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Abstract

Derivation is a mapping from a set to itself. There are two types of derivations in rings: ordinary
derivation and Jordan derivation. Given a triangular matrix ring T, a non-associative ring can be
formed, known as a Jordan ring T. Subsequently, on the Jordan ring T, a derivation can be defined,
referred to as derivation in the Jordan ring T. This paper provides the conditions that must be met for a
multiplication derivation on the Jordan ring T to be additive. Furthermore, the ring T must be 2-
torsion-free so that the derivation on the Jordan ring becomes a Jordan derivation on the ring T.
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1. INTRODUCTION

In the structure of abstract algebra, it is known that a group is a non-empty set in
which an operation ' =" is defined that satisfies the axioms of closure, associativity, the
existence of an identity element, and the existence of an inverse for each element [1], [2].
In addition to groups, abstract algebra also recognizes the ring structure. A ring is a non-
empty set equipped with two operations, namely addition (+) and multiplication (-). A
set R+ @ is called a ring if under addition R forms an abelian group, under
multiplication R forms a semigroup, and the two operations satisfy the left and right
distributive properties [3]. Briefly, ring R under the operations of addition and
multiplication is denoted by (R, +,-)[4].

In every ring R, the multiplication operation must be associative. The term
'associative ring' refers to a ring with this property. The associative property in an
associative ring can be omitted, resulting in an algebraic structure called a non-
associative ring [5].

An associative ring R can form a new ring called a Jordan ring. The Jordan ring of
R is a new ring formed by defining the multiplication in the ring R as a ¢ b = ab + ba for
all a,b € R , where is the multiplication between a and b in the associative ring R itself
[6].

The concept of derivative in calculus uses polynomial rings Z[x] as a domain and

codomain of the derivative function for each f(x) = ag+ a;x + -+ a,x™ € Z[x] with
fOe+Ax)—f(x)

a; €Z and i=0,1,2,..,n where n € NU {0} holds %(f(x)) = Al}icm0 v =a, +
2a;x + -+ na,x™! € Z[x]. There is the Leibnitz’s rule that for every f(x), g(x) € Z[x]
holds < (F0) + 9(0) = = (F(0) + = (9(0) € 2Ux] and = (F() - () = = (G-

gx) + f(x) -% ( g(x))) € Z[x], as described in [16]. The derivation is known in rings. A

derivation is a mapping from a set to itself. In rings, there are two kinds of derivations:
ordinary derivation and Jordan derivation. Given an arbitrary ring A, whether
associative or not [7], an ordinary derivation is a mapping ¢ from the ring to itself such
that for all 7, s € 4, it satisfies @(r +s) = @) + ¢(s)  and  @(rs) = @(r)s +re(s)
[8],[9]. Furthermore, a Jordan derivation is an additive mapping from the associative
ring to itself that satisfies ¢(a®) = ¢(a)a + ap(a) for all a,b € R [10],[11],[12]. Every
derivation is a Jordan derivation. However, a Jordan derivation is not in general a
derivation [13].

A Jordan ring formed from an associative ring R can form a derivation on the
Jordan ring R, namely for all a,b € R, p(a  b) = ¢(a) o b + a o ¢(b). Furthermore, when
expressed using the structure of the associative ring R, the derivation ¢ on the Jordan
ring R is an additive mapping that satisfie @(ab + ba) = ¢(a)b + ap(b) + p(b)a + bp(a)
for alla,b € R [10].

Furthermore, one example of an associative ring is the triangular matrix ring [14] .
A triangular matrix with entries satisfying certain conditions and equipped with matrix
addition and multiplication operations satisfies the ring axioms and is called a triangular
matrix ring [15].

In this paper, we define the general associative ring into a triangular matrix ring.
Next, an interesting topic to discuss is when a derivation on the Jordan ring is additive
in the triangular matrix ring. We complete the proof of all lemmas that can be used to
prove the main theorem in this research. Furthermore, conditions will be provided
under which a derivation on the Jordan ring is a Jordan derivation in the triangular
matrix ring. By identifying these conditions, this research will contribute to a better
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understanding of n X n triangular matrix ring or to find derivations in non-associative
algebraic structures and may have implications for other areas of abstract algebra.

2. RESEARCH METHOD
2.1. Type of Research

The type of research used in this study is a literature review, where the researcher
examines several writings related to the research, then summarizes the research results
in a scientific paper.

2.2. Data Analysis

The data analysis used in this study is a study of the form of derivation and Jordan
derivation and the ring of 2x2 triangular matrices which will be achieved as a reference
for discussing the Jordan derivation of the ring of 2x2 triangular matrices.

3. RESULT AND DISCUSS

This section discusses the motivation behind the formation of Jordan derivation in
triangular matrix ring and the form of Jordan derivation in triangular matrix ring.

3.1. Motivation for the Formation of Jordan Derivation on Triangular Matrix Ring

The triangular matrix ring 7' is an associative ring. Furthermore, a Jordan ring can
be formed from T by defining the Jordan product operation such that
a°b =ab+ baVa,b €T. Then, the derivation on the Jordan ring derived from ring T is
p(a+b) =p(a) + @) and @(a°b) = @(a)°b+ae°@(bh) or in associative operation
@(ab + ba) = p(a)b + ap(b) + @(b)a + be(a), Va,b e T.

