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A discrete dynamical system is represented as a directed graph with graph nodes called states
that can be seen on the dynamical map. This discrete dynamical system is symbolized by (4, g),
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1. INTRODUCTION

A discrete dynamical system is a method that can describe the process, behavior, and complexity in a
system that models a phenomenon [1]. A discrete dynamical system can be treated by numerical simulation
where the solutions can be represented on a dynamic map. A discrete dynamical system is further symbolized
by (4, g), where A is a finite set of states and the function g: A — A is is a function from A to A. A discrete
dynamical system is the form of a category D, where the objects are (4, g), (B, h), ...and the arrow is (4, g) —
(B, h) given by the function ¢: A — B [2]. The discussion of categories can be explored further outside of
this research.

The discrete dynamical system (4, g) is defined as a directed graph that has a certain height that can
be seen on the dynamical map. A graph is composed of a number of objects V = v4, v,, v3,... kKnown as nodes,
which are connected to one another by links E = e, e,, e3,... known as edges [3]. The graph's nodes will
henceforth be referred to as states. The discrete dynamical system has a specific height on the dynamic map.
Limit cycles are used to describe the discrete dynamical system's basic height. A limit cycle with one state is
an identity mapping that can be written as 14 [4]. The limit cycle is at the innermost height of the dynamical
map where it will be connected to other states at different heights. In this dynamic map, Brouwer's Fixed
Point theorem applies, that is, the point x in A where g(x) = x is called a fixed point [5]. The height of a
discrete dynamical system is symbolized by h,(x) or h(x). The sequence of the state of each height in the
dynamical system starting from limit cycles is called profile which can be written as prof(4,g) =
(14ol, 1411, ..., 1Ax]) [6]. In other words, a profile is a subset of a discrete dynamical system.

By knowing the operations possessed by the set of discrete dynamical systems and the profile set, the
algebraic structure can be investigated. An algebraic structure is a non-empty set A that contains operations
from A to A with one or more binary operation ([7],[8]), with operations between elements following certain
rules [9] Algebraic structures have many types, including groups, rings, modules, semirings, and
semimodules. Each form of algebraic structure has its own definition. By knowing the algebraic structure of
a set, then we can further examine the properties possessed by the set.

Research on the algebraic structure of dynamical systems has been carried out by several researchers,
although this topic is very rarely found in some literatures. A research by Guzman describes the algebraic
structure of Lie algebras on non-linear dynamical systems, with Lie algebras containing Heinsenberg algebras
[10]. Moreover, there are several researches on the algebraic structure of the set of discrete dynamical
systems. A research by Murua and Sanz-Serna [11] describes algebraic techniques have been developed to
solve several problems in the theory of discrete and continuous dynamical systems by using Hopf algebra,
which is a monomorphism Lie Algebra. A research by de Castro and Kang [12] describes A groupoid with a
C* algebraic structure that is isomorphic to the C* algebra of Boolean dynamical systems. Research by
Qaralleh and Mukhamedov [13] explains the prediction of the dynamic behavior of Volterra QSOs (Quadratic
Stochastic Operator) by examining the algebraic structure of the Volterra evolution algebra. QSO is used to
investigate the properties of dynamical systems and modeling of dynamical systems for numerous areas.
Tomiyama's research [14] explains that topological dynamical systems are homeomorphisms of C* algebra.
A research by Juan A. Aledo et al [15] explain that the dynamic behavior of Parallel Dynamical Systems
(PDS) on graphs when the PDS has a Boolean algebraic structure. Dawood Khan et al's research ([16],[17])
on discrete dynamical systems which are BCI-Algebra and BCK-Algebra, investigated the properties of
discrete dynamical systems on BCI-Algebra which BCI-Algebra and BCK-algebra are algebraic structures in
universal algebra.

The journals described above examine the application of algebraic structures to discrete dynamical
systems. It is already known that the discrete dynamical system is a category, and category theory can be
proved about the algebraic structure that exists in the discrete dynamical system. Therefore, this research will
focus on the theory of algebraic structures, where the proof of the complete algebraic structure will be shown
on the set of discrete dynamical systems and the set of profiles. This research will show the addition and
multiplication operations of the dynamical system. Then, whether the set of discrete dynamical systems is a
commutative semiring will be investigated. Furthermore, the profile set will be introduced to the discrete
dynamical system which will be investigated whether the profile set is a commutative semiring and Ns,-
semimodule. Furthermore, the properties of discrete dynamical system set and profile set will also be
investigated.
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2. RESEARCH METHODS

The method used in this research is a literature study conducted by reviewing books, journals, and
other papers on algebraic structures in dynamic systems and profile sets. The following are the steps of this
research:

1. Proving that the set of dynamical systems is a semiring,

2. Proving that the set of dynamical systems is isomorphic to the set of non-negative integers,
3. Proving that the profile set is a semiring commutative,

4. Proving that the set of profiles is isomorphic to the set of non-negative integers,

5. Proving that the profile set is an N,,-semimodule.

3. RESULTS AND DISCUSSION

In this section, we will discuss the algebraic structure of the set of discrete dynamical systems and the
set of profiles, as well as the properties of the two sets.

