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 ABSTRACT 

Article History: 
A bicyclic graph is a type of graph that consists of exactly two cycles. A cycle is a graph that is 

a closed path where no vertices are repeated except the first and last vertices which are the 

same. The cycles in bicyclic graph can be of different lengths and shapes, but they must have at 

least one common vertex. Bicyclic graphs can be divided into two categories based on the types 

of induced subgraphs they contain. One category consists of graphs that include an ∞-graph 

as an induced subgraph, while the other category comprises graphs that contain a 𝜃-graph as 

an induced subgraph. There are 3 types of bicyclic graph without pendant vertex. A directed 

graph, also referred to as a digraph, is a graph in which each edge is assigned a specific 

direction. A directed bicyclic graph is a special kind of directed graph that contains precisely 

two distinct directed cycles. This graph can be applied in transportation problem. In this article, 

we give some examples of directed bicyclic graph in Trans Jogja routes. 
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1. INTRODUCTION 

A graph can be defined as a combination of two elements: a non-empty set of finite vertices 𝑉(𝐺), and 

a set of edges 𝐸(𝐺), where each edge is a 2-element subset of 𝑉(𝐺). Vertices represent individual entities or 

elements, while edges represent the connections or relationships between the vertices. A pendant vertex is a 

specific type of vertex in a graph. It is defined as a vertex that has a degree of 1, meaning it is connected to 

only one other vertex through a single edge. A path is a type of simple graph where its vertices can be arranged 

in a linear sequence. When we have a path denoted as 𝑃 = 𝑥0 … 𝑥𝑘−1, with 𝑘 ≥ 3, we can create a cycle by 

adding an edge between the last vertex 𝑥𝑘−1 and the first vertex 𝑥0 . This resulting graph is called a cycle and 

is denoted as 𝐶: = 𝑃 +  𝑥𝑘−1𝑥0. A cycle of length 𝑘 is specifically called a 𝑘-cycle and is represented as 𝐶𝑘. 

Theory of graph can be seen on [1, 2, 3, 4]. 

In graph theory, if we have a subgraph 𝐺′ that is contained within a larger graph 𝐺, we write it as 𝐺′ ⊆
 𝐺. When 𝐺′ includes all the edges 𝑥𝑦 ∈  𝐸 where both 𝑥 and 𝑦 are vertices in 𝑉′, we consider 𝐺′ to be an 

induced subgraph of 𝐺. In other words, the set of vertices 𝑉′ in 𝐺 induces or spans the subgraph 𝐺′, and we 

can write this relationship as 𝐺′ = 𝐺[𝑉′] [1]. Two or more paths are considered independent when none of 

them share any intermediary vertices. In other words, if there are two paths from vertex  𝑎 to vertex 𝑏, they 

are independent if the only vertices they have in common are 𝑎 and 𝑏. A graph 𝐺 is considered connected if 

it is not empty and there is a path linking any two vertices within 𝐺. If a subset 𝑈 of vertex set in 𝐺, denoted 

as 𝑈 ⊆  𝑉(𝐺), forms a connected subgraph 𝐺(𝑈), we also refer to 𝑈 as connected within 𝐺. Research on 

induced subgraphs can be observed in various studies and academic investigations. The concept of induced 

subgraphs has been a subject of interest in research, and scholars have explored its properties [5], applications 

in computation [6], and implication in coloring [7].  

A bicyclic graph is a type of connected graph that consists two independent cycles [8]. This type of 

graph is denoted by 𝐵𝑛, representing the set of all bicyclic graphs of order 𝑛. In 2008, Hu et al. explained that 

there are two types of bicyclic graphs: the ∞-graph and the 𝜃-graph. The ∞-graph, denoted as ∞(𝑝, 𝑙, 𝑞), is 

formed by combining two vertex-disjoint cycles, 𝐶𝑝  and 𝐶𝑞. It includes a path, 𝑃𝑙, of length 𝑙 − 1 that 

connects a vertex 𝑣𝑖 from 𝐶𝑝 to a vertex 𝑣𝑙 from 𝐶𝑞. It is important to note that 𝑝 and 𝑞 must be greater than 

or equal to 3, and 𝑙 must be greater than or equal to 1. If 𝑙 equals 1, it means that 𝑣𝑖 is equal to 𝑣𝑙. The 𝜃-

graph, denoted as 𝜃(𝑝, 𝑙, 𝑞). Consider three vertex-disjoint paths, denoted as 𝑃𝑝+1, 𝑃𝑙+1 and 𝑃𝑞+1, where the 

minimum of 𝑝, 𝑙, and 𝑞 is at least 1, and at most one of them is 1. By identifying the initial and terminal 

vertices of these paths, the resulting graph is known as a 𝜃-graph [9]. A 𝜃-graph can be obtained by combining 

two cycles, which have 𝑘 common vertices. [10]. 

In 2016, Ma et al. divided bicyclic graph without pendant vertex in three types. Consider a bicyclic 

graph with order 𝑛 denoted as ℬ𝑛. Let 𝐶𝑝 = 𝑣1𝑣2 … 𝑣𝑝𝑣1 and 𝐶𝑞 = 𝑢1𝑢2 … 𝑢𝑞𝑢1 be two cycles in ℬ with 

𝑙 (𝑙 ≥ 0) common vertices. If 𝑙 = 0, there exists a unique path 𝑃 that connects 𝐶𝑝 and 𝐶𝑞, starting with 𝑣1 

and ending with 𝑢1. This type of bicyclic graph is referred to as Type I (ℬ𝑛
1(𝑝, 𝑞)). If 𝑙 = 1, 𝐶𝑝 and 𝐶𝑞 have 

exactly one common vertex, 𝑣1 = 𝑢1. These types of bicyclic graphs are called Type II (ℬ𝑛
2(𝑝, 𝑞)). If 𝑙 ≥  2, 

the two cycles 𝐶𝑝 and 𝐶𝑞 have more than one common vertex, 𝑣1 = 𝑢1, … , 𝑣𝑙 = 𝑢𝑙 .. These bicyclic graphs 

are referred to as Type III (ℬ𝑛
3(𝑝, 𝑙, 𝑞)) [11].  Based on Ma and Hu's explanation of the types of bicyclic 

graphs. Therefore, we review some construction of bicyclic graph and give some examples. 