Based on research conducted by Martindale III (1991), which discusses a ring T
that satisfies certain conditions such that every multiplicative isomorphism o of R is
additive, this can be a motivation to determine the conditions that must be fulfilled by
the ring T so that the derivation multiplication on the Jordan ring T becomes additive.
Furthermore, conditions will be provided so that the derivation on the Jordan ring T
becomes a Jordan derivation on ring T.

3.2. Form of Jordan Derivation on Triangular Matrix Ring
Definition 1. Given two rings Ryand Rz (R4, Ry need not have an identity element) and let M
be an (R4, R,)-bimodule such that

i) M is a left-faithful Ry-module and a right-faithful ‘Ro-module.
ii)  Ifm € M is such that RymR; = Othen m = 0

Let

T = {(?8 2) |7y E Ry, €E Ry, danm € M}

be a set of 2 X 2 matrix. T is a ring under the operations of addition and multiplication of matrix
and is called the ring of triangular matrix.

ry m
Letring T = {( 01 Tz) lr{ ERy,mEM, Ty € ERZ}, with ®; and R, being rings and

M an (R4, R, )-bimodule such that M is a faithful left ®4-module and also a faithful right
R,-module. Furthermore, if m € M such that Rym&R, = 0, then m = 0. Let

T4 ={(];)1 g) |y E‘Ri}, Ty ={(g %1) |mEM}
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and

0 0
o=} ren)

Then it can be written as T = T;1®T;,©T,; . Furthermore, elements a;; € T;; and the
corresponding elements are in 9%, R, or M. Directly, the calculation of a;;a;; = 0 if j # k
where i, ], k € {1,2}. Next, we will explain the conditions for a derivation on the Jordan
ring T to be said to be a Jordan derivation on the ring T. However, before that, we will
give the definition of a k-torsion free ring as follows.

Definition 2. A ring R is called a k-torsion free ring if kx = 0 leads to x = 0, for all x € R,
wherek € Z,k > 0.

The following theorem describes the conditions that a triangular matrix ring must satisfy
in order for the multiplicative mapping of derivation on a Jordan ring T to be additive.
Furthermore, we will give the condition that a derivation on the Jordan ring T is called a
Jordan derivation on the ring T

Theorem 1. Let T is a triangular matrix ring that satisfies the following conditions:
a.) lfrliR1 + ERlT'l = 0 then = 0,
b) I_frzﬂq‘z + 912?"2 =0 then Ty, = 0,

If the mapping @ : T = T satisfies @(ab + ba) = @¢(a)b + ap(b) + ¢(b)a + bo(a) for all
a,b €T, then the mapping ¢ is additive. Furthermore, if T is 2-torsion free, then @ is a Jordan
derivative.

To prove Theorem 1, the following lemmas are needed by always assuming conditions
a) and b) and the mapping @o:T—>T satisfies
@(ab + ba) = @(a)b + ap(b) + @(b)a + be(a) foralla,b € T. It is clear that ¢(0) = 0.

The first lemma needed is the lemma that shows that the result of the operation of the
sum of two elements, namely the element in T1; and the element in Ty is the same as
the sum of the results of the operation on each separate element. In addition, the same
thing will also be shown for the element in T;, and the element in T, .

Lemma 1. Forall s; € Ty1,13 € Taa,p € Ty5 holds

(1) @(s; +m) = @(sy) + ¢(p)
2) p(s; +m) = @(s5) + @(p)

proof.
(1) Takeanys; € Ti1,p € Ty3,and a, € Tsy
It will be shown that @(s; + m) = @(s;) + @(p)
Furthermore,
Based on the mapping assumption ¢ : T = T, we obtain
@[(sy + pla, + ay(sy +p)]
= @(s; +play + (s; + plelaz) + ¢(az)(s; +p) + ax9(s; +p)
On the other hand,
@l(sy + plaz + ax(s; +p)| = ¢(paz) = ¢(0) + ¢(pa; +0)
= p(s1a; + az5,) + p(pa; + ayp)

= p(spa; +s19(az) + plaz)s; +a,p(sy) + p(pla; +

pe(a,) + ¢(ax)p + a,@(p)
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From these two equations it is obtained
S p(sy +plag + (s +ple(ay) + ela)(s; + p) + axp(sy +p)
= @(sy)ay +5,9(az) + plaz)s; + a@(sy) + e(Play + pe(ay)
+ @(az)p + az9(p)
S @(s; +plag + (s; +ple(az) + @(az)(s; +p) + ax(s; +p) — e(sp)a; —s;9(ay)
—@(az)s; — a,(sy) —p(play — pelay) — e(az)p — az@(p) =0
& @(s; + pla; + s;9(ay) +pelay) + paz)s, + @(ax)p + ae(s; +p) —@(s))a,
—s5190(az) — @p(az)s; —azp(s) — p(pla; —pelay) — plazdp
—a,p(p) =0
e @(s; + Pla; + a0(s; +p) — p(s1)a; —ao(s) — p(pla; — azp(p) =0
S [p(sy +p) —@(s)) —pP)la; + azle(s; +p) — @(s1) —@(P)] =0
Thus
[@(s1 +p) —@(s1) —p(P)liza, =0
and
[p(sy +p) —@(s1) — (P20 + azle(s; +p) — (s) — (P2 =0
Based on conditions ii) and b) of Definition 1 and Theorem 1, we obtain
[p(s; +p) —(s1) —p(P)]12 =0
sy +p) —@(s1) —@(p)]2 =0
Next, to complete the proof, we will show that
[@(sy +p) —@(s) — (Pl = 0.
Take any q € Ty,
Under the assumption of mapping ¢ : T — T, we have
@[(s; +p)q +q(ry + p)] = @(s; +p)g + (51 + P)e(q) + @(q) (51 +p) + qo(s; +p)
In addition,
@l(sy + p)q + q(ry + p)] = 9(s19) = (519 + 0) + ¢(0)
= @(s1q +qs,) + ¢(pq + qp)
= @(s1)q + s19(q) + ¢(q)sy + qo(s) + op)q +
po(q) + ¢(@)p + qp(p)

