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ABSTRACT 

Article History: 
Breast cancer is the most common cancer in women and the leading cause of cancer-related 

death in Indonesia. Analysis of survival data is important for improving the treatment and care 

of breast cancer patients. This study aims to estimate the parameters, find the survival function, 

and hazard function of breast cancer patients using a parametric method with an exponential 

distribution. Previous studies have shown that the Maximum Likelihood Estimation (MLE) 

method is suitable for estimating the survival function from exponential survival data by 

censoring. In this study, the exponential distribution was found to be the best for data on breast 

cancer patients from Surabaya Ontology Hospital. The estimated parameters are θ = 33.9157, 

and the survival function is calculated using 𝑆(𝑥) = 𝑒
(−

𝑥

33.9157
)
. The estimated hazard function 

for patient death or failure is 0.0295. The results of this study can contribute to the development 

of better treatment and care strategies for breast cancer patients. However, further research is 

needed because this study only used monthly time units. 
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1. INTRODUCTION 

Based on reports from the World Health Organization (WHO) and the Ministry of Health of the 

Republic of Indonesia in 2020, breast cancer is the most common type of cancer suffered by women. Breast 

cancer is also one of the biggest contributing factors to the cause of death in cancer patients [1]. Efforts to 

cure cancer patients need to be developed to reduce mortality, because this is in line with one of the points in 

the third Sustainable Development Goals (SDGs) regarding Good Health and Well-Being which aims to 

reduce mortality due to preventable and treatable diseases [2]. As well as increasing people's access to quality 

health care. Therefore, an appropriate method is needed in analyzing breast cancer patient survival data in 

order to improve the management and care of these patients. 

Analysis of life test data or survival analysis is one of the statistical analyzes that discusses the survival 

of an object or individual. Analysis of survival test data aims to estimate the probability of survival, 

recurrence, death and other events up to a certain period. The life time period is recorded as data about the 

duration of an event from the beginning to the end. The definition of survival time here is the time the patient 

is first diagnosed with a disease until the patient dies. In the survival analysis, there are frequently encountered 

censored data, where information about the patient's time of death is not yet available at the end of the 

observation period [3]. To overcome this, parametric methods, such as the exponential distribution, can be 

used to model the distribution of patient survival time [4].  

Studies related to the estimation of survival model parameters or survival analysis from exponential 

distributions have been carried out by many previous researchers. Among them is Chen et.al [5] which 

discusses the use of Maximum Likelihood Estimation (MLE) to estimate the survival function in exponential 

type I censored life test data. Another study was a study conducted by Yu et.al [6] which used a progressive 

type I cencoring technique to estimate parameters from the exponential distribution and calculate the survival 

function from survival test data. Then, Burdiantoro [7] conducted a study of type I censored survival data 

with exponential distribution and six sigma. From these studies it can be concluded that the use of MLE in 

estimating the survival function of exponential type I censored survival test data has been extensively studied 

and can provide accurate results.  

This study aims to analyze the survival function and hazard function in breast cancer patient survival 

data using exponential distribution parametric method. This modeling is expected to provide a better 

understanding of the selection of the most suitable survival time distribution model for the data. The results 

of this study can contribute to the development of better management and care strategies for breast cancer 

patients. 

2. RESEARCH METHODS 

2.1 Study of Literature 

Literature study in this study was carried out by reading and studying the concepts related to survival 

analysis, such as the probability density function, survival function, hazard function, censored data, and the 

MLE method. The following is an explanation of the definitions or basic theories of these concepts. 

2.1.1 Distribusi Eksponensial 

The exponential distribution is a distribution commonly used in survival test cases. As for the 

probability density function of the probability distribution with parameters Ө is as follows 

𝑓(𝑥) = 𝜃 𝑒𝑥𝑝(−𝑥𝜃) with 𝑥 > 0, 𝜃 > 0 (1) 

The mean value and variance of the exponential distribution are, 

 𝐸(𝑥) = 𝜃−1  and 𝑉𝑎𝑟(𝑥) = 𝜃−2    (2) 

2.1.2 Survival Function 

The survival function is the probability of an individual surviving beyond 𝑥 time. The survival function 
is denoted by 𝑆(𝑥) = 𝑃𝑟(𝑋 > 𝑥) . Mathematically stated as follows [8], 
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𝑆(𝑥) = 𝑃𝑟(𝑋 > 𝑥) = 1 − 𝐹(𝑥) (3) 

2.1.3 Hazard Function 

The hazard function is the probability that an individual will die or fail if it is known that the individual 
will survive until time x. The hazard function is denoted by h(x) and is formulated as follows [9], 

ℎ(𝑥) =
𝑓(𝑥)

𝑆(𝑥)
 

(4) 

Meanwhile, the cumulative hazard function is a description of the cumulative disturbance or risk of a product 
during the time interval [0, x]. The cumulative hazard function is denoted by H(x) and its formula is, 

𝐻(𝑥) = −𝑙𝑛 𝑆(𝑥) (5) 

2.1.4 Censored Sample 

In the analysis of live test data, the presence of censored sample data is the difference between this 

analysis and other statistical analyses. Censored samples are obtained if not all observation units observed 

during a certain research period fail so that the actual survival time of some observations is unknown [10]. 