Moreover, a directed graph, also known as a digraph, is a type of graph that consists of a finite set of 

vertices and a subset of edges that have direction. In this paper, we follow to the theoretical terminologies 

related to directed graphs (digraphs) as presented in relevant books [12, 13, 14]. In 2023, Vo et al. constructed 

a research on the application of directed graphs in the field of transportation. Directed graphs were used to 

determine optimal transport [15]. 

Furthermore, a directed bicyclic graph is a bicyclic graph that has directed edges [16, 17]. The 

application of directed bicyclic graphs extend across diverse fields such as systems modeling [18], control 

theory [19], network analysis [20, 21], and transportation planning [22]. Based on the application of directed 

bicyclic graphs in transportation, we review the application of directed bicyclic graphs in the construction of 

the Trans Jogja route. Trans Jogja has 17 routes that spread across in DIY (Daerah Istimewa Yogyakarta) 

[23]. We review that the construction of directed bicyclic graphs lies in the Trans Jogja routes that connect 

one stop to another without direct routes. In this paper, we show application of directed bicyclic graph on 

Trans Jogja routes.  
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2. RESEARCH METHODS 

This research focuses on studying the construction of bicyclic graphs and providing an example of 

their application in transportation, particularly in Trans Jogja routes. The construction of a bicyclic graph 

involves providing the concept of vertices and edges in the bicyclic graph. This construction is based on the 

types of bicyclic graphs. In addition to the construction, illustrations of each type of bicyclic graph are also 

provided. Bicyclic graphs are used as representations of combined, non-connected routes. By utilizing 

bicyclic graphs, alternative routes can be found that connect these separate routes. In this study, it is important 

to consider the directions of each route involved, as the direction will affect the distance that needs to be 

travel within those routes. This research will identify the construction of bicyclic graph in the Trans Jogja 

routes.  

In the results and discussion section, the discussion is divided into several subsections. The first 

subsection discusses the types of bicyclic graphs, and provide some explanations and examples. The second 

subsection explains the development of bicyclic graph types that do not have pendant vertices. This 

subsection further categorizes the bicyclic graphs into three types and give an overview. Conclusions 

regarding the different types of bicyclic graphs are drawn. In the last subsection, the application of bicyclic 

graphs in the Trans Jogja routes is discussed. Specifically, the application focuses on directed bicyclic graphs. 

3. RESULTS AND DISCUSSION 

This section discusses the results and discussions of the research, which contain definition of bicyclic 

graph, types of bicyclic graphs, and application of directed bicyclic graphs in the Trans Jogja routes. 

3.1 Bicyclic graph  

In this subsection, we discuss the classifications of bicyclic graphs and explanations along with 

examples to illustrate each type. We give literature review of general definition of bicyclic graphs in 

Definition 1. Bicyclic graphs are classified into two types: ∞-graph and 𝜽-graph. The definitions of ∞-graph 

and 𝜽-graph are presented in Definition 2 and Definition 3. The examples of ∞-graph and 𝜽-graph are 

presented in Example 2 and Example 3. 

Definition 1. [9] A bicyclic graph is a simple connected graph in which the number of edges equals the 

number of vertices plus one denoted by ℬ𝑛 the set of all bicyclic graphs of order 𝑛. 

According to Hu et al. [9], the types of bicyclic graphs are as follows: ∞-graph and 𝜃-graph.  

Definition 2. [9] Let 𝐶𝑝 and 𝐶𝑞 be two vertex-disjoint cycles. ∞-graph (∞(𝑝, 𝑙, 𝑞)) is obtained from two 

vertex-disjoint 𝑣𝑖 ∈ 𝐶𝑝 and 𝑣𝑙 ∈ 𝐶𝑞  with a path 𝑃𝑙 of length 𝑙 − 1, where 𝑝, 𝑞 ≥  3 and 𝑙 ≥  1, 𝑙 = 1 means 

𝑣𝑖 = 𝑣𝑙.  

The ∞-graph can be illustrated on Figure 1. ∞-graph(∞(𝒑, 𝒍, 𝒒)) Figure 1. 

 
Figure 1. ∞-graph(∞(𝒑, 𝒍, 𝒒)) 

Let ℬ𝑛 = (∞(𝑝, 𝑙, 𝑞)), then the set of vertices and edges is obtained as follows. 

𝑉(𝐶𝑝) = {𝑥𝑖|𝑖 = 1,2,3, … , 𝑝} 

𝐸(𝐶𝑝) = {𝑥𝑖𝑥𝑖+1,  𝑥𝑝𝑥1|𝑖 = 1,2,3, … , 𝑝 − 1 } 

𝑉(𝐶𝑞) = {𝑢𝑗|𝑗 = 1,2,3, … , 𝑞}  

𝐸(𝐶𝑞) = {𝑢𝑖𝑢𝑖+1,  𝑢𝑞𝑢1|𝑖 = 1,2,3, … , 𝑞 − 1 } 

If 𝑙 > 1, then  

𝑉(ℬ𝑛) = {𝑥𝑖, 𝑢𝑗, 𝑣𝑘|𝑖 = 1,2,3, … , 𝑝; 𝑗 = 1,2,3, … , 𝑞; 𝑘 = 1,2,3, … , 𝑙;  𝑣1 = 𝑥𝑖; 𝑣𝑙 = 𝑢𝑗,  𝑙 > 1}, otherwise 

𝑉(ℬ𝑛) = {𝑥𝑖, 𝑢𝑗 |𝑖 = 1,2,3, … , 𝑝; 𝑗 = 1,2,3, … , 𝑞; 𝑥𝑖 = 𝑢𝑗,  𝑙 = 1}. 