From these two equations, it is obtained

= @(s; +p)g + (s; + Po(g) + e(@)(s; +p) + qe(s; +p)
= @(s)q +510(q) + 9(@)s; + qp(sy) + (g + pe(g) + ¢(g)p
+qo(p)

o (s +p)g + (s +po(g) + e(g)(s; +p) + qe(sy +p) — @(s1)q — s10(q)
—o(@)s;1 — qp(s) — g —pe(q) — e(@)p —qp(p) =0

& @sy +p)g +s190(q@) + pe(q@) + ¢(@)sy + 9(@p + qo(sy +p) — e(s1)g — s19(q)
—o(@)s; — qo(s,) —e)q —pe(q) —e(@)p —qep) =0

= (51 +p)g +qe(s; +p) —(s1)q — qo(sy) — e(P)g —qep) =0

< [p(sy +p) —(s) —e®@)]q + qle(s; +p) —@(s)) —e(P)] =0

Therefore,

[@(s; +p) —@(s1) — o(P)]1p = 0.

Based on condition i) in Definition 1, we obtain

[p(s; +p) —@(s)) — ()], = 0.

Thus, it is proven that o(s; +p) = @(s) + @(p).

Take any @; € Ty1,52 € Tz, p € Ty

It will be shown that @(s, + p) = @(s;) + ¢ (p)

Furthermore,

Based on the assumption ¢ : T = T, we obtain
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@|(s; +pla; +a,(s; +p)]

[ (s,

= @(s; +pla; + (s, + ple(ay) + ¢la;)(s; +p) +ae(s; +p)
On the other hand,
Pl(sz +plag + a;(s; +p)| = playp) = ¢(0) + @(0 + a;p)

= @(s3a; + a;8;) + ¢(pa, +a;p)

= @(sy)a; +s,0(a) + @lay)s; + o(s,) +e(pla, +
pe(a;) + ¢(a;)p + a,9(p)

From these two equations, it is obtained

& p(s, +pay + (s, +plpla) + ela)(s, +p) +a, (s, +p)
= @(sp)a; + s,9(ay) + e(a)s, + a,9(s2) + e(play +pelay)
+@la)p +a,9(p)

o @s; +plag + (s; +p)e(a) + @(a)(s; +p) +a,9(s; +p) — @(sy)a; —s,9(a;)
—@(ay)s; — a;9(s2) — e(play —pelay) — pla)p —a;9(p) =0

S @(s; +plag +s;0(a,) +pela) + ela)ds; + ela)dp + a,9(s; +p) — @(sz)a
—s0(a;) — p(ay)s; —a;9(s;) — p(play —pe(a,) — ela)p
—a;9(p) =0

S @(s; +plag + a;9(s; +p) — @(s2)a; —a19(sy) —ePla; —a;e(p) =0

S [p(s; +p) — o(sz) — p(P)lay + a (s, +p) —@ls) —e(E)] =0

Therefore

a[p(sy +p) —(s2) — @)1z =0

and

+p) —@(s) —e@iia; + alo(s; +p) — o(s) — ()l = 0.

Based on conditions ii) and a) of Definition 1 and Theorem 1, we obtain

[o(s; +p) —@(sz) —p(P)]12, =0
[p(s2 +p) —@(s2) —@(P)l11 =0
Next, to complete the proof, we will show that

sz +p) —@(sy) — ()22 = 0.
Take any q € T1»
Under the assumption of the mapping ¢ : T = T, we obtain
@l(sz +p)q + q(sy + )] = @(s; + g + (52 + P (@) + 9(@)(s; + p) + qo(s; + p)
In addition,
@l(s2 +P)a + q(s2 + P = 9(qs2) = 90 +qs,) + (0)
= ¢(s29 + qs2) + ¢(pq + qp)

= @(s2)q +5,0(q) + 9(q)s, + qo(s;) + (p)g +
pe(q) + o(@)p + qe(p)

From these two equations, it is obtained

& @(s; +p)g + (2 + plo(q) + e(@)(sz +p) + qo(sz +p)
= 0(s2)q + 5:0(q) + 9(@)s; + qo(s2) + e(P)q + pe(q) + e(g)p
+qo(p)

S @(s; +p)g + (52 + Pe(q) + e(@)(s; +p) + qo(sy +p) — @ (s)q — s,0(q)
—o(@)s; —qp(s;) —e(P)q —pe(q) — (@)p — qp(p) =0

& @(s; +p)g +5:0(q) + pe(q) + (@)s, + e(@p + qe(s, +p) — @(s;)q — s, 0(q)
—o(@)s; —qp(s;) —e(P)q —pe(q) —(@p — qp(p) =0
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S (s, +p)q + qo(sz +p) — @(s2)q — qp(s2) — p(p)q — qp(p) =0
& [p(s; +p) — o(s2) — o(P)lg + qle(s; +p) —o(s2) —(@P)] =0
Therefore,

qlo(sz +p) — @(sz2) —@(p)l22 = 0.

