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Potatoes infected with the PLRV virus will experience a decrease in production up to 90%. In
this paper, The PLRV distribution fractional differential equation model with potato and vector
populations is reformulated by adding one new parameter, namely the rate of vector death due
to predators. The model is divided into susceptible and infected classes. The PLRV dispersion
model was developed and converted to a fractional order form for 0<o < I. Next, the invariant
region, positive solutions, basic reproduction number, equilibrium point, and stability were
determined. Based on the stability analysis, it is shown that the stability of the disease-free
equilibrium point is locally stable and globally stable if the basic reproduction number (Ro)<1,
and the stability of the endemic equilibrium point is globally stable if the basic reproduction
number (Ro)>1. Numerical solutions were also carried out to determine the effect of several
parameters on the PLRV distribution model on potatoes. The numerical solution results show
that the elimination rate of infected potatoes and the infection rate of potatoes have a significant
role in controlling the spread of PLRV in potatoes.
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1. INTRODUCTION

In Indonesia, potatoes are one of the essential commodities of vegetables. Indonesia is the largest
country that produces potatoes in South East Asia [1]. Potatoes are susceptible to several diseases, but Potato
Leaf Roll Virus (PLRV) is the dominant one worldwide [2]. Potatoes infected with the PLRV virus will
experience a decrease in production up to 90%. The potato plant can be infected with the PLRV in two
courses: primary and secondary infections. A primary infection is caused by the virus-carrying aphids (vector)
during the growing season, while a secondary infection occurs when contaminated bulbs are planted [3].

Controlling the spread of PLRV involves various measures, including using virus-free seed potatoes,
implementing strict aphid control strategies, and promoting good agricultural practices. Mathematical models
can be utilized to understand the dynamics of PLRV spread better and assess the effectiveness of different
control measures. Early detection and prompt action are crucial in managing and minimizing the impact of
the Potato Leaf Roll Virus on potato crops.

Fractional differential equations can be used to understand the dynamics of real-life situations. Using
fractional differential equations can provide better and more detailed information in approaching a problem.
The fractional differential equation involves the derivative of an unknown function with fractional orders.
For example, Ahmad et al. used fractional differential equations for the reaction-diffusion model [16], and
Singh et al. applied them to obtain a hyperbolic-type solution for a particular equation [17]. Fractional
differential equations form a mathematical model that can describe the propagation of PLRV. Mapinda et al.
have used a typical differential equations system to model the spread of Banana Xanthomas Wilt bacteria
(BXW) on bananas. Studies have shown that pruning bananas infected with BXW and sterile farming tools
are necessary strategies to control the distribution of BXW [4]. Shah et al. applied a fractional differential
equation to study the spread of pests in tea plants. The findings suggest that selecting predators as the enemy
of problems has reduced the spread of pests in tea plants [5]. Ali et al. described regression modeling
strategies to predict PLRV disease [18]. Furthermore, Bonyah formulated a potato disease model in a
fractional-order derivative [19].

Tilahun et al. have also researched the mathematical model of PLRV deployment using differential
fractional equations and stability [15]. This article reviewed the research by adding another new parameter:
the rate of vector death because predators are viewed as an enemy to the vector. In this article, predators can
help control the spread of PLRV in potatoes because predators are considered enemies of the vectors. Also,
several studies have shown that leaf predators can help control vector populations and indirectly reduce the
spread of diseases caused by these vectors.

2. RESEARCH METHODS

The research method contains sources of data and data analysis to show how to control the spread of
PLRV on Potatoes.
2.1 Sources of Data

This paper uses data from published articles from Tilahun et al. [15]. The data has been collected in
Table 2 to perform numerical simulations to investigate the effect of some parameters on disease control and
support the theoretical analysis.

2.2 Data Analysis

This paper has developed a system of fractional differential equations of the PLRV model using
fractional derivative Caputo to the ordinary differential equations. The PLRV model is analyzed qualitatively
to determine the conditions of the PLRV model, and numerical simulation is performed by using MATLAB
and presenting the results as a graph.