If 𝑙 > 1, then  
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𝐸(ℬ𝑛) = 𝐸(𝐶𝑃) ∪ 𝐸(𝐶𝑞) ∪ {𝑣𝑘 , 𝑣𝑘+1|𝑘 = 1,2,3, … , 𝑙 − 1; 𝑙 > 1}, otherwise  𝐸(ℬ𝑛) = 𝐸(𝐶𝑃) ∪ 𝐸(𝐶𝑞);  𝑙 =

1.  

Example 1. For illustration, we give some examples of ∞-graph. Let 𝑝 = 3 dan 𝑞 = 3, then the set of vertices 

and edges are 𝑉(𝐶𝑝) = {𝑥1, 𝑥2, 𝑥3}, 𝐸(𝐶𝑝) = {𝑥1𝑥2, 𝑥2𝑥3, 𝑥3𝑥1} and 𝑉(𝐶𝑞) = {𝑢1, 𝑢2, 𝑢3}, 𝐸(𝐶𝑞) =

{𝑢1𝑢2, 𝑢2𝑢3, 𝑢3𝑢1}. We illustrate ∞- graph with 𝑙 > 1 and 𝑙 = 1 in Figure 2. 

 
(a) 

 
(b) 

Figure 2. Example of ∞-graph, (a) ∞(𝟑, 𝟑, 𝟑), (b) ∞(𝟑, 𝟏, 𝟑) 

Figure 2 (a) Illustrates ∞-graph with 𝑙 = 3. Let ℬ7 = (∞(3, 3, 3)), then the sets of vertices and edges are 

𝑉(ℬ7) = {𝑥1, 𝑥2, 𝑥3, 𝑢1, 𝑢2, 𝑢3, 𝑣1, 𝑣2, 𝑣3|𝑥3 = 𝑣3; 𝑢3 = 𝑣1} and 

𝐸(ℬ7) = {𝑥1𝑥2, 𝑥2𝑥3, 𝑥3𝑥1, 𝑣1𝑣2, 𝑣2𝑣3, 𝑣3𝑣1, 𝑢1𝑢2, 𝑢2𝑢3, 𝑢3𝑢1|𝑥3 = 𝑣3; 𝑢3 = 𝑣1}.   

Figure 2 (b) Iillustrates ∞-graph with 𝑙 = 1. Let ℬ5 = (∞(3, 1, 3)), then the sets of vertices and edges are 

𝑉(ℬ5) = {𝑥1, 𝑥2, 𝑥3, 𝑢1, 𝑢2, 𝑢3|𝑥3 = 𝑢3} and 𝐸(ℬ5) = {𝑥1𝑥2, 𝑥2𝑥3, 𝑥3𝑥1, 𝑢1𝑢2, 𝑢2𝑢3, 𝑢3𝑢1|𝑥3 = 𝑢3}. 

Definition 3. [9] Let  𝑃𝑝+1, 𝑃𝑙+1 and 𝑃𝑞+1 be three vertex-disjoint paths, where 𝑚𝑖𝑛(𝑝, 𝑙, 𝑞) ≥ 1 and the 

minimum among 𝑝, 𝑙, and 𝑞 is at least 1, and only one of them is allowed to be equal to 1. Identifying the 

three initial vertices and terminal vertices of them, respectively, the resultant graph, denoted by 𝜃(𝑝, 𝑙, 𝑞), is 

called a 𝜃-graph. 

The 𝜃-graph can be formed by three paths, namely 𝑃𝑝+1, 𝑃𝑙+1, and 𝑃𝑞+1. The 𝜃-graph can also be 

formed by two cycles, 𝐶𝑚 and 𝐶𝑛, which have 𝑘 common vertices. The ilustration of 𝜃-graph can be seen in 

Figure 3. 

 
(a) 

 
(b) 

Figure 3. Ilustration of 𝜽-graph, (a) 𝜽-graph formed by three paths, (b) 𝜽-graph formed by two cycles 

The bicyclic graph ℬ𝑛 = 𝜃(𝑝, 𝑙, 𝑞) is obtained from three vertex-disjoint paths 𝑃𝑝+1, 𝑃𝑙+1 dan 𝑃𝑞+1 

that have same initial and terminal vertices. The set of vertices and edges is obtained as follows. 

𝑉(𝑃𝑝+1) = {𝑢1, 𝑢2, … , 𝑢𝑝, 𝑢𝑝+1}  

𝐸(𝑃𝑝+1) = {𝑢1𝑢2, 𝑢2𝑢3, … , 𝑢𝑝−1𝑢𝑝, 𝑢𝑝𝑢𝑝+1}  

𝑉(𝑃𝑙+1) = {𝑣1, 𝑣2, … , 𝑣𝑙 , 𝑣𝑙+1}  

𝐸(𝑃𝑙+1) = {𝑣1𝑣2, 𝑣2𝑣3, … , 𝑣𝑙−1𝑣𝑙 , 𝑣𝑙𝑣𝑙+1}  

𝑉(𝑃𝑞+1) = {𝑤1, 𝑤2, … , 𝑤𝑞 , 𝑤𝑞+1}  

𝐸(𝑃𝑙+1) = {𝑤1𝑤2, 𝑤2𝑤3, … , 𝑤𝑞−1𝑤𝑞 , 𝑤𝑞𝑤𝑞+1} 

𝑉(ℬ𝑛) = {𝑉(𝑃𝑝+1) ∪ 𝑉(𝑃𝑙+1) ∪ 𝑉(𝑃𝑞+1)|𝑢1 = 𝑣1 = 𝑤1, 𝑢𝑝+1 = 𝑣𝑙+1 = 𝑤𝑝+1} 
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𝐸(ℬ𝑛) = {𝐸(𝑃𝑝+1) ∪ 𝐸(𝑃𝑙+1) ∪ 𝐸(𝑃𝑞+1)|𝑢1 = 𝑣1 = 𝑤1, 𝑢𝑝+1 = 𝑣𝑙+1 = 𝑤𝑝+1} 