Censorship on research samples can be done to achieve experimental efficiency because measuring the time 

of individual failure or death takes a long time and costs a lot. Based on the limited time of the research, there 

are three types of censorship in the live test data samples, namely: 

Type I Censored Sample 

The sample is said to be type I censored if the research time has been determined and the research 

object (n) enters the study at the same time then the research is stopped at a certain time limit [11]. The 

weakness of type I censorship is that live test data from the object under study will not be obtained if all the 

research objects are still alive by the time limit [4]. 

Type II Censored Sample 

The sample is said to be type II censored if individuals enter the study at the same time and the study 

is stopped if the number of deaths (r) that occurs matches what has been determined from (n) the objects of 

observation [11]. The weakness of type II censorship is that the time needed to obtain r deaths is likely to be 

very long, but survival data from the object under study will definitely be obtained. 

Type III Censored Sample 

The sample is said to be type III censored if each individual enters the study at different times during 

the study period [12]. Some individuals who died or failed before the observation ended had survival data, 

some were still alive until the end of the study, and some were still alive but left the study. 

2.1.5 Likelihood Functiom 

The joint density function of n random variables 𝑋1, 𝑋2, . . . , 𝑋𝑛 which yields 𝑋1, 𝑋2, . . . , 𝑋𝑛 say 

𝑓(𝑥1, 𝑥2, . . . , 𝑥𝑛; 𝜃) is the Likelihood function. Often the Likelihood function for parameter 𝜃 is denoted 𝐿(𝜃). 
If 𝑋1, 𝑋2, . . . , 𝑋𝑛 is a random variable that has pdf𝑓(𝑥; 𝜃) which is IID then, 

𝐿(𝜃) = 𝑓(𝑥1; 𝜃) 𝑓(𝑥2 ; 𝜃) . . . 𝑓(𝑥𝑛; 𝜃) (6) 

In survival data that contains censored data, the form of the likelihood function is slightly different 
from the general one. This is because survival data is influenced by life time and sensor time which are 
independent of each other, denoted as follows, 

𝐿(𝜃) = ∏[𝑓(𝑥𝑖)]𝛿𝑖[𝑆(𝑥𝑖)]1−𝛿𝑖 

𝑛

𝑖=1

 
(7) 

With 𝛿𝑖=1 indicating uncensored data, while 𝛿𝑖=0 indicating censored data. 𝑆(𝑥𝑖) is the survival 
function for 𝑥𝑖 [13]. 
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2.1.6 Maximum Likelihood Estimation (MLE) Method 

Maximum Likelihood Estimation (MLE) is a method of parameter estimation. Suppose 𝑋1, 𝑋2, . . . , 𝑋𝑛 
are random variables of a distribution with density function 𝑓(𝑥; 𝜃), 𝜃𝜖𝛺 are parameter spaces. The shared 
PDF between 𝑋1, 𝑋2, . . . , 𝑋𝑛 is  𝑓(𝑥1; 𝜃) 𝑓(𝑥2 ; 𝜃) . . . 𝑓(𝑥𝑛; 𝜃). If the joint PDF is expressed as a function of 
θ it is called the likelihood function which is written as follows, 
 

𝐿(𝜃; 𝑥1, 𝑥2, . . . , 𝑥𝑛) = 𝑓(𝑥1; 𝜃) 𝑓(𝑥2 ; 𝜃) . . . 𝑓(𝑥𝑛; 𝜃) (8) 

The statistic 𝜃 = 𝑡(𝑥1, 𝑥2, . . . 𝑥𝑛) that maximizes the likelihood function 𝐿(𝜃; 𝑥1, 𝑥2, . . . , 𝑥𝑛), 𝜃 𝜖𝛺 is 

the statistic 𝜃 = 𝑡(𝑥1, 𝑥2, . . . 𝑥𝑛) which is called the Maximum Likelihood Estimation (MLE) of 𝜃. However, 
difficulties are usually found when the first decrease in the likelihood function for the parameter is equal to 
zero. Therefore, it can be done by determining the maximum value of the natural logarithm of the likelihood 
function or log likelihood with the aim of facilitating parameter estimation. Notated as follows [13].  

ln 𝐿(𝜃; 𝑥𝑖) = ∏ 𝑙𝑛 𝑓(𝑥𝑖 , 𝜃)𝑛
𝑖=1  (9) 

2.2 Data Types and Sources 

In this study, the data to be used is life time data of breast cancer patients which are calculated from 

the time they are diagnosed with breast cancer to the fatality phase (death) in months. This data is secondary 

data of 15 data sourced from the Surabaya Oncology Hospital [14]. 