3. RESULTS AND DISCUSSION

3.1 PLRV Model using Fractional Differential Equation

The fractional differential equation model of PLRV spread considers the populations of potatoes and
vectors, each population consisting of susceptible and infected subclasses. The fractional differential equation
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model of PLRV spread has four compartments: S,(t) representing the number of susceptible potato
populations at time ¢, I,,(t) representing the infected potato population at time t, S, (t) representing the
susceptible vector population at time ¢, and I,,(t) representing the infected vector population at time ¢t.

The plot and parameters of the model for the spread of PLRV in potatoes can be seen in Figure 1 and
Table 1 below, respectively.

oSvl

Figure 1. Flow diagram of PLRV model

Table 1. Parameters Description of the PLRV model

Parameters Description Parameters Description

Sp Population of susceptible potato Y Natural death rate of vector
Sy, Population of susceptible vector ) Replanting rate of potato
I, Population of infected potato T, Recruit rate of vector
I, Population of infected vector a Infection rate of potato
a, Virus induced death rate 1) Infection rate of vector
a, Elimination rate of infected potato Ay Death of vector by predators
Yp Natural death rate of potato

From Figure 1 and Table 1, system of differential equation are generated.
a5y _
dt

dl

—L =aS,I, — (ay + ay + Y,)Ip,

ds 1)
"~ = m, — 88, — (Y, + 4,)S,

Ty — aSI,IU — YpSp,

dt
dl,
E = 5Sv1p - (Yv + Av)lvr
with initial value S,,(0) = S, = 0,1,(0) = I,,, > 0,5,(0) = S,,, = 0,1,(0) = I,,, > 0 and

ay,®2,Vp, Vv, M1, T2, 6,2, 4, > 0.

Furthermore, system Equation (1) is converted into a fractional differential equation system for the
order 0 < ¢ < 1 and n = 1 using a fractional Caputo derivative [6]. For example, covert the first equation
dS, on system Equation (1) into a fractional derivative.

—1 ‘ — 1r(m
g — n—o-— n
D¢ r a)fo (t—uw fdu,

D? = ! ft(t )=o dspd—D”S
cTTra-ol, " \ac )T e

Moreover, D"Ip,D“Sv, and DI, are obtained similarly, so the following fractional differential
equation was collected.

)
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DS, = my — aSpl, — YpS,,
DI, = aSyl, — (az + az + Yp)I,, A3)
D°S, = my — 88,1, — (Y, +1,)S,,
DI, = 8S,l, — (Y, + )1y,
with order 0 < ¢ < 1, initial value §,,, =0,I,, =0,S, >0,I,, >0 and
ay, A2, Vp, Vo, 1,2, 8,2, 4, > 0.

3.2 Invariant Region

The following theorem is the feasible solution that satisfies all the constraints and conditions imposed
by the given system.

Theorem 1. The feasible solution set {S,, I,,, S,,, I,,} of the system equation of the model is 2 =

{(SP,IP,SU,I,,) € R : (0 S Ny(t) < :;) (0 < N,(t) < p =Sp+1,,N, =S, + I,,}.

Proof. Differentiate N, and N,, with respect to time by considering fractional order

(Vv+/1v))

D°N, = D(S, + 1), @

D°N, = D’(S, +1,). ®)

Substitute Equation (3) to Equation (4) with ¢; = 0 and a, = 0, become
DNy < 11 = ¥pSp = Vplp, (6)
DN, < 1y — ypNp,
Take Laplace transform [7] and substitute initial value, become
L{DN, ()} + L{y,N,} = L{m,},

y ™
N,(s) £ ———.
p() s(s®+ )
Furthermore, find the Laplace inverse transform using Mittag-Leffler function [6], become
T
Np(8) < = (1= Eo(—1t?)). ®)
Yo
Lett —» oo andy, > 0, thus N,,(t) - % > 0. Therefore we have
14
0<Ny(0) < iy ©)
Yo
After re-arranging Equation (9), obtained
T 10
Q, = {(sp,lp) € R3: 0 < Npy(¢) < y—l} (10)
P
By using the same way for Equation (5), obtained
Ty
Q, =1(S,,I,) € RI:0< N, (b) < }
1) R (11)

In general, Equation (10) and Equation (11), invariant region of the system of the model is

Q=0,xQ,= {(sp,lp,s,,, L) e R

. )y T2
: (0 < N, (t) < y,,) (0 < N, (t) < o +/1v)>}
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3.3 Positive Solutions

All solutions of the fractional differential equation model of PLRYV spread in potatoes are positive for
future time if all the initial values are positive.