Example 2. For illustration, we give an example of 𝜃-graph. Let there are 3 path,  𝑃4+1, 𝑃3+1 and 𝑃4+1, then 

the set of vertices and edges are 𝑉(𝑃4+1) = {𝑢1, 𝑢2, 𝑢3, 𝑢4, 𝑢5}, 𝐸(𝐶𝑝) = {𝑢1𝑢2, 𝑢2𝑢3, 𝑢3𝑢4, 𝑢4𝑢5} and 

𝑉(𝑃3+1) = {𝑣1, 𝑣2, 𝑣3𝑣4}, 𝐸(𝑃3+1) = {𝑣1𝑣2, 𝑣2𝑣3, 𝑣3𝑣4} and 𝑉(𝑃4+1) = {𝑤1, 𝑤2, 𝑤3, 𝑤4, 𝑤5}, 

𝐸(𝐶𝑝) = {𝑤1𝑤2, 𝑤2𝑤3, 𝑤3𝑤4, 𝑤4𝑤5}. We illustrate 𝜃- graph with 10 vertices in Figure 4. 

 

 
Figure 4. An example of 𝜽-graph 𝓑𝟏𝟎 = (𝛉(𝟒, 𝟑, 𝟑)) 

Figure 4 illustrate an  𝜃-graph with 10 vertices denoted by ℬ10 = (θ(4, 3, 3)). The sets of vertices and 

edges are 𝑉(ℬ10) = {𝑢1, 𝑢2, 𝑢3, 𝑢4, 𝑢5, 𝑣1, 𝑣2, 𝑣3𝑣4, 𝑤1, 𝑤2, 𝑤3, 𝑤4, 𝑤5|𝑢1 = 𝑣1 = 𝑤1; 𝑢5 = 𝑣4 = 𝑤5} and  

𝐸(ℬ10) = {𝑢1𝑢2, 𝑢2𝑢3, 𝑢3𝑢4, 𝑢4𝑢5, 𝑣1𝑣2, 𝑣2𝑣3, 𝑣3𝑣4, 𝑤1𝑤2, 𝑤2𝑤3, 𝑤3𝑤4, 𝑤4𝑤5|𝑢1 = 𝑣1 = 𝑤1; 𝑢5 = 𝑣4 =
𝑤5}. 

Bicyclic graphs can be described based on the number of vertices. Let ℬ̂𝑛 is a set containing 𝜃-graphs 

dan ∞-graphs with 𝑛 vertices. Here, we illustrated some examples of the sets of all bicyclic graphs of order 

𝑛; 𝑛 = 4,5,6. 

Example 3. If  n = 4, then ℬ4 = ℬ̂4 = θ(2,1,2). The ilustration of ℬ4 can be seen on Figure 5.  

 

Figure 5. An example of bicyclic graph with 4 vertices �̂�𝟒 = 𝜽(𝟐, 𝟏, 𝟐) 

Example 4. If 𝑛 = 5, then ℬ̂5 = (𝜃(2,2,2), 𝜃(2,1,3), ∞ (3,1,3)), ℬ̂4 + 𝑃1 where 𝑃1 incident with pendent 

vertex. (see on Figure 6) 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 

Figure 6. Some examples of bicyclic graphs with 5 vertices �̂�𝟓, (a) 𝜽(𝟐, 𝟐, 𝟐), (b) 𝜽(𝟐, 𝟏, 𝟑), (c) ∞ (𝟑, 𝟏, 𝟑) and  

(d) �̂�𝟒 + 𝑷𝟏 = 𝜽(𝟐, 𝟏, 𝟐) + 𝑷𝟏 

Example 5. If 𝑛 = 6, then ℬ6 = ℬ̂6(𝜃(2,3,2), 𝜃 (2,1,4), 𝜃(3,1,3), ∞(3,1,4), ∞(3,2,3)), ℬ5 + 𝑃1, ℬ̂4 + 2𝑃1 

where 𝑃1 incident with pendent vertex. Figure 7 illutrates an Example 5. 
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(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 7. Some Examples of Bicyclic Graph With 6 Vertices 𝓑𝟔, (a) ∞(𝟑, 𝟐, 𝟑), (b) ∞(𝟑, 𝟏, 𝟒), (c) �̂�𝟓 + 𝑷𝟏 and  

(d) �̂�𝟒 + 𝟐𝑷𝟏 

Bicyclic graph of order 𝑛 with 𝑠 pendant vertices can be denoted by ℬ𝑛(𝑠) where 𝑠 ≥ 1. It contains 

𝑠 pendant vertices, which are isolated vertices connected to only one vertex in the graph. These 

pendant vertices do not participate in the cycles or the connecting path. The presence of the cycles, 

path, and pendant vertices characterizes the structure of a bicyclic graph of order 𝑛 with 𝑠 pendant 

vertices. Bicyclic graph of order 𝑛 with 𝑠 and 𝑡 pendant vertex could denote by ℬ𝑛(𝑠, 𝑡) where 𝑠, 𝑡 ≥ 1, It 

also includes 𝑠 pendant vertices connected to one cycle and 𝑡 pendant vertices connected to the other 

cycle. The pendant vertices are isolated vertices that are linked to only one vertex in the graph and 

do not participate in the cycles or the connecting path. The structure of a bicyclic graph of order 𝑛 

with 𝑠 and 𝑡 pendant vertices is determined by the presence of the cycles, path, and pendant vertices. 