Figure 1. Maps of Discrete Dynamical Systems

Figure 1 is called the internal diagram of a set. A point inside the set represents an element. Figure 1
is an example of a dynamic system where each height has a different state. In the discrete dynamical system,
it is found that the profile is prof(7,5,9,3,3) that is, there are 7 states at height 0, 5 states at height 1, 9 states
at height 2, 3 states at height 3, and 3 states at height 4. Let there exist a discrete dynamical system (4, g)
with A a finite set of states and g a function g: A — A and a discrete dynamical system (B, h) with B a finite
set of states and h a function h: B — B. The product of the category of a dynamical system can be seen as
follows:

(A4,9)+ (B,h) = (A¥B, g+ h) where (g + h)(x) = {‘Zgg;c Eg =

(4,9) x (B,h) = (A% B, g x h) where (g x h)(a, b) = (g(a), h(b)) (2)

are defined by disjoint union of graph dan tensor product of graph [18]. The disjoint union and tensor product
is the operation of the set of discrete dynamical systems, which can be seen in Table 1 and Table 2. Table 1
and Table 2 explain the addition and multiplication operations on discrete dynamical systems that have states
0,1,2,3. State 0 is denoted by the empty number set. State 1 is denoted as a graph that has one point with an
arrow pointing to itself. State 2 is denoted as a graph that has two points with arrows connecting the two
graphs or two graphs that are not connected to each other with arrows to themselves. Similarly, state 3 is
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denoted as a graph that has three nodes with arrows connecting the three graphs or the three graphs that are
not connected to each other by their own arrows. The number of graph shapes in each state can be varied.

Table 1. Table (D, +) on state 0,1,2,3

State 0 State 1 State 2 State 3
| . Y A 1 [ : Y A 1
+ Q) G,’ Gp\ G O C_D ,"("-' ‘\.'\’
o 0 o K co G- e
o o ca Ko OF wmae oo \o
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Table 2. Table of (D,x) on state 0,1,2
State 0 State 1 State 2
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We have seen that the discrete dynamical system is a category, and it can be seen in the addition and
multiplication table above that the set of discrete dynamical systems is a countable set. So, whether the
category products of the set of discrete dynamical systems are commutative semiring. An interesting property
of D is of the category of commutative semiring of natural numbers.

Theorem 1. (Semiring Commutative on a set of Discrete Dynamical Systems)

Let D be a set of dynamical system with 4+ and x operations, then (D, +,X) is a commutative semiring.
Proof. First, we prove that (D, +) is a commutative monoid. Let (4, g), (B, h), (C,i) € D with addition
operation which can be seen in Equation (1). Since (4, g) and (B, h) € D with A and B being finite sets of
states and by the definition of the summation operation in discrete dynamical systems, g and h being
subsequent states of a function then A W B is the union of the two sets of states and g + h is the disjoint sum
of the two functions where for g(x), x € A and for h(x),x € Bsothat (AW B, g + h) isin D, then (D, +) is
closed. Next, it will be shown that (D, +) has commutative dan associative properties, and has a neutral
element which can be seen below:

(i) ((49)+B,h)+(C,D)=(AYB,g+h)+(Ci)
Based on Equation (1)., then (4, g) + (B,h) = (AW B, g + h), then it also applied to
(A¥B,g+ h)+ (C,i), o that
((49)+ B )+ (C,D)=(AYBUYC,g+h+1i)
=A,9)+(BYC,h+1)
= 4,9+ (B +(CD)
(i) (A,9)+(B,h)=(A¥B,g+h)
=(BUYAhKh+g)
=(B,h) + (4, 9)
(iii) Neutral element Op = @

Because D has commutative dan associative properties, and has a neutral element, then (D, +) is
commutative monoid.

