
 
 

 PARAMETER 
JURNAL MATEMATIKA, STATISTIKA DAN TERAPANNYA 

e-ISSN. 2829-6303 

Vol 04 No 01, April 2025 

 Page 95-110 

 

THE SUFFICIENT CONDITIONS FOR A MULTIPLICATIVE DERIVATION 

IN THE JORDAN RING TO BE ADDITIVE 

Karen Isye Adrianus1, Harmanus Batkunde2, Dyana Patty3* 

 

12,3 Mathematics Study Program, Science dan Technology Faculty, Pattimura University 

Ir. M. Putuhena st , Ambon, 97234, Maluku, Indonesia. 
 

E-mail Correspondence Author: dyanapatty57@gmail.com 
 

Abstract 

Derivation is a mapping from a set to itself. There are two types of derivations in rings: ordinary 

derivation and Jordan derivation. Given a triangular matrix ring , a non-associative ring can be 

formed, known as a Jordan ring T. Subsequently, on the Jordan ring , a derivation can be defined, 

referred to as derivation in the Jordan ring . This paper provides the conditions that must be met for a 

multiplication derivation on the Jordan ring  to be additive. Furthermore, the ring  must be - 

torsion-free so that the derivation on the Jordan ring becomes a Jordan derivation on the ring . 
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1. INTRODUCTION 

In the structure of abstract algebra, it is known that a group is a non-empty set in 

which an operation  is defined that satisfies the axioms of closure, associativity, the 

existence of an identity element, and the existence of an inverse for each element [1], [2]. 

In addition to groups, abstract algebra also recognizes the ring structure. A ring is a non- 

empty set equipped with two operations, namely addition  and multiplication . A 

set  is called a ring if under addition  forms an abelian group, under 

multiplication  forms a semigroup, and the two operations satisfy the left and right 

distributive properties [3]. Briefly, ring  under the operations of addition and 

multiplication is denoted by [4]. 

In every ring , the multiplication operation must be associative. The term 

'associative ring' refers to a ring with this property. The associative property in an 

associative ring can be omitted, resulting in an algebraic structure called a non- 

associative ring [5]. 

An associative ring  can form a new ring called a Jordan ring. The Jordan ring of 

 is a new ring formed by defining the multiplication in the ring  as  for 

all  , where is the multiplication between  and  in the associative ring  itself 

[6]. 

The concept of derivative in calculus uses polynomial rings ℤ[𝑥] as a domain and 

codomain of the derivative function for each 𝑓(𝑥) = 𝑎0 + 𝑎1𝑥 + ⋯ + 𝑎𝑛𝑥𝑛 ∈ ℤ[𝑥] with 

𝑎𝑖 ∈ ℤ  and 𝑖 = 0,1,2, … , 𝑛 where 𝑛 ∈ ℕ ∪ {0} holds 
𝑑

𝑑𝑥
(𝑓(𝑥)) = lim

∆𝑥→0

𝑓(𝑥+∆𝑥)−𝑓(𝑥)

∆𝑥
= 𝑎1 +

2𝑎2𝑥 + ⋯ + 𝑛𝑎𝑛𝑥𝑛−1 ∈ ℤ[𝑥]. There is the Leibnitz’s rule that for every 𝑓(𝑥), 𝑔(𝑥) ∈ ℤ[𝑥] 

holds 
𝑑

𝑑𝑥
(𝑓(𝑥) + 𝑔(𝑥)) =

𝑑

𝑑𝑥
 (𝑓(𝑥)) +

𝑑

𝑑𝑥
 (𝑔(𝑥)) ∈ ℤ[𝑥] and 

𝑑

𝑑𝑥
(𝑓(𝑥) ∙ 𝑔(𝑥)) =

𝑑

𝑑𝑥
 (𝑓(𝑥) ∙

𝑔(𝑥) + 𝑓(𝑥) ∙
𝑑

𝑑𝑥
 (𝑔(𝑥))) ∈ ℤ[𝑥], as described in [16]. The derivation is known in rings. A 

derivation is a mapping from a set to itself. In rings, there are two kinds of derivations: 

ordinary derivation and Jordan derivation. Given an arbitrary ring , whether 

associative or not [7], an ordinary derivation is a mapping  from the ring to itself such 

that for all , it satisfies  and 