2.3 Data processing 

Data processing is carried out based on quantitative methods both descriptively and inference with the 

formulas obtained in point 2.1 Study of Literature. The stages of processing are as follows: 

1. Determine type I censored data. 

2. Determine the distribution of data using the Anderson-Darling test. 

3. Estimating parameters. 

4. Determine the survival function of exponentially distributed life test data. 

5. Determine the hazard function of exponentially distributed live test data. 

3. RESULTS AND DISCUSSION 

3.1 Anderson Darling Test 

The Anderson Darling test is used to determine whether a data has a certain distribution. In this study, 

data analysis was carried out on the exponential distribution [15].  

Hypothesis: 

𝐻0:Samples taken from exponential distribution  

𝐻𝑎: Samples not taken from exponential distribution 

Testing criteria: Reject 𝐻0 when the 𝐴𝑡𝑒𝑠𝑡
2 > 𝐴𝑡𝑎𝑏𝑙𝑒

2  
 

Table 1. Anderson Darling Test Calculation 

Distribution 𝑨𝑻𝒆𝒔𝒕
𝟐  

Exponential 1.288 
 

 

Based on Table 1 it can be seen the results of the Anderson Darling test calculations. In these 

calculations it is known that the data fulfills the Exponential distribution. This is because the value of  𝐴𝑡𝑒𝑠𝑡
2  

is less than 𝐴𝑡𝑎𝑏𝑙𝑒
2 = 2.502 so that 𝐻0 which states that the data follows an Exponential distribution is 

accepted. 
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3.2 Determine Parameter Estimation 

After the data is known to follow an exponential distribution, the next step is to bootstrap 15 times to 

get more accurate results and estimate parameters based on the exponential distribution [15]. The data to be 

tested will be censored when the lifetime is more than 50 months.  

Table 2. Bootstrap Results Research Data 

No Time (x) in month Censored (𝜹) 

1 18 1 

2 56 0 

3 56 0 

4 56 0 

5 66 0 

6 66 0 

7 8 1 

8 6 1 

9 35 1 

10 5 1 

11 18 1 

12 18 1 

⋮ ⋮ ⋮ 
749 56 0 

750 18 1 

 

Based on Table 2, the censored data is data that has a value of 𝛿𝑖 = 0. By using the maximum 

likelihood estimation method, the estimated parameters are obtained as follows. The first step is to determine 

the likelihood function as in Equation (7). 

𝐿(𝜃) = ∏([𝑓(𝑥𝑖)]𝛿𝑖[𝑆(𝐿𝑖)]1−𝛿𝑖)

𝑛

𝑖=1

 

= ∏ ((
1

𝜃𝛿𝑖
𝑒−

𝑥𝑖𝛿𝑖
𝜃 ) 𝑒−

𝐿𝑖(1−𝛿𝑖)
𝜃 )

𝑛

𝑖=1

 

= ∏ ((
1

𝜃𝛿𝑖
𝑒−

𝑥𝑖𝛿𝑖
𝜃 ) 𝑒−

𝑥𝑖(1−𝛿𝑖)
𝜃 )

𝑛

𝑖=1

 

=
1

𝜃∑ 𝛿𝑖
𝑛
𝑖=1

𝑒− ∑
𝑥𝑖
𝜃

𝑛
𝑖=1  

=
1

𝜃(1+0+0+⋯+1)
𝑒−

(18+56+56+⋯+18)
𝜃  

𝐿(𝜃) =
1

𝜃605
𝑒−

20519
𝜃  (10) 

To facilitate the derivation of the likelihood function, the logarithm is given for the two sides of the 

likelihood function. 

ln(𝐿(𝜃)) = ln (
1

𝜃605
𝑒−

20519
𝜃 ) 

= ln (
1

𝜃605) ln (𝑒
−

20519
𝜃 ) 

= ln (
1

𝜃605
) (−

20519

𝜃
) 

ln(𝐿(𝜃)) = −605 ln(𝜃) −
20519

𝜃
 (11) 

After that, the reduction is carried out in Equation (11) and the maximum value of the derivative is 

sought, by solving the equation, the estimated parameters are obtained as follows. 