Theorem 2. If S, > 0,1, =0,S, =0,I, =0 then all solution sets (S,(t),1,(t),S,(t),I,(t)) of the
system of the model are positive for the future time.

Proof. Take the first equation in Equation (3) with m; as positive
D°S, =my — aSyL, — Sy,

(12)
DS, = —S,(al, + vp).
Using Laplace transform, become
L£{D?S,} = —(al, +v,)L{S,},
(13)
Spo

S. > .
p(9) s+ (al, +v)

Next, find the Laplace inverse transform [8] using Mittag-Leffler function, become
Sp(t) = Sp, t°  Ey o(—(al, +v,)t%) = 0;t > 0.

By using the same way, the rest equation on Equation (3), obtained
L,(t) = I, t°'E; ;(=kt?) = 0;t > 0,
S,() = S, t7 Eg (— (81,0 + (yy + Av)) t") >0;t >0,
L,(t) = L t° *Eg o (= (yp + 1,)t7) = 0;t > 0.

3.4 Equilibrium point and basic reproduction number
There are two equilibrium points, disease free equilibrium point and endemic equilibrium point

associated with basic reproduction number. The disease free equilibrium is the condition with no infection
(1, = I, = 0). Equation (3) has a disease free equilibrium point if it does [9]:

D’S, =0,D°I, = 0,D’S, = 0,D°I,.
Disease free equilibrium represented as E® = (S9,19, 59,17, so it become

s
E°(S9,12,59,19 ( 0,——2—,0 >

(591555 19) = "t A
Basic reproduction numbers are obtained by using the next generation matrix method [10].

G=FV~1, (14)
where F and V are the results of linearization using the Jacobian at the disease free equilibrium point which
. s
) = (2.0.52550)

0 aZ
F= s " and V = [0 3 -?/'lu)] The next generation matrix is
(rw+2y) ar,
A S (15)
G=FVT=| s PRy
0

k(y, + 4y)
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The basic reproduction number is the dominant of eigenvalues. Therefore

_ am,0m,
Ro= T to )2
Yo Wy v

Furthermore, the endemic equilibrium is the condition with infection (1, # 0, I,, # 0). Endemic equilibrium
represented as E* = (S;, 15, Sy, I;) and it becomes
E*=(S;,1;,5;.13)

Ty am, I,
~ { aly + v, k(aly +v,)’ w
- mok(aly +v,) k(ry + A)y, (R = 1) |
\ali‘;(ﬁnl + (v + k) + kv, (ry + 4,) " a(Byy + (vy + A0)k)

3.5 Stability of equilibrium point

There are two main types of stability associated with equilibrium points: local stability and global
stability. Local stability and global stability of the equilibrium points is given in the following theorem.

Theorem 3. The disease free equilibrium point is locally asymptotical stable if R, < 1 and unstable if
Ry > 1.

Proof. Jacobian matrix of Equation (1) at disease free equilibrium point is [11]

[ 0 0 !
—_— _a_
Vp Y
T
0 —k 0 a— (16)
](EO) — T, yp
0 ———— —(pp+ 4 0
(yu +/11]) (yU U)
§—2 0 —(p + 1)
! ( + 24y) v
Eigen values of Equation (16) is 4; = =y, < 0,4; = —(y,, + 4,,) < 0 and polynomial equation
am,0m
2+ ((ry + ) + k) + (k +Ap) — >=
(i +2y) + k) o + A) G+ 10)

by

b,

According to Routh-Hurtwitz criteria [12], a polynomial equation has a negative real root if and only if
b; > 0and b, > 0. Itis clearly b; > 0 because it is the sum of positive parameters. But b, > 0 if

b, = (g + Ak — 02 g
2 T e+ )

amn, 61, a7
Yo (ro + 40),
amn,6m,

> — =
ky, (v + 24,)?