Bicyclic graph with pendant vertex illustrated in Figure 8. 

 
(a) 

 
(b) 

Figure 8. Bicyclic graph with pendant vertices, (a) 𝓑𝒏(𝒔); 𝒏 = 𝒔 + 𝟓, (b) 𝓑𝒏(𝒔, 𝒕); 𝒏 = 𝒔 + 𝒕 + 𝟓 

Example 6. For illustration, we give an example of bicyclic graph that have pendant vertex.  Figure 9  

illustrate example of ℬ𝑛(𝑠) and ℬ𝑛(𝑠, 𝑡), that are ℬ7(3) and ℬ10(3,3). 

 

(a) 

 

(b) 

Figure 9. Example of bicyclic graph with pendant vertices, (a) 𝓑𝟕(𝟑), (b) 𝓑𝟏𝟎(𝟑, 𝟑) 

3.2 Types of bicyclic graph  

In this subsection, we explained about bicyclic graph types that do not contain pendant vertices. 

Bicyclic graphs without pendant vertices are classified into three types. The definition and examples of each 

type of bicyclic graph are described. 

Definition 4. [11] Let ℬ be a bicyclic graph. Suppose 𝐶𝑝 = 𝑣1𝑣2 … 𝑣𝑝𝑣1 and 𝐶𝑞 = 𝑢1𝑢2 … 𝑢𝑞𝑢1 are two 

cycles in ℬ with 𝑙(𝑙 ≥ 0) common vertices.  

(i) If 𝑙 = 0, then there is one unique path 𝑃 connecting 𝐶𝑝 and 𝐶𝑞, which initiates with 𝑣1 and concludes 

with 𝑢1. We call this kind of bicyclic graph type I, and it is denoted by ℬ𝑛
1(𝑝, 𝑞).  

(ii) If 𝑙 = 1, then 𝐶𝑝 and 𝐶𝑞 have exactly one common vertex 𝑣1 = 𝑢1. We call this kind of bicyclic 

graphs type II, and it is denoted by ℬ𝑛
2(𝑝, 𝑞).  
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(iii) If 𝑙 ≥  2, then the two cycles 𝐶𝑝 and 𝐶𝑞 have more than one common vertex 𝑣1 = 𝑢1, … , 𝑣𝑙 = 𝑢𝑙 . 

We call this kind of bicyclic graphs type III, and it is denoted by ℬ𝑛
3(𝑝, 𝑙, 𝑞). 

The illustation of the three types of bicyclic graphs can be seen in Figure 10. 

 

(a) 

 

(b) 

 

(c) 

Figure 10. Three types of bicyclic graphs, (a) bicyclic graph type I, (b) bicyclic graph type II, (c) bicyclic graph 

type III 

Next, we conclude the construction of the bicyclic graph. The set of all bicyclic graphs of order 

𝑛, denoted by ℬ𝑛 where 𝑛 ≥ 4, is given byℬ𝑛 = ℬ𝑛
1 ∪ ℬ𝑛

2 ∪ ℬ𝑛
3. 

For ℬ𝑛
1(𝑝, 𝑞) with one unique path 𝑃𝑘 where 𝑘 = 𝑛 − 𝑝 − 𝑞 + 2, the set of vertices and egdes is 

obtained as follows. 

𝑉(𝐶𝑝) = {𝑣1, 𝑣2, … , 𝑣𝑝} 

𝐸(𝐶𝑝) = {𝑣1𝑣2, 𝑣2𝑣3, … , 𝑣𝑝−1𝑣𝑝, 𝑣𝑝𝑣1} 

𝑉(𝐶𝑞) = {𝑢1, 𝑢2, … , 𝑢𝑞} 

𝐸(𝐶𝑞) = {𝑢1𝑢2, 𝑢2𝑢3, … , 𝑢𝑞−1𝑢𝑞 , 𝑢𝑞𝑢1} 

𝑉(ℬ𝑛
1) = 𝑉(𝐶𝑝) ∪ 𝑉(𝐶𝑞) ∪ {𝑥𝑖|𝑖 = 1,2,3, … , 𝑘; 𝑥1 = 𝑣1; 𝑥𝑘 = 𝑢𝑘} 

𝐸(ℬ𝑛
1) = 𝐸(𝐶𝑝) ∪ 𝐸(𝐶𝑞) ∪ {𝑥𝑖𝑥𝑖+1|𝑖 = 1,2,3, … , 𝑘 − 1; 𝑥1 = 𝑣1; 𝑥𝑘 = 𝑢𝑘} 

Example 7. Bicyclic graph Type I with 8 vertices, where 𝑝 = 3 and 𝑞 = 4 denoted ℬ8
1(3,4). The sets of 

vertices and edges of cyclic graph are 𝑉(𝐶𝑝) = {𝑣1, 𝑣2, 𝑣3}, 𝐸(𝐶𝑝) = {𝑣1𝑣2, 𝑣2𝑣3, 𝑣3𝑣1} and 𝑉(𝐶𝑞) =

{𝑢1, 𝑢2, 𝑢3, 𝑢4}, 𝐸(𝐶𝑞) = {𝑢1𝑢2, 𝑢2𝑢3, 𝑢3𝑢4, 𝑢4𝑢1}. This example is depicted by Figure 11. 

