_z
2,3 (mod 6).

]+1f0rneven, 2n—1=

]+1 for nodd, 2n—2 =

3
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0,i=1,2,
i
2[—],i52 mod 3),1<i<n,
fw) = 3 ( )
i
2[§J,i50,1(m0d3),1SiSn.
0,i=1,
2,i=2,

fv) = [ ]l_Ol(mOd3)1<l<[ ;1],

2[ Jl_Z(m0d3)1<l<[ ;1]

2,i <5,

fuugyg) = {2 l%]ﬁ <i<n-1.

( 1,i=123,

' [i—3],_4 de
i 3 ,i =4and6,

]2 i = 12 mod 3),5 < i < |°
l+lTJ,l= ,2 (mod 3), _l_lfl’

fiuzi—q) = 3

=2 = 0 (mod3),9 < i < |
kl+[ z J,l: (mod 3), _l_EJ'
3,i <4,
4i -3 =0 (mod 3 6<_<n
] 3 _’l= mo )I —l—_z_p
U.:) =< |14l —7 n
foittz) = 5 —|i=1mod3),7<i<|3],
4i+3] o
| ,lEZ(mod3),5£lS§.
Proving the lower and upper bounds, found that the maximum labels of the vertex and the edges
[Zn 1] forneven,2n —1 % 2,3 (mod 6), [Zn !+ 1forneven, 2n—1 = 2,3 (mod 6),
[Zn 2] fornodd, 2n — 2 % 2,3 (mod 6), and

the edge weight is expressed as,

wr(uiujz1) =2i,1<i<n-—-1

n
we(Viugy—1) =4i—3,1<i < IEJ

n
we(Wiuy) =4i—1,1<i < lEJ )

It can be seen from the weight of an alternate triangular snake A(T,,) weight is different . Therefore, f
requires that the component on an edge irregular reflexive k-labeling. The trial in the theorem is complete. gy

Example 1. The example of an edge irregular reflexive-4 labeling for alternate triangular snake graph A(Ts)
is shown in Figure 1. The red color shows edge weight, the blue color shows edge label, and the black color
show vertex label.
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Figure 1. Edge irregular reflexive 4-labeling of alternate triangular snake A(Ts)

3.2 Double Alternate Quadrilateral Snake DA(Q,,)

A double alternate quadrilateral snake DA (Q,,) consists of two alternate quadrilateral snakes that have
a common path. Which is obtained from a path u,, u,,...u, by joining u; and u;,, (alternatively) to new
vertices v; , x; and w; , y; respectively and adding the edges v;w; and x;y; [15].

A double alternate quadrilateral snake DA (Q,,) consist of set vertices V(DA(Qn)) = {vi: 1<i<
uwet<i<[SFlumi<isnvpii<i<|[Apuw/i1<i <[] and set edges
E(DA(Qn)) = {ViWiZ 1<i< [nT_l] U {uivi: 1<i< [nT_l]} U {Wiuzl'l 1<i< [n%l]} U {uiui+1: 1<i<

1. <[22 s <[22 RO < |nt
n—1} U{uivi.lgls[ > ]} U{vlwl.1SlS[ > ]} U{wluzl.ISlS[ > ]}
Thus, double alternate quadrilateral snake DA (Q,,) has |[V(DA(Q,))| = 2n + 1 and |E(DA(Q,))| = 4n —

4 if n odd; |V(DA(Q,)| = 2n+ 4 and |E(DA(Q,))| = 4n — 1 if n even. Theorem 2 shows the reflexive
edge strength of double alternate quadrilateral snake DA (Q,,).

Theorem 2. For every positive integer n > 3, the reflexive edge strength of double alternate quadrilateral
snake DA(Q,, ) is

a. fornodd
4in — 4
[ 3 ] 4n — 4 # 2,3 (mod 6),
res (DA (Qy)) = 4n— 4
[ 3 ]+1, 4n — 4 = 2,3 (mod 6).
b. forneven
4n—1
[ 3 ], 4n — 1 # 2,3 (mod 6),
res (DA (Qn)) = Yrdn — 1
[ 3 ]+1, 4n—1 = 2,3 (mod 6).

Proof.
a) First, we prove the lower bound of res (DA (Qn)). Because double alternate quadrilateral snake
DA (Q,,) with n odd has 4n — 4 edges, then by Lemma 1 we get.

4n —4
[ 3 ], 4n — 4 % 2,3 (mod 6),

4in—4

[ 3 ]+1, 4n — 4 = 2,3 (mod 6).

b) Second, we prove the lower bound of res (DA (Qn)). Because double alternate quadrilateral snake
DA (Q,) with n even has 4n — 1 edges, then by Lemma 1 we get.