Based on condition i) of Definition 1, we have

[p(s2 +p) —@(sy) — ()22 = 0.

Thus, it is proven that ¢(s; + p) = @(s,) + @(p).

Lemma 2. Forall s; € T1,52 € Ty, and p,q € Ty,, it holds that
@(s1p + qsz) = @(s1p) + @(qry).
Proof.

Take any s; € 41,73 € Tyz,and p,q € Ty,

It will be shown that (s,p + gs3) = @(s;p) + @(gs,).
Furthermore,

$1P + gqs, can be expressed as (s; + q)(p + s3) + (p + 52)(s1 + q).
So that

o(sip +qs;) = (P((S1 +q@)(p+5s)+(p+s)0s + Q))

=5 + Q)P +52) + (s +Pop +52) + p(p +5)(s1 + ) +
(p+ s2)p(s; + q)

Based on Lemma 1, we get

=(pG)+0@)@ +s)+ (51 + D) +9(s2)) + (@) + ¢(sy))(s; +
Q)+ @+ s)(e(s1) + 9(@)

=GP +5)+e(@)P+s)+ (s + Qo) + (51 + @ols,)
+o(P)(s;+ @)+ @(s:)(s1 + @) + (p + 52)(s1)
+ (@ +s2)9(q)
= @(s)p + @(s1)sz + o(@p + ¢(q)s; + 510(P) + qo(P) + 519(s2) + qp(s;)
+@(p)sy + @(p)g + @(sz)s; + @(s2)q + pe(sy) + s, 0(sy)
+pe(q) +s:90(q)
= [p(s))p + 510(p) + p(P)sy + pe(s)] + [@(s1)sy +519(s2) + @(s2)s +
S,0(s1)] + [e(@)p + qe(@) + e(P)q + pe(@)] + [@(g)s, + qp(s;) +
@(s2)q + s,9(q)]

= @(s1p +ps1) + (515, +5251) + @(gp + pq) + ¢(gs; + s2q)
= @(s;p +ps;) + ¢(gs; +5:9)
= @(s1p) + @(gsz).

So, it is proven that @(s;p + gs2) = @(s:p) + @(gs,).

Lemma 3. For all s, € Ty, and p,q € Ty, it holds that @(ps; + qs;) = @(psy) + @(gs,).
Proof.

Take any s; € I3;,5, € T5y,and p,q € Ty,

It will be shown that @(ps, + qs2) = @(psy) + (gs,)
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Furthermore,
ols:((@ + @sz) + ((2 + @)s2)s1]
= oG (@ + 9)s2) +510((0 + Ds2) + @((0 + Ds2 )51 + ((0 + sz ) (s)
On the other hand, by Lemma 2, we have
o[s1((p + @)s2) + ((0 + Ds2)51] = 9(51(ps2) + (5:9)s2)
= @(s1psz) + (s1q5;) ™
= @(s;(ps2) + (psz)s1) + @(s1(gsz) + (gs2)s,)

= @(s1)(psz) +510(ps;) + (psz)s; + (ps2)e(sy) +
©(s1)(gsz) + s19(gs2) + ©(qs;)s; + (gs2)@(sy).

From these two equations it is obtained
S @) ((p + @)s2) +s10(@+ @s2) + (0 + Osz2)s: + (0 + @)sz)o(sy)
= @(s1) (Ps2) +519(psz) + @(psz)s; + (ps2)@(s1) + @ (s1)(qsz) + s,9(qs;)
+ @(gsz2)s; + (gs2)e(s;)
S o)+ @)s2) +s10((0 + Os2) + (0 + s2)s1 + ((p + Ds2)e(s,) — (s, (psy)
—510(psz) — @(psz)sy — (ps2)e(s1) — (s1)(gs2) — s190(qsz) — 9(qsz)s;
—(gs2)e(s)) =0
= () (Ps2) + 9(51)(q52) + 5:0(@ + s2) + o((0 + Ds2)s1 + (0 + @)s2) + (Ps)e(sy)
+ (g52)9(s1) — @ (s1)(psz) — s190(psz) — p(psz)s; — (psz)e(sy)
—(51)(qs;) —s10(gs2) — p(qs;)s, — (gsz)e(s;) =0
o 510+ @)s2) + o((p + @)s2)s1 — 5190 (Ps2) — P(ps2)s; — s10(qs2) — 9(gsy)s; =0
So that
lo((p + @)s2) — 9(ps2) — @(gs)|s; + 51|90 + @)s2) — p(ps;) — 9(gs2)] = 0
forall s; € Ty4.
Therefore
silo((p + @)s2) — os2) — 9(gs)] , = 0
and
[o((@ + @)s2) — e 0s,) — (gs)] 51 + s1 (@ + @)s2) — 9(ps2) — 9(gsy)],, = 0.
Based on conditions ii) and a) of Definition 1 and Theorem 1 respectively, we obtain
[ ((0 + @)s2) — 0 (ps2) — 0(gsy)] , = 0;
[o((p + @)s2) — @ (ps2) — 0(gs2)] | = 0.
To complete the proof, take any z€T, and show that
[o((@ + @)s2) — @(ps2) — 0(gs,)],, = 0.
Furthermore,
o[((@ + @)s2)z + z((p + @)s,)]
=p((p+@s2)z+ (0 + Qs2)e@ + 9@ (0 + @)s,) +z0((p + @)s,)
On the other hand,
o[((0 +@)s2)z +z((p + @)s,)] = 0
= p((ps)z + z(ps)) + ¢((gs)z +  z(gs,))
= @(psz)z + (psy)e(z) + p(2)(ps;) + ze(ps,) +
9(qs2)z + (qsz)e(z) + p(2)(gs;) + zp(gs;).