 

Figure 11. An example of bicyclic graph type I 𝓑𝟖
𝟏(𝟑, 𝟒) 

Figure 11 illustrates ℬ8
1(3,4). The sets of vertices and edges are  

𝑉 (ℬ8
1(3,4)) = {𝑣1, 𝑣2, 𝑣3, 𝑢1, 𝑢2, 𝑢3, 𝑢4, 𝑥1, 𝑥2, 𝑥3|𝑥1 = 𝑣1; 𝑥3 = 𝑢1} and 

𝐸 (ℬ8
1(3,4)) = {𝑣1𝑣2, 𝑣2𝑣3, 𝑣3𝑣1, 𝑥1𝑥2, 𝑥2𝑥3, 𝑢1𝑢2, 𝑢2𝑢3, 𝑢3𝑢4, 𝑢4𝑢1|𝑥1 = 𝑣1; 𝑥3 = 𝑢1} 

Let ℬ𝑛
2(𝑝, 𝑞), then the set of vertices and egdes is obtained as follows. 

𝑉(𝐶𝑝) = {𝑣1, 𝑣2, … , 𝑣𝑝} 

𝐸(𝐶𝑝) = {𝑣1𝑣2, 𝑣2𝑣3, … , 𝑣𝑝−1𝑣𝑝, 𝑣𝑝𝑣1} 

𝑉(𝐶𝑞) = {𝑢1, 𝑢2, … , 𝑢𝑞} 

𝐸(𝐶𝑞) = {𝑢1𝑢2, 𝑢2𝑢3, … , 𝑢𝑞−1𝑢𝑞 , 𝑢𝑞𝑢1} 

𝑉(ℬ𝑛
2) = 𝑉(𝐶𝑝) ∪ 𝑉(𝐶𝑞); 𝑣1 = 𝑢1 

𝐸(ℬ𝑛
2) = 𝐸(𝐶𝑝) ∪ 𝐸(𝐶𝑞); 𝑣1 = 𝑢1  

Example 8. In Figure 12, an example of bicyclic graph type II is depicted, denoted as ℬ7
2(4,4), where  
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𝑝 = 4 and 𝑞 = 4. The sets of vertices and edges of cyclic graph are 𝑉(𝐶𝑝) = {𝑣1, 𝑣2, 𝑣3, 𝑣4 },  

𝐸(𝐶𝑝) = {𝑣1𝑣2, 𝑣2𝑣3, 𝑣3𝑣4, 𝑣4𝑣1} and 𝑉(𝐶𝑞) = {𝑢1, 𝑢2, 𝑢3, 𝑢4}, 𝐸(𝐶𝑞) = {𝑢1𝑢2, 𝑢2𝑢3, 𝑢3𝑢4, 𝑢4𝑢1}. 

 
Figure 12. An example of bicyclic graph type II 𝓑𝟕

𝟐(𝟒, 𝟒) 

Illustrating ℬ7
2(4,4) in Figure 12, the sets of vertices and edges are given by: 

𝑉(ℬ7
2(4,4)) = {𝑣1, 𝑣2, 𝑣3, 𝑢1, 𝑢2, 𝑢3, 𝑢4, |𝑣1 = 𝑢1} and 

𝐸(ℬ7
2(4,4)) = {𝑣1𝑣2, 𝑣2𝑣3, 𝑣3𝑣4, 𝑣4𝑣1, , 𝑢1𝑢2, 𝑢2𝑢3, 𝑢3𝑢4, 𝑢4𝑢1|𝑣1 = 𝑢1}. 

Let ℬ𝑛
3(𝑝, 𝑙, 𝑞), then the set of vertices and egdes is obtained as follows. 

𝑉(𝐶𝑝) = {𝑣1, 𝑣2, … , 𝑣𝑝} 

𝐸(𝐶𝑝) = {𝑣1𝑣2, 𝑣2𝑣3, … , 𝑣𝑝−1𝑣𝑝, 𝑣𝑝𝑣1} 

𝑉(𝐶𝑞) = {𝑢1, 𝑢2, … , 𝑢𝑞} 

𝐸(𝐶𝑞) = {𝑢1𝑢2, 𝑢2𝑢3, … , 𝑢𝑞−1𝑢𝑞 , 𝑢𝑞𝑢1} 

𝑉(ℬ𝑛
3) = 𝑉(𝐶𝑝) ∪ 𝑉(𝐶𝑞); 𝑣𝑖 = 𝑢𝑖|𝑖 = 1,2, . . , 𝑙 

 𝐸(ℬ𝑛
3) = 𝐸(𝐶𝑝) ∪ 𝐸(𝐶𝑞); 𝑣𝑖 = 𝑢𝑖|𝑖 = 1,2, . . , 𝑙  

Example 9. For illustration, Figure 13 provides an example of bicyclic graph type III, denoted as 

ℬ7
3(6,5,6) where 𝑝 = 𝑞 = 6. The sets of vertices and edges of bicyclic graph are  

𝑉(𝐶𝑝) = {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6 }, 𝐸(𝐶𝑝) = {𝑣1𝑣2, 𝑣2𝑣3, 𝑣3𝑣4, 𝑣4𝑣5, 𝑣5𝑣6, 𝑣6𝑣1} and  

𝑉(𝐶𝑞) = {𝑢1, 𝑢2, 𝑢3, 𝑢4, 𝑢5𝑢6}, 𝐸(𝐶𝑞) = {𝑢1𝑢2, 𝑢2𝑢3, 𝑢3𝑢4, 𝑢4𝑢5, 𝑢5𝑢6, 𝑢6𝑢1}. 