Second, we will show that (D,x) is a monoid. Let (4, g), (B, h),(C,i) € D. Since (4, g) and (B,h) €
D with A and B are finite sets of states and based on the definition of the multiplication operation in discrete
dynamical systems which can be seen in Equation (2), g and h are the next state in a function then A x B is
the product of the two sets of states and g x h is the product of the two functions with (g X h)(a,b) =
(g(a), h(b)) sothat (A x B,g X h) isin D, hence (D,x) is closed. (D,x) has associative properties and has
a neutral element which can be seen below:

(i) ((4,9) x (B,h)) x (C,i) = (AX B,g x h) x (C,i)
Based on equation 2, then (A4,g) X (B,h) =(AXB,g x h) then it also applies to
(AX B,g x h) x (C,1i), so that
=(AXBXC,gxXhxi)
=(4,9) X (BXC,hxi)
= (4,9) x ((B,h) x (€, D)
(i) Neutral element 1y

Because D has associative properties and has a neutral element 1y, then (D,x) is a monoid.

Third, we prove that D has distributive properties. Let (4, g), (B, h), (C,i) € D. Then do the sum and
multiplication operation, we have:

0] (4,9) x ((B, h) + (C, i)) =(A4,9)X(BWYC,h+1i)
=((AXB)YW(AXC),(gxh)+(gxi))
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=(AXB,gxh)+(AxC,gxi)
=(4,9) X (B,h) + (4,9) x (C,i)

i) (A9 +Bh)x(CiD)=(AYBg+h)x(Ci
=((AXC)WY(BXC),(gxi)+ (hxi))
=(AXC,gXxi)+(BxC,hxi)
=(4,9) x(C,i) + (B,h) X (C,i)

Based on above, D has distributive properties.

Fourth, we prove that D has an absorbing element, that is 0(4,g) =0 = (4,9)0,V (4,9) € D. Let
(A,g) €D. Then we have (4,9)*X0p=(4,9)x0=0=0x%x(4,9)=0px(4,9g). Based on the
operation above, then it is proven that 0(4,g) = 0 = (4, 9),V (4, g) € D. Based on the four axioms above,
we get that (D, +,X) is semiring.

Furthermore, we will show that (D, +,%) is a commutative semiring. Let (4, g), (B,h) € D. Then we
have

(A4,9) X (B,h) =(AXB,g xh)
=(BxXAhxg)
= (B,h) X (4,9)
Based on (4,g) X (B,h) = (B,h) x(A4,9)V(4,9),(B,i) €D, then it’s proven that (D,+,X) is a
commutative semiring.

The set of discrete dynamical systems has a property, namely isomorphic to a set of non-negative
integers which can be seen in Proposition 2.

Proposition 2. (Isomorphism of Discrete Dynamical Systems)

Let D be a set of dynamical system. Semiring D has a subsemiring N isomorphic to a set of non-negative
integer.

Proof. Let ¢: N5, — D a dynamical system containing n fixed points (i.e. identity function over the set of n
points) and suppose that, N = ¢(N,,) with 0 = ¢(0) and 1 = ¢@(1). First it will be shown that ¢ is a
homomorphism semiring, i.e. it will be shown that ¢(n + m) € N and ¢(n x m) € N,Ve(n), ¢(m) € N.
Suppose two arbitrary elements are operated on with the elements being ¢ (1), ¢ (m) € N with ¢(n) = nand
¢@(m) = m. Then the elements are operated as follows:

(i) o(m)+en)=m+n=gp(m+n)withp(m+n) eN
(ii) p(m) X pn) =m xn = ¢@(mxn)withp(mxn) EN

Then for all ¢(n),p(m) € N, we have p(m +n) = @(m) + ¢(n) dan p(m x n) = (m) X @(n) which
@(m +n), e(m x n) € N. Based on the above proof, ¢ is a semiring homomorphism.

Second, we prove that ¢ semiring monomorphism. Based on the above operation, we have ¢(n) = n
and @ (m) = m. If o(m) = ¢ (n) then m = n causes injective so that it is semiring monomorphism. The two
points above prove that a semiring D containing an isomorphic subsemiring N with N.

After knowing the algebraic structure and properties of the set of dynamical systems, we will also
investigate the algebraic structure of the profile set. Keep in mind that the profile set is part of the set of
discrete dynamical systems so that the algebraic structure and properties of the profile set will tend to be the
same as the set of discrete dynamical systems. Before investigating the structure, it will be shown how the
operations that apply to the set of profiles. Given two profiles p = (p;);ey and q = (q;);en. The
summation of the two profiles is as follows

p+q=(pi+gdien 3)
The multiplication of two profiles is as follows:

i i
pXxXq= PiXZCIi"‘QiXZPi—PiXQi (4)
=0 =0

iEN
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The illustration of addition and multiplication in Equation (3) and Equation (4) can be seen in Table
3 where the table contains the set of profiles P for the sum operation and Table 4 contains the set of profiles
P for the multiplication operation.