Then, from these two equations we obtain

s o((p+@sy)z+ ((p +@)sz) @) + (@) ((p + @)sz) + zo((p + q)s3)
= @(psz)z + (ps)e(2) + (2)(ps,) + ze(ps,) + @(gs;)z + (gs;) p(z2)
+@(2)(qs2) +29(qs2)
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s (p((p + q)sz)z + ((p + q)sz)(p(z) + (p(z)((p + q)sz) + Z(p((p + q)sz) — p(psy)z
— (ps2)9(2) — @2 (ps2) — z9(ps2) — 9(qs2)z — (qs2)p(2) — (2)(gs2)
—z¢(qs;) =0

S o(@ +q)s2)z + (ps)p(2) + (gs)p(2) + p(2)(ps;) + p(2)(gs;) + zp((p + q)s2)
—¢ps2)z — (ps2)e(z) — p(2)(ps2) — z(psz) — ¢(qsz)z — (qs2)9(2)
—p(2)(gs;) —z(qs;) = 0

= ¢((0 + Qs2)7 + 200 + @)s2) — 9(Ps2)7 — 20(psy) — ¢(gsz)z — 29(gsz) = 0

= [o((@ +@)sz) — 0(ps2) — 9@s2)]z + z[o((p + @)s2) — e(ps) — ¢(gs)] = 0

Therefore,

z[o((0 + @)s2) — 9(ps2) — 9(gs2)],, = 0

Forall z € Ty,.

Based on condition ii) of Definition 1, we obtain

[o(( + @)s2) — 0 (ps2) — 9(gs)],, = 0

Thus, it is proven that @(ps, + qs;) = @(ps,) + @(gs.).

Lemma 4. For all p,q € Ty, it holds that o(p + q) = ¢ (p) + @(q).
Proof.

Given any p,q € Ty;,and s; € Ty,
It will be shown that @(p + q) = @(p) + @(q)
Furthermore,
olp+ sy +s:(p + Pl = 0 + q)(s2) + (@ + P(sy) + (s2)(p + q) + (s2)e(p + q)
In addition, based on Lemma 3, we obtain
olp+ @)sz + s:(p + @)l = @(ps, +qs2)
= ¢(psz) + ¢(qs2)
= @(ps; + s2p) + @(qs; + 52q)
= @(@P)s; +pe(sy) + @(s2)p + 5:0(p) + 9(@)sz + qo(sz) +
@(s2)q + s20(q)

From the two equations, we obtain

S e+ q)(s) + @+ @els) +@ls2)(p +q) + (s2)e +q)
= @ (p)sz + pe(s2) + @(s2)p + s, 0(p) + @(@)sz + qe(sz) +@(sz)q
+ s,0(q)

S e+ q)(s) + @+ q)e(sy) + e(s2)(p +q) + (s2)e(p + q) —e(p)s; —pe(s,)
—0(s2)p — 5:0(p) — @(@)sz — qo(sz) — (s)q —s,0(q) =0

S ¢+ q)(sz) + pe(s2) + qe(sy) + p(s2dp + ¢(s2)q + (s2)e(p + @) — (P)s; — pe(s,)
= @(s2)p — $520(p) — @(@)sy — qp(sz) — @(s)q —s,0(q) =0

S e+ 9)(s) + (s)ep+q) —e(P)s; —s,0(@) —@(q)s; —s,9(q) =0

& [olp+q)— o) —e(@]s: + s;le + q) —@(p) — (@)l =0

for all s; € Tss.

Therefore

[+ q) — o) — (@125, = 0;

and

le(p + @) — (@) — 9(g)]225: + s:le(p + q) — ¢(p) — @(g)]2 = 0.

By conditions ii) and b) of Definition 1 and Theorem 1 respectively, we have

l[e(p +q) — () — (@], = 0;

[o(p +q9) — () —p(@)]2 = 0.
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Next,

Take any z € Ty,

It will be shown that [@(p + g) — ¢ (p) — @(g)]1; =0

ep+z+ @+ @ +e@p+ +zop+ ) =+ Pz +2zp+q)] =0

= @(pz + zp) + p(qz + zq)

=Pz +pe)+e@p +20(@) + o(@z+ qp2) + ¢(2)q + zp(q)

We obtain

sep+z+@P+Qe) + @@+ q)+zep +q)
=p(P)z+pe) +9@p +2¢(P) + 9@z + qp(z) + ¢(2)q + zp(q)

Sep+z+P+ae@) + 9@+ q)+ze(+q) — Pz —pe(z) — e(2)p — zo(p)
—o(q)z — qp(z) — p(z)q —zp(q) =0

S e+ qz+pe2) +qe(z) +e@p +e@)g +zp(p +q) — )z —pe(2) —p(2)p
—zp(P) — @z —qp(z) — p(2)g —zp(q) =0

Sep+z+e@)g+zo(p +q) — e(P)z — ze(p) — @(q)z — zp(q) = 0

e lelp +q)—op) —o(@]z+ z[e(p + q) — ¢(p) — ()] = 0.