4n—1

[ 3 ], 4n — 1 % 2,3 (mod 6),

[4n -1
3

res (DA (Qn)) >

res (DA (Qy)) =

] +1, 4n — 1 = 2,3 (mod 6).
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The lower bound res (DA (Qn)) is shown. The lower bound in Theorem 2 is the same as the lower bound

res (DA (Q,,) shown by Ryan et al. [3].
Next step,we have shown an upper bound on the labeling of edge irregular reflexive labelling in double

alternate quadrilateral snake DA (Q,,) . Let us create the k-labeling f with k = [ ]forn even,4n — 1 #
2,3 (mod 6), | “==| + 1 forneven, 4n — 1 = 2,3 (mod 6), | | fornodd, 4n — 4 % 2,3 (mod 6),
and [ ] +1fornodd, 4n — 4 = 2,3 (mod 6).

4i — 4 n-—
2[ 3 ],iEO(mod?))andi:Z,lSiS[—

2l4i—4J_
3 |

fop = fop=2[3] 1<

an—4

f) =fwy) =

n—1
1,2 (mod 3) and i # 2, 1<l<[ > l

2i—1
2[ 3 J,iEl(mod6),1SiSn,

f(ui): i—1
2[ 3 ],iEEl(mod6),1SiSn.

2,i =2,

2[4i_1J' 0,1( d3)1<'<["_1]
— |, =0, mo ) Sls|—
flowy) = 3 2

4i—1 n—1
Z[T],izz(modS)JSiS[T].

4i —1
2[ c ],iEO,l(mod6),1SiSn—1,

fuuigg) = i—1
2[ ¢ J,i #0,1(mod6),1<i<n-—1.

1,i=2,

8i—7|  m-1
fuvy) = fway) = 5] =0 mean,1si<||,

8i—7 n—1
[ ],iEl,Z(modB),lSiS[T].

4i—1 n—1
2[ J,iEO,l(modS),lSiS[T],

fwiwy) =

4i —1 n—1
2[ 3 ],iEZ(modB),lSiS[T].

Fune) = funy) = 2[ J+1 i # 0 (mod 3), 1<1<[ ;1]

4i—1 n—1
2[ 3 J+1l_0(m0d3)1<l<[ > ]

By proving the lower and upper bounds, found that the maximum labels for the vertices and edges
_llforneven, 4n — 1 # 2,3 (mod 6), [4n 1] + 1 forneven, 4n — 1 = 2,3 (mod 6), [4n_4] for
an- 4] +1fornodd, 4n — 4 = 2,3 (mod 6). In this case, the edge

[4n
nodd, 4n — 4 % 2,3 (mod 6), and
weight is expressed as,

n—1
we(ow;) = 2 (4i —3),1<i < [T] .

n—1
we(vju;)) =8i—7,1<i < [T] :
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_n_ 1_
wy(Wiuy; ) =8i—5,1<i< >
wi (UjUyq) = 4, 1<i<n-1.

_n_ 1_
we(uv;') =8i—3,1<i< >

_n_ 1_
Wt(Wi,uZi) = 8l - 1, 1 S i S 2

[ . . [n — 17
we(wjv;')=8i—2,1<i<

2
It can be seen from the weight of double alternate quadrilateral snake DA (Q,,) have different weight.
Therefore, f requires that the item on an edge irregular reflexive k-labeling. The trial in theorem is completed.

Example 2, The example of an edge irregular reflexive 6-labeling of double alternate quadrilateral

snake DA (Qs) is shown in Figure 2. The red color shows edge weight, the blue color shows edge label, and
the black color shows vertex label.

2

6

Figure 2. Edge irregular reflexive 6-labeling of double alternate quadrilateral snake DA (Qs)

4. CONCLUSIONS

Based on these descriptions, conclusions are obtained

2”3_1] forneven,2n—1#

[2n3—2] fornodd, 2n—2 #

1. Reflexive edge strength of alternate triangular snake A(Ty,) [
2,3 (mod 6), [2n3_1] + 1forneven, 2n—1 = 2,3 (mod 6),
2,3 (mod 6), and [an—zl +1 for nodd,2n — 2 = 2,3 (mod 6).

2. Then, the reflexive edge strength of double alternate quadrilateral snake DA (Q,,) [
4n — 1 23 (mod6), [“==| + 1for n even, 4n — 1 = 2,3 (mod6), |
4 % 2,3 (mod 6), and [‘”“4

. ]+1fornodd,4n — 4 = 2,3 (mod 6).

4an-1
3

4n3_4] for n odd 4n —

] for n even,
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