(w + Ak >

Equation (17) shows that
am, 0T, <1 (18)
Yok(rw + 4)
Let Ry = /% then Equation (18) shows RZ < 1, it is means R, < 1. Thus, the disease free
pYvtay

equilibrium point is locally asymptotically stable if Ry < 1.
Theorem 4. The disease free equilibrium point is locally asymptotical stable if all the eigenvalues of the

J(E®) satisfy |arg(1,)| > ? where i = 1,2, 3, 4.
Proof. In the sub-section before, the eigen values are

1. Al = _yp'
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2. A3 ==+ 4y).

3. A,and A, is.
224 (G +2) + ) + <k(y +A)—L§n2)= (19)
;vbl—/ v v yp(yv + /117)
b,

Because y,, ¥, and 4,, are a positive parameter, then ; < 0 and A3 < 0, thus satisfying arg(4;)| = m > ?
forany 0 < o <1 [13].

Previously, it has shown that b,, b, > 0if Ry < 1, thus polynomial Equation (19) has the negative
real root and satisfies |arg(1;)| = © > ?for any 0 < o < 1. Thus, disease free equilibrium point is locally

asymptotically stable if Ry < 1.

Theorem 5. The disease free equilibrium point is globally stable if Ry < 1.

Proof. Consider Lyapunov function
V(Sp, Ly, Sy, 1)

S I

— p p
=S, -8 —S)In <s°) + -1 —1IyIn <1°>
p p

S I
+ Sy —Sy-S2in|< )|+ | L-B—-in|o
Sy I

Thus V > 0 for all (S, 1, Sy, 1,) # (Sp, 13, S9,12) and V = 0 if and only if (S, I, Sy, 1) =
(S5, 13,89, 12). Next, calculate Vo (S,, 1,,, S, I,,) to show DV < 0 at disease free equilibirum point [14].

(20)

o SP_SI(’) o IP_I;’)) o Sy=59 o L—I) o
DV < ( o )D Sp+(—1p DI, + (22£) D7, + () 071, (21)
_— . - TT: s -
By Equilibrium condition, ; = Spy,, m; = S9 (v + 4,),Sp = y—; and S? = m Equation (21) become
_m 2 S T2 2
P V(A
DV <y, [—2) — o+ 2 —LF) 412w @)
14 v

Equation (22) shows that DV < 0 if Ry < 1 for all (S,,1,,S,.1,) € RE and DV = 0 if and only if S, =
Sp. I, =1),S, = S, 1, = I . Therefore, the disease free equilibrium point is globally stable if Ry < 1.

Theorem 6. Leto € (0,1] and Ry > 1. Then the endemic equilibrium of the fractional order model is globally
stable in the interior of Q.

Proof. Consider Lyapunov function
V(Sp, I, Sp, I,)

= Sp—Sp—SplTl S_; + Ip—lp—lpln E (23)
Sy L

+ (s, —s:—s: ln(—*) I A m(—*)
Sy L

Function V is defined as continuous and positive definite for all S, >0,1,>0,5,>0,I, > 0.
Next, calculate V7(S,, I,,, Sy, I,,) to shows DV < 0 at the endemic equilibrium point [14].
o SP_SI’; o IP_I;? o Sy=Sp o L-I; a
DoV < (_s,, )D Sp+( » )D I+ (352) D78, + (%) D71,
By equilibrium condition ; = Syaly, + Spvy, m, = S;61, + S; (v, + 4,,) and let I; = Spal;; and
I;(vy + Ay) = S;61,. Equation (24) becomes

(24)
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S —S5\2 Sz s
p p * 14 p-p *
DoV < —y,,( 5 ) —klp(§—2>—k1p—a1v<lp —s,,)
S,— S, S
- (Vv+/1v)( VS V) _Iv(yv+/1v) (S_v_2>_1v()/v+lv) (25)
I*S v v
— 81, (%—5;;).
v

Equation (25) showsthat D7V < 0and DV = 0 ifand only if S, = S, I, = I, S, = Sy, I, = I;. Therefore,
DV = 0 for all (S*,I;;,S{;,I{;) € Q is endemic equilibrium, this shows that endemic equilibrium is globally
assymptotically stable in Q.

3.6 Numerical Solution

The numerical solutions were calculated using initial values from the fractional differential equation
model for the spread of PLRV on potatoes.

Table 2. Parameter Values for PLRV Model.