Therefore,

le(p + q) — @(p) — @(q)l11z = 0 forall z € Ty,.

Based on condition i) of Definition 1, we have

[p(p+ q) — (@) — p(@)]1; = 0.

Thus, it is proven that ¢(p + q) = ¢ (p) + ¢(q).

Lemma 5. For all 5;,t; € Ty1, S2,t2 € Tsy, it holds that

(1) @(sy +t) = () + @(ty).
(2) sy +13) = p(sy) + @(Ls).

Proof.

(1) Takeany $1,t; € Tyq,a; € T
It will be shown that ¢(r; + t;) = @(r;) + @(t,).
Furthermore,
@l(s; +t)a; + ax(s; +t,)]
=@(s; +t)a, + (s +t)elay) + ela)(s; + t) + ap(s; +t;)
On the other hand,
@l(sy + tay +ay(s; +64) =0
= @(s,a, + ays;) + @(tia, + asty)
= @(sp)az +s19(az) + plaz)s; +ap(s;) + p(t)a, +
tio(as) + @la)t, + a,@(ty).

From these two equations, we obtain

& @(sy + tay + (s; + te(az) + laz)(s; +t) +axp(s, +t,)
= @(s1)a; +5,0(az) + laz)s; +a0(s,) + o(t)a, + t,9(ay)
+ @(ax)t; +ae(ty)

< (s +t)a, + (sy + telaz) + laz)(sy + 1) + azp(s; +t) — @(sy)a,
—s19(az) — @laz)s; —ap(s)) — @(t)a, —tig(az) — plax)t,
—ap(t;) =0

S @(s; + tay +5,0(a;) + tp(ay) + elaz)s, + @az)t; + ao(s; + &) — @(s;)a,
—s19(az) — @(az)s; —ap(sy) — @t)a, — tigay) — @laxty
—ap(t;)) =0
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(2)

S @(s; +ta; +ae(sy +t) —@(s)a; — ap(s;) —@(t)a; — a@(t)) =0
& [p(sy + 1) —@(s1) — et ]az + ax[e(s; +4) —@(s;) — ()] =0
Thus

[p(s; + t1) — @(s1) —@(t)]za, =0

and
[o(sy +t1) — @(s1) — @(t)]22az +az|@(s; + ) — @(s) —@(ty)]22 =0

Based on conditions ii) and b) of Definition 1 and Theorem 1 respectively, we

obtain
[@(sy + t1) — @(sy) — p(t)]12 = 0;
[p(sy +t1) — @(s) —@(E)]22 = 0.
Furthermore, it will be shown that [@(s; + t;) — ¢(s;) — @ (t;)],; = 0.
Take any z € Ty,
Based on the mapping assumption ¢ : T — T, we obtain
pl(s; + t)z + z(s; + ¢,)]
=@(sy +t)z+ (s +t)eE) + e2)(sy +t) +ze(s; +t,)
On the other hand,
pllsy + )z +z(sy +t4)] = @(s,2 + t,7)
= @(5,2) + p(t12)
= @(s,z +zs;) + otz + zt;)
=@(s)z+s,9z) +e@)s; + zp(s;) + @tz +
tip(z) + (@)t + ze(ty)

Hence, we obtain
S @y +t)z+ (51 + )@ + @) (sp + ) + zo(sy + 1)

= @(s)z +5,92) + (2)s; + 20(s1) + @ (t)z + t10(2) + @(2)t

+zo(ty)

S o(s; +t)z+ (s; + @) + e(2)(s; + t) + zp(s; +t,) — @(s1)z — s;0(2)
—p2)s; —zep(sy) — etz — typ(z) — )ty — zp(ty) =0

o sy +t)z+ 5190(2) + 49(2) + @(@)s; + (D)t +ze(s; + 1) — @(s1)z

—510(2) — p(2)s; — zo(s) — p(t)z — t10(z) — (2)t; —ze(t;) =0

S p(s;+ )z +2z9(sy +t;) —p(s))z— zp(s,) — etz — zp(t;)) =0
S [p(s; +t1) —o(s) — o))z + z[e(s; + t1) — @(s)) — ()] = 0.
Therefore,
lo(sy + 1) — @(s1) —p(ty)]112=0
Based on condition i) in Definition 1, we obtain
[p(sy + &) — @(sy) —@(t)]i1 =0
Therefore [¢(s; +t;) — @(s;) —@(t)]1; =0
Thus, itis proven that ¢(s; +t1) = @(s;) + @(1y).
Take any {; € T1q, 83,15 € Ty
It will be shown that ¢(s; + t;) = @ (s2) + @(t5).
Furthermore,
Based on the mapping assumption ¢ : T — T, we obtain
@l(sy + )t +t,(s3 + 65)]

= sy + )t + (5; +t2)9(E) + @(E)(s; + t2) + t1 (s, + t2)
On the other hand,
@lsy + )t +t1(sz + 1) =0

= @(s3t + 45,) + @(tat + t4t3)
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= @($)t; + S0 (t) + @(ty)s; +t9(s2) + @(t)t; + tp(ty) + @(t)t; + t;9(t,).