𝜕(ln(𝐿(𝜃)))

𝜕𝜃
= 0 
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𝜕 (−605 ln(𝜃) −
20519

𝜃 )

𝜕𝜃
= 0 

−
605

𝜃
+

20519

𝜃2
= 0 

−605𝜃 + 20519

𝜃2
= 0 

−605𝜃 + 20519 = 0 
−605𝜃 = −20519 

𝜃 =
20519

605
 

𝜃 = 33.9157 

 

So that the estimated parameter is 𝜃 = 33.9157. This means that the longer a patient survives, the less 

likely it is to fail or die. This parameter estimation can also be used to predict the patient's chances of survival 

in the future, as well as assist doctors in determining the right type and duration of treatment for the patient. 

3.3 Determine the Survival Function and Hazard Function 

After the parameter estimation values are obtained, the survival function can be determined through 

Equation (7). 

𝑆(𝑥) = 1 − 𝐹(𝑥) 

= 1 − (1 − 𝑒
−𝑥
𝜃 ) 

= 𝑒
−𝑥
𝜃  

𝑆(𝑥) = 𝑒
−𝑥

33.9157 (12) 

Then, it can be seen that the survival function when time t can be seen in Table 3. 

Table 3. Survival Probability 

Time (x) in month Survival Probability 

0 1 

1 0.970946 

2 0.942735 

3 0.915345 

⋮ ⋮ 
49 0.235803 

50 0.228952 

In addition, the survival chances of patients with breast cancer based on the time x are able to survive 

can be seen in Figure 1. 

 

 
Figure 1. Survival Probability Graph 
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Based on Table 3 and Figure 1, we can see the survival chances of breast cancer patients at any 

given time in months, starting from 0 to 50 months. At the beginning of the observation (time 0 months), all 

patients were still alive, so the chance of survival was 1. However, as time went on, the chance of survival 

for patients decreased, which can be seen from the value of the chance of survival which was getting lower 

at later times. At 50 months, the patient's survival chance is only 0.228952, meaning that most patients with 

breast cancer die within 50 months after diagnosis. This shows that breast cancer is a serious disease and 

needs to be treated seriously and effectively to increase the patient's chances of survival. It is linear with the 

statement from World Health Organization that majority of breast cancer sufferers only survive for less than 

50 months. After determining the survival function, the hazard function is calculated using Equation (4). 

ℎ(𝑥) =
𝑓(𝑥)

𝑆(𝑥)
 

=

1
𝜃 𝑒−

𝑥
𝜃

𝑒
−𝑥
𝜃

 

=
1

𝜃
 

ℎ(𝑥) =
1

33.9157
≈ 0.0295 

(13) 

 The hazard function, which describes the failure rate at a certain time, can be obtained from the 

survival function using the formula ℎ(𝑥) =
𝑓(𝑥)

𝑆(𝑥)
=

1

𝜃
. However, because the data is censored, the hazard 

function can only be estimated up to the last observed time, which in this case was 49 months. Therefore, the 

estimated hazard function can be represented as ℎ(𝑥) = 0.0295, for  0 ≤  𝑥 ≤  49. 

4. CONCLUSIONS 

Based on data on breast cancer patients at Surabaya Ontology Hospital and the analysis provided use 

Anderson Darling test, the exponential distribution was found to be the best fit for the data. The next step is 

to estimate the parameters of the exponential distribution using the maximum likelihood method. Data is 

censored for lifetimes greater than 50 months. The estimated parameter was found to be 𝜃=33.9157, it means 

that the average of the patient lifetime is about 33.9157≈ 40 months. Using these estimated parameters, the 

survival function is then determined using the formula 𝑆(𝑥) = 𝑒− 
𝑥

𝜃. The calculated values of the survival 

function at various time points are presented in Table 3. The analysis results also show that the estimated 

hazard function for patient failure or death is 0.0295, this hazard function value at a specific time point 

indicates the instantaneous risk of patient failure or death for individuals who have survived up to that time. 

Even so, it should be noted that this research was conducted using time data in months. Therefore, further 

research is needed using more accurate time data in order to provide more representative and reliable results. 

Even so, the results of this study can make an important contribution in increasing understanding of the risk 

of death or failure in patients with breast cancer, so that it can help doctors provide better and more effective 

care. In this case, information about the estimation of the hazard function can assist doctors and health 

professionals in planning appropriate and optimal treatment strategies for patients with breast cancer. Thus, 

the results of this study have important implications in improving the quality of life of patients with breast 

cancer. 
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