Parameters Values Source Parameters Values Source

Spo 600 [15 Iy, 200 [15]
Svq 100 [15] I, 10 [15]
my 0.8 [15] T, 0.19 [15]
a 0.00022 [15] 1) 0.0025 [15]
a, 0.033 [15] a, 0.01 [15]
Y 0.0028 [15] Vp 0.04 [15]
A, 0.003 Asummed

=
509
508

a=0.7
=06

Susceptible Potato
Infected Potato

0 200 400 600 800 1000
Time

100

90 =09

80 a=07

70

60

50

Infected Vector

40

Susceptible Vector

40

30

20

200 400 600 800 1000
Time

(©) (d)

Figure 2. Numerical Solution of Endemic PLRV Condition, (a) Endemic PLRYV on Susceptible Potato, (b)
Endemic PLRV on Infected Potato, (c) Endemic PLRYV on Susceptible Vector, (d) Endemic PLRV on infected
vector

0 200 400 600 800 1000
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Figure 2 shows that fractional order which is ¢ related to how fast the system is heading towards an
endemic PLRV point on potatoes, that is E* = (16.257,1.804,67.857,41.856). Figure 2 also shows that
the susceptible potato population and infected potato population is decreasing steadily. The susceptible vector
population gets an extreme decrease at initial time and then increase of susceptible vector population follows.
Otherwise, infected vector population gets an extreme increase at initial time and then the infected vector
population getting decrease in future time.

600

[~
=]
o

a=1 -

o=1

=]
o

500

@
o

-
S
3
=
S

I
S

300

Susceptible Potato
Infected Potato

S

o

)

[=]

=]
@
o

=]
o

100

~
o

20

0 200 400 600 800 1000 0

Time 0 200 400 600 800 1000

100

o=1

90 0=09
=08
80 a=0.7
=086

70

Susceptible Vector
3
Infected Vektor

0 200 400 600 800 1000 0 200 400 600 800 1000
Time Time

(©) (d)

Figure 3. Numerical solution of free-PLRYV condition, (a) Free-PLRV on susceptible potato, (b) Free-PLRV
foninfected potato, (¢) Free-PLRV on susceptible vector, (d) Free-PLRV on infected vector

Figure 3 shows that fractional order which is o related to how fast the system is heading towards a
free PLRV point on potatoes, that is E° = (20, 0,32.7586,0). Fractional order o changes will affect the
complexity interaction in the system. Figure 3 also shows that susceptible potato population and infected
potato population is getting decreasing steadily. Susceptible vector population getting extreme decrease at an
initial time and then increase of susceptible vector population followed. Otherwise, infected vector population
gets an extreme increase at initial time and then in future time, infected vector population gets decrease faster
than the endemic PLRV condition on potatoes.
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700
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a=0.0022
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Figure 4. Numerical Solution of Variation of a on PLRV model

Figure 4 shows that as the infection rate of potato (a) rises, so does the infected potato population. It
means, the virus will spread faster as the infection rate of potato increases.
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Figure 5. Numerical Solution Of Variation of § on PLRV model

Figure 5 shows that as infection rate of the vectors (6) rises, so does the infected potato population.

200

@
=]

@
=]

B
o

N
o

Infected Potato
© o
o o

@
=]

N
=]

(¥
=]

o

10 20 30 40 50 60
Time

Figure 6. Numerical Solution Of Variation of a, on PLRV model

o

Figure 6 shows that when the elimination rate of infected potato (a,) rises, the infected potato
population is reduced. It means, increasing the elimination rate of infected potato can be control the spread
of PLRV.
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CONCLUSIONS

Based on the numerical solution, we conclude that:

1.

Endemic conditions of PLRV on potatoes are obtained at the rate of death vectors by predators being
ignored (Ay = 0) and Ro=1.7922 > 1.

PLRV-free conditions on potatoes are obtained at the rate of death vectors by predators (A,) is 0.03
and Ro=0.8652 < 1.

In the absence of PLRYV, the rate of potato infection (a) and the rate of the infected potato elimination
(az) can be better controlled the spread of the PLRV on potatoes by reducing the rate of potato infection
(a) and increasing the pace of the elimination of the infected potato (ay).
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