Table 3. Table (P, +) on state 0,1,2,3

+ (0) 1) (2) 11 @ @2 @y GLy
0 (0) (1) () 1D 3 @2 @y  GLy
€Y (1) (2) (3 21 @ @2 @G  @Ly
) () (3) ) €2y G G2 “L  GBLy

(1,1) 1y 2D G (22 G @23 (B2 (221
3) 3) (4) (5) (41 6  *2) (62 (&L
(1,.2) 12 @2 32 (23) &2 @4 (33 (231

2,1) 2D G 4D 32 G1) (B3 (42 (321
11, (1L 211 G1L1) 221 411 (231 (G211 (222)

Table 4. Table (P,x) on state 0,1,2,3

X (0) 1) (2) (€HY) (3) (1,2) 21 (AL
0 (0) 0 0) 0) (0) 0 0 0)
€] (0) €y (2 1D 3 (1,2) 21 @@Ly
) (0) ) 4 (2,2) (6) (24 (42)  (222)
(1,1) (0) (1,1) (2.2) (1,3) (3.3) (1,5) 24 (132

3) (0) 3) (6) (33) 9) (3,6) 63)  (333)
(1.2) (0) (1,2) (2,4) (1,5) (3.6) (1,8) 27)  (153)
2,1) (0) (2,1) (4,2) (24) (6,3) 2,7) 45  (243)

(1,1,1) o @11 (222 (132 (333) (1,5,3) (243)  (1,35)

After knowing about the addition and multiplication operations, we will then investigate the algebraic
structure of the set of profiles.

Theorem 3. (Commutative Semiring on a Set of Profile)

If P be a set of profile with + and x operations, then (P, +,X) is a commutative semiring.

Proof. First, we prove that (P,+) is a commutative monoid. Let prof(4, g), prof(B, h) € P, so that by
Proposition 2 it is obtained that semiring D is isomorphic to the set of non-negative numbers so that the sum
of two profiles whose members are the set of non-negative integers will produce a member of the set of non-
negative integers, then (P, +) is closed. Based on Proposition 2, for the + operation, P inherits the associative
and commutative properties of N,,. P has neutral element 0p = (0) and has neutral element Op = @.
Because P has commutative dan associative properties, and has a neutral element, then (P, +) is commutative
monoid.

Second, we show that (P,x) is a monoid. Let p,q,r € P and let (4, g),(B,h),(C,i) € D with
prof(4, g) = p,prof(B,h) = q, and prof(C,i) =r. (P,X) has associative properties and has a neutral
element which can be seen below:

0] (p x q) xr = prof((4,9) x (B, h)) x prof(C,i)
= (prof(A,g) x prof(B, h)) x prof(C, i)
= prof(4, g) X prof(B, h) X prof(C, i)
= prof(4, g) % (prof(B, h) x prof(C, i))
= prof(4, g) x prof((B, g) x (C,1))
=px(qxr)

(i) Neutral element 1p = prof 1p = (1)

Because P has associative properties and has a neutral element 1p, then (P,X) is a monoid.

Third, we prove that P has distributive properties. Let p,q, r € P.Then do the sum and multiplication
operation, we have:
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()  px(q+r)=prof(4,g) x (prof((B,h) + (C.1)))
= prof(4, g) X (prof(B, h) + prof(C, i))
= prof(4, g) X prof(B, h) + prof(4, g) X prof(C, i)
= prof((4, g) x (B,h)) + prof((4, g) x (C,1))
=(@xq)+(pxr)
(i) (p+a)xr=(prof((4 g) + (B,h))) x prof(C, )
= (prof(A, g) + prof(B, h)) x prof(C, i)
= prof(4, g) X prof(C,i) + prof(B, h) X prof(C, i)
= prof((4, g) x (C,i)) + prof((B, k) x (C, i))
=(Pxr)+(gxr)
Based on the operation above, P has distributive properties.

Fourth, we prove that Op = 0 = p0,V p € P. Let p € P. Then we have p X 0, = p x (0) = (0) =
(0) x p. Based on the operation above, then it’s proven that Op = 0 = p0, vV p € P. Based on the four axioms
above, then we get that (P, +,%) is semiring.

Furthermore, proof that (P, +,%) is a commutative semiring. Let p, q € P. Then we have

p X q = prof(4, g) x prof(B, h)
= prof((4, g) x (B, h))
= prof((B, k) x (4,9))
= prof(B, h) X prof(4, g)
=qXxXp
Basedonp X q = q X pVq,p € P, then it’s proven that (P, +,X) is a commutative semiring.

Similar to the set of discrete dynamical systems, the profile set has a property, which is isomorphic to
a set of non-negative integers which can be seen in Lemma 4.

LLemma 4. (Isomorphism of Profile)

Let P be a set of profile. (P, +,%) has subsemiring that is isomorphic to a set of non-negative integer.
Proof. Let ¢:N,, — P and ¢(n) = (n) with ¢(0) = (0) and ¢ (1) = (1). First, it is proved that ¢ is a
homomorphism semiring, i.e. it will be shown that ¢(n + m) € D and ¢(n X m) € D Vop(n), p(m) € D.
Let two arbitrary elements are operated on with the elements being ¢(n), ¢(m) € D with ¢(n) = (n) and
¢@(m) = (m). Then the elements are operated as follows:

i)  @m)+en)=m)+ (n)=m+n)=¢@(m+n)withp(m+n) €D
@iy @(m)xen)=m)xm)=mxn)=¢e(mxn)withp(mxn) €D

Then for all ¢(n),p(m) € D, we have o(m+n) = (m) + p(n) and p(m x n) = (m) X
@(n) which ¢(m + n), e(m x n) € D.

Based on the above proof, ¢ is a semiring homomorphism.

Second, we prove that ¢ semiring monomorphism. Based on the above operation, we have ¢(n) =
(n) and @(m) = (m). If e(m) =¢@(n) then (m) = (n) causes injective so that it is semiring
monomorphism. The two points above prove that image of ¢(N5q) is an isomorphic subsemiring of P with
NZO-

Besides having the algebraic structure of a commutative semiring, it is also investigated that the profile
set is an N ,-semimodule which can be seen in Theorem 5.

Theorem 5. (Nxo-semimodule of Profile)

If P is a set of profile with sum operation and N, is a non-negative integer, then (P,+) as an N,,-
semimodule.

Proof. Based on Theorem 2, (P, +) is a commutative monoid. Therefore, it will be proved that (P, +) is a
N.,-semimodule with scalar operation e : P X N5, — N, as follows:

prof(4,f) ek =pkVp€ePand k € N,
Let prof(4, g), prof(B, h) € P with prof(4, g) = p and prof(B,h) = q, and k,l € N5,
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1) First, we show that prof(4, g) « (n + m) = prof(4, g) * n + prof(4,g) e m
prof(4,g) e (k+ 1) =pe(k+1)
=pe- k + P l
= prof(4,g)  k + prof(4,g)
Based on the above proof, it is proven that prof(4, g)  (k + 1) = prof(4, g) « k + prof(4, g) « L.

2) Second, we prove that (prof(A,g) + prof(B, h)) o k = prof(4,g)  k + prof(B,h) « k
(prof(4,g) + prof(B,h))en=(p+q)*k
=pek+qek
= prof(4,g) * k + prof(B,h) « k
Based on the above proof, it is proven that (prof(4,g) + prof(B, h)) s k = prof(4,g) « k +
prof(B,h) « k.

3) Third, we show that prof(4, g) ¢ (prof(B,h) « k) = (prof(4, g) » prof(B,h)) * k
prof(4, g)  (prof(B,h) sk) =p+(q k)
=(peq k)
=((peq)k)
= (prof(4, g) » prof(B,h)) e k
Based on the above proof, it is proven that prof(4,g) e (prof(B,h) k) = (prof(4,g) «
prof(B,h)) e k.

4) Fourth, we prove that 1pk =k
1pk = (Dk
=k
Based on the above proof;, it is proven that 1pk = k.

5) Fifth, we prove that Opk = Op
Opk = (0)k
=(0)
Based on the above proof, it is proven that Opk = 0.
The five points above prove that (P, +) is a Nyo-semimodul.

This research has shown that the set of discrete dynamical systems and the set of profiles have algebraic
structures, namely commutative semiring and N,-semimodule. Moreover, further research can be done on
the benefits and usage of the algebraic structure on the profile set. It can also be reviewed if it could be
connected to the problem-solving on polynomial equations of discrete dynamical systems.

4. CONCLUSIONS

We show that a set of dynamical systems has an algebraic structure, namely commutative semiring.
The dynamical system also has the property that the subsemiring of the dynamical system D is isomorphic to
a non-negative integers. Moreover, we also show that a set of profiles has two structures, namely a
commutative semiring and a semimodule Ns,. Profiles also have the property that the subsemiring of profile
P is isomorphic to a set of non-negative integers.
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