 

 
Figure 13. An example of bicyclic graph type III 𝓑𝟕

𝟑(𝟔, 𝟓, 𝟔) 

Figure 13 illustrate ℬ7
3(6,5,6), the sets of vertices and edges are  

𝑉(ℬ7
3(6,5,6) ) = {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑢6} and  

𝐸(ℬ7
3(6,5,6) ) = {𝑣1𝑣2, 𝑣2𝑣3, 𝑣3𝑣4, 𝑣4𝑣5, 𝑣5𝑣6, 𝑣6𝑣1, 𝑢5𝑢6, 𝑢6𝑢1}.  

Based on the definition, there are three types of bicyclic graphs: (ℬ𝑛
1(𝑝, 𝑞)), (ℬ𝑛

2(𝑝, 𝑞)), and 

ℬ𝑛
3(𝑝, 𝑙, 𝑞). The ∞-graph and 𝜃-graph are associated with (ℬ𝑛

1(𝑝, 𝑞)) and (ℬ𝑛
2(𝑝, 𝑞)), respectively. This 

means that if we have a bicyclic graph of the form (ℬ𝑛
1(𝑝, 𝑞)) and (ℬ𝑛

2(𝑝, 𝑞)), it can be referred to as an ∞-

graph. Similarly, a bicyclic graph of the form ℬ𝑛
3(𝑝, 𝑙, 𝑞) can be referred to as a 𝜃-graph. 

The specific structure of these graphs may vary based on the values of 𝑝, 𝑞, and 𝑙. However, the general 

idea is that (ℬ𝑛
1(𝑝, 𝑞)) and (ℬ𝑛

2(𝑝, 𝑞)) represents an ∞-shaped graph, while ℬ𝑛
3(𝑝, 𝑙, 𝑞) represents a 𝜃-shaped 
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graph. Overall, the relation suggests that different types of bicyclic graphs have distinct shapes and are labeled 

as ∞-graph, 𝜃-graph, or potentially other designations based on their specific structures. 

3.3 Application of Directed Bicyclic Graph 

A directed bicyclic graph is a specific type of directed graph that contains two cycles. It is characterized 

by having two distinct cycles within its structure. These cycles can be traversed in a specific direction, with 

each cycle forming a closed loop. The presence of these two cycles distinguishes a directed bicyclic graph 

from other types of directed graphs. Illustration of directed bicyclic graph can be seen on Figure 14. 

 

(a) 
 

(b) 
 

(c) 

Figure 14. Ilustration of directed bicyclic graph, (a) Directed bicyclic graph type I, (b) Directed bicyclic graph 

type II, (c) Directed bicyclic graph type III 

The construction of directed bicyclic graphs can be observed in the Trans Jogja route. Trans 

Jogja is a reform of the public transportation system in the Province of DIY in the form of BRT (Bus Rapit 

Transit) both in terms of management and the provision of adequate transportation facilities, through the 

concept of transportation management based on Buy the Service [23]. There are 17 Trans Jogja routes spread 

across in DIY. Every route is given a different color as shown in Figure 15. 

 
Figure 15. Trans Jogja routes 

We can see that each Trans Jogja bus route forms a cycle and each route does not pass through all 

available stops. The bicyclic graph can be used to connect the Trans Jogja bus stops on one route to other 



2104 Ambarwati, et. al     CONSTRUCTION OF BICYCLIC GRAPH AND ITS APPLICATION IN TRANS….  

routes. So, we can use Trans Jogja to travel from one bus stop to another in different routes. We give examples 

3 types of directed bicyclic graph in Trans Jogja routes, as follows: 

 

Example 10. The application of bicyclic graph Type I in Trans Jogja routes is illustrated as routes from UNY 

to UMY. Since UNY and UMY are on different routes, a single route cannot be used for travel between them. 

Route 11, passing through UNY, forms one directed cyclic graph, and the same applies to Route 6A passing 

through UMY. To travel from UNY to UMY, a route connecting the two is required, as depicted in  

Figure 16.  The notations 𝑣𝑖; 𝑖 = 1,2, … 9 are Trans Jogja bus stop of Route 11, 𝑢𝑗; 𝑗 = 1,2, … 7 are Trans 

Jogja bus stop of Route 6A, and 𝑥𝑘; 𝑘 = 1,2,3 are Trans Jogja bus stop of Route 10 that connect Route 11 

and Route 6A. UNY is denoted by 𝑣6 and UMY is denoted by 𝑢4. 

 

Figure 16. Example bicyclic graph Type I on Trans Jogja routes UNY to UMY 

Example 11. The construction of bicyclic Type II in Trans Jogja routes can be seen in Figure 17. Two routes, 

Route 3A and Route 5A, are connected through a single Trans Jogja bus stop, Kentungan. The notations 

𝑣𝑖; 𝑖 = 1,2, … ,9 are Trans Jogja bus stop of Route 5A and 𝑢𝑗; 𝑗 = 1,2, … ,10 are Trans Jogja bus stops of 

Route 3A. Kentungan in Route 5A is denoted by 𝑣1 and it is denoted by 𝑢1 in Route 3A. 

 

 
Figure 17. Example bicyclic graph Type II on Trans Jogja routes 

Example 12. The construction of bicyclic graph Type III in Trans Jogja routes can be seen in  Figure 18. 

Two routes, Route 2B and Route 9, are connected through one route, namely Pingit to Terminal Jombor. The 

notations 𝑣𝑖; 𝑖 = 1,2, … ,7 are Trans Jogja bus stops of Route 9 and 𝑢𝑗; 𝑗 = 1,2, … ,10 are Trans Jogja bus 

stops of Route 2B. In Route 9, Pingit and Terminal Jombor are denoted by 𝑣1 and 𝑣2, whereas in Route 2B, 

they are denoted by 𝑢1 and 𝑢2. 