From these two equations, we obtain
S @5y + )t + (53 + )e(t) + () (s, + 1) + 6 (s, + )
= @5t +5:0(t) + @(t)s; + t9(sz) + e(t)t + t(t)
+ @)t + ()
S @Sy + )ty + (52 + t2)e(t) + ot )(s; +t3) + tye(s, + t5) — e(s;)t; — s, ()
—(t)s; — tip(sy) — (tdty — tp(t) — @t —tip(t) =0
S @(s; + )ty +5:0(8) + tp(ty) + @(t)s; + et + (s, + t) — @(s)E
—50(ty) — @(ty)s; — tLp(sy) — )t — Lip(t) — (L)t
—t;p(t,) =0
S @(sy + )t + LSy + 1) —@(s2)t — L e(sz) — )t —te(t) =0
S [p(s; + 1) — @(sy) — @(E)]4 + te(s; + 1) — p(s;) — ()] =0
Therefore
[p(ry +52) — @(r2) — @(s2)]11t; + [0 + 52) — () — @(s3)]11 =0
and
tle(s, + ) —@(sy) — ()], =0
Based on conditions ii) and a) of Definition 1 and Theorem 1, we obtain
[p(sy +t2) — @(s2) — @(t2)]1, = 0;
[@(sy + L) — @(sz) — @(tx)]2 = 0.
Next, it will be shown that [@(s, + t5) — @(s;) — @(t;)]5, =0
Take any q € Ty,
Based on the mapping assumption ¢ : T — T, we obtain
@l(sy +t2)q + q(s; +t;)]
= @(s; +t)q + (5, + t:)0(q) + @(q)(sy + t2) + qp(s; +t,)
On the other hand,
Pl(s2 +t2)g + q(s + )| = @(gs; + qt2)
= ¢(gs:) + ¢(qt3)
= @(qsz + s29) + (gt +t2q)
= @(q)sz +qp(s2) + 9(s2)q + s;90(q) + @(@t; +
qo(ty) + @(t2)g + t,p(q)

From these two equations, we obtain

= @(s; +5)q + (s; + 820 (q@) + (@) (s, +t2) + qp(s; +t3)
= p(@sz +q9(s2) + (s2)q + s:90(q) + (@t + qo(ts) + ¢(tr)q
+t,0(q)

& @sy +1)q + (52 + 1)) + e(q)(s, + ) + qols; + t,) — @(q)s, —qe(s,)
—@(s2)q — s20(q) — 9 (@t — qp(tz) — p(t)q — t20(q) =0

S sz + 12)q + 5:90(q) + L9(q) + @(@)s; + @@tz + q(s; + 1) — (q)s;
—q(s2) — 9(s2)q — s;0(q) — (@t — qp(ty) — p(t)q — t9(q)
=0

S @(s; + t2)q + q(s; + t) — qo(sy) — @(s2)g — q(ty) — @(tx)g =0

S [p(s; + 1) — @(sy) — p(t)]q + qle(s; + 1) —@(s;) —e(t)] =0

Therefore,

qlo(sz +t3) — @(sy) — (L)) =0

Based on condition ii) in Definition 1, we obtain

[o(sy + 1) —@(s2) —@(t)]2 =0

Therefore [ (s, + t2) — @(s2) — @(t2)]22 = 0

Thus, it is proven that @(72 + s;) = @(r2) + @(s2).
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Lemma 6. Forall s, € Tyq,p € Ty2,5, € Ty, holds

0(s1 +p +52) = 0(s1) + @(p) + @(s2).
Proof.
Take any s; € Ty1,p € Ty3,5; € Ty
It will be shown that @(s; +p + $2) = @(s1) + () + @(s3).
Next,
Foralla, € T4
pl(sy + p+5s2)ag +a;(s; +p +55)]
=@(s; +p +5s2)a; + (s, +p +s)e(a;) + ela)(s; +p +5;)
+a;¢(s; +p+s3)
On the other hand,
ol(sy +p+52)a; +a (s +p+5)| = esia0 + a8, + )
= @(s,ay + a;5) + ¢(a,p)
= @(s1a + a;51) + p(a;p + pay) + @(sa; + a;5,).
= @(sy)a; + s10(ar) + ela)s; + a;9(s;) + ela)dp
+a0(p) + ePay +pela) +@(s2)a,
+ sy0(ay) + @a)s; + a;9(s3)
Hence, we obtain
S ol +p+s)a +(s;+p+s)e(a) +ela)(s; +p+s.) +a,p(sy +p+5s5)
= @(sag + s.9(a) + plag)ds; + a s + la)dp + a9(p) + ¢(play
+pe(a) + @(sy)a; +s,9(a) + @lag)s; +a,@(sy)
S ol +p+s)a +(s;+p+s)pa) +ela)(s; +p+s,) +a,p(s; +p+s3)
—@(spa; — s,90(ay) — ¢lay)s; — a;9(s1) —@la)dp —a0(p) — e(Play
—ppla) — @(s)a; — s, p(a) — glag)s; —ayp(s;) =0
o @(s; +p+5s2)a; +s,9(a)) +pelay) +s,0(a) + @lag)s; + ¢la)dp + ¢ay)s;
+a;,9(s; +p +53) —@(s1)a; — syp(a) — elag)s; —a;9(s;) —pla)p
—a;0(p) —ePa; —pela,) —e(s)a; — s,0(a;) —p(a,)s; — a;p(s;)
=0
S @l +p+s)a; +a,9(05, +p+5;) —elsa; —a9sy) —a pp) —e(pla,
—@(sx)ay —a19(s;) =0
< [o(s; +p+52) —(s) — () — o(sz2)]ay
+a[p(s; +p+52) —p(s) —pp) —p(sz)] =0
Therefore
[o(s; +p+s2) — @(s1) —@(p) — @(s2)]11 04
+a;[@(s; +p +52) —@(s1) —p(p) —p(s)]1;, =0
and
a[o(s; +p+52) —(s) — o) —(s3)]12 =0
Based on condition a) in Theorem 1 and condition ii) in Definition 1 obtained
[p(s; +p+52) — 9(s) — () — @(s3)]11 = 0;
[p(sy +p+5,) — @(s1) —@(p) — @(s3)]12 = 0;
Next, It will be shown [@(s; + p + 53) — @(51) —@(p) — @(s3)]., =0
Take any z € Ty,
Based on the mapping assumption¢ : T — T
@l(sy + p+52)z +2(sy +p + 55)]
= (s +p+5)z+ (51 +p+52)0(2) + 9(2)(sy +p + 52)
+z(sy +p+52)
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On the other hand,
Pl(sy +p+5)z+ 2051 +p+52)] = @(512 + pz + 5,2)
= ¢(s512) + p(pz) + @(s,2)
= @(zs; +52) + p(pz + zp) + @(zs, + 5,2)
= @(2)s; + z0(s)) + ¢(s)z + 5,0(2) + ¢(p)z + pp(2) +
@@)p + 20 (p) + 92 + 2¢(s2) + @(5)z + 5, 9(2)

From these two equations, we obtain

S e +p+s)z+(s1+p+5)9@) + @) sy +p+5s,)+ze(s; +p +53)
= @(2)s; +z9(s,) + 9(s)z + 5,0(2) + 9(P)z + pe(2) + ¢(2)p + zo(p)
+ @(2)s; +z29(s;) + @(52)z + s,90(2)

e +r+s)z+ (s +p+s)eE@ +eE)(sy +p+5)+zp(sy +p +5,) —el2)s,
—29(s1) —(s1)z = 5,90(2) — 9(p)z — p(2) — P(2)p — z9(p) — @(2)s;
—z9(s;) — @(s2)z — $;0(2) = 0

S @51 +p+5)z+5190(2) + p(2) + 5,0(2) + 0(2)s; + 9(2)p + @(2)s;
+2(sy +p + 52) — @(2)sy — z(s1) — @(s1)z — 5,90(2) — @(p)z — pp(2)
—@@)p —zp(p) — p(2)s; — z¢(s3) — p(s3)z — 5, 9(2) = 0

S @(sy +p+5)z+2¢(s; +p + 57) —29(s1) — @(s1)z — 9 (p)z — z9p(p) — 2¢(s7)
—¢(s)z=0

S [plsy +p+53) —@(s) — () —e(s)]z + z[p(s; +p +52) —@(s1) —(p) — @(sz)]
=0

Thus

z[o(s; +p +53) —(s1) —p(p) —p(s53)]22 =0

Based on condition i) in Definition 1, we obtain

lp(sy +p+52) —@(s1) — (@) — @(s2)]22 = 0;

So, it is proven that ¢(r; + m+1,) = @ (1) + @(m) + @(ry).

After discussing the lemmas needed to prove Theorem 1, we will prove Theorem 1.
Proofof Theorem 1.

Take anya,b €T

Leta = a;q + ay3 + az; and b = byy + byp + byy.

We will show that if the mapping ¢ : T — T satisfies
@(ab + ba) = e(a)b + ap(bh) + p(b)a + be(a)

Foralla, b € T, then the mapping ¢ additive. Furthermore, if T is 2-torsion free, then ¢ is a
Jordan derivation.

pla+b) = @ay; + ayz + Az + byy + by + byy)
= @[(ay; + by1) + (@12 + b12) + (@22 + byy)]
= @(ay;, +by1) + @a; + biz) + @(az, + byy)
= @(a1) + @(byy) + @lasz) + @(by2) + paz) + @(byy)
= @(a;; + agp + azp) + @(byy + byy + byy)

= @(a) + ¢(b)
Since ¢(a + b) = @(a) + ¢ (b), then ¢ additive.
Furthermore,

If T adalah 2-torsion free, then
2¢(a®) = ¢(2a*) = p(aa + aa) = 2[p(a)a + ap(a)].
Therefore, ¢ is a Jordan derivation.
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4. CONCLUSION

Based on the results and discussions given in the previous chapter, it is obtained,
for 2 x 2 triangular matrix ring T with the following conditions:

1. Ry + Ry, =0, thenr, =0,
2. If TzERZ + ERzrz = 0, then Ty, = 0.

If the mapping ¢ : T — T satisfies the multiplication derivation on the Jordan ring then ¢
is additive. By identifying these conditions, this research will contribute to a better
understanding of n X n triangular matrix ring and probably can be solved with
programming algorithms using software. Furthermore, if T' is a 2-torsion-free ring then
the additive mapping ¢ is a Jordan derivation. While this study focuses on triangular
matrix rings, future work could explore the conditions for additivity in other non-
associative structures, such as Lie algebras or alternative rings.
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