 
Figure 18. Example bicyclic graph Type III on Trans Jogja routes 
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4. CONCLUSIONS 

Based on the result and discussion, the conclusion that can be drawn from this research are as follows: 

1. In the beginning, there 2 types of bicyclic graph, namely: ∞-graph and 𝜃-graph. Furthermore, these types 

evolved into three types: bicyclic graph Type I, Type II and Type III, denoted by (ℬ𝑛
1(𝑝, 𝑞)), (ℬ𝑛

2(𝑝, 𝑞)), 

and ℬ𝑛
3(𝑝, 𝑙, 𝑞). 

2. The relation between the ∞-graph and 𝜃-graph with bicyclic graph Type I, Type II and Type III is as 

follows: the ∞-graph can be devided into bicyclic graph Type I and Type II, while the 𝜃-graph 

corresponds to bicyclic graph Type III. 

3. Trans Jogja routes can be constructed in 3 types of bicyclic graph by adding directions to edges. Three 

constructions of bicyclic graph in Trans Jogja routes can be seen in  

Figure 16, Figure 17, and Figure 18. 

REFERENCES 

[1]  R. Diestel and R. Diestel, "The basics," Graph Theory, vol. 5, pp. 1-34, 2017.  

[2]  G. Chartrand, L. Lesniak and P. Zhang, Graphs & digraphs, CRC press., 2010.  

[3]  B. X. E. &. H. Y. Wu, "The spectral radius of trees on k pendant vertices," Linear Algebra and its Applications, vol. 395, pp. 

343-350, 2005.  

[4]  J. A. Bondy and U. S. R. Murty, Graph theory with applications (Vol. 290), London: Macmillan, 1976.  

[5]  A. Ferber and M. Krivelevich, "Every graph contains a linearly sized induced subgraph with all degrees odd," Advances in 

Mathematics, vol. 406, p. 108534, 2022.  

[6]  S. Lee and S. Nirjon, "SubFlow: A dynamic induced-subgraph strategy toward real-time DNN inference and training.," In 

2020 IEEE Real-Time and Embedded Technology and Applications Symposium (RTAS) , pp. 15-29, 2020.  

[7]  S. Hajebi, Y. Li and S. Spirkl, "Complexity dichotomy for list-5-coloring with a forbidden induced subgraph," SIAM Journal 

on Discrete Mathematics, vol. 36, no. 3, pp. 2004-2027, 2022.  

[8]  S. K. Simić, "On the largest eigenvalue of bicyclic graphs," Publications de l'Institut Mathématique. Nouvelle Série, 46, 1-6, 

pp. 1-6, 1989.  

[9]  S. X. T. &. L. B. Hu, "On the nullity of bicyclic graphs," Linear Algebra and its Applications, vol. 429, no. 7, pp. 1387-

1391., 2008.  

[10]  L. Y. J. Z. Y. &. Y. Z. You, "The maximal total irregularity of bicyclic graphs," Journal of Applied Mathematics, pp. 1-9, 

2014.  

[11]  J. S. Y. W. Z. &. Y. J. Ma, "On Wiener polarity index of bicyclic networks," Scientific reports, vol. 6, no. 1, pp. 1-7, 2016.  

[12]  J. Bang-Jensen and G. Z. Gutin, Digraphs: theory, algorithms and applications., Springer Science & Business Media, 2008. 

[13]  F. Harary, R. Z. Norman and D. Cartwright, Structural models: an introduction the theory of directed graphs., New York: 

Wiley, 1965. 

[14]  W. H. Cunningham, "Decomposition of directed graphs," SIAM Journal on Algebraic Discrete Methods, vol. 3, no. 2, pp. 

214-228, 1982.  

[15]  V. Vo, T. Le, L. T. Vuong, H. Zhao, E. Bonilla and D. Phung, "Learning Directed Graphical Models with Optimal 

Transport," arXiv preprint arXiv., 2023.  

[16]  W. Hong and L. You, " Spectral radius and signless Laplacian spectral radius of strongly connected digraphs," Linear 

Algebra and Its Applications, vol. 475, pp. 93-113, 2014.  

[17]  J. Monsalve and J. Rada, "Bicyclic digraphs with maximal energy," Applied Mathematics and Computation, vol. 280, pp. 

124-131, 2016.  

[18]  K. Moon, A. M. Guerrero, V. M. Adams, D. Biggs, D. A. Blackman, L. Craven, ... and H. Ross, "Mental models for 

conservation research and practice," Conservation Letters, vol. 12, no. 3, p. e12642, 2019.  

[19]  P. Mani, B. Vasudevan and M. Sivaraman, "Shortest path algorithm of a network via picture fuzzy digraphs and its 

application," Materials Today: Proceedings, vol. 45, pp. 3014-3018, 2021.  

[20]  A. G. Marques, S. Segarra and G. Mateos, "Signal processing on directed graphs: The role of edge directionality when 

processing and learning from network data.," IEEE Signal Processing Magazine, vol. 37 , no. 6, pp. 99-116, 2020.  

[21]  X. Yang and L. Wang, " The eccentricity matrix of a digraph," Discrete Applied Mathematics, vol. 322, pp. 61-73, 2022.  

[22]  S. Jain and A. Sinha, "Social network sustainability for transport planning with complex interconnections," Sustainable 

Computing: Informatics and Systems, vol. 24, p. 100351, 2019.  

[23]  P. J. Romadhona, "Fasilitas Keselamatan Pada Halte Transjogja," Warta Penelitian Perhubungan, vol. 23 , no. 4, pp. 388-

401, 2011.  

 



2106 Ambarwati, et. al     CONSTRUCTION OF BICYCLIC GRAPH AND ITS APPLICATION IN TRANS….  

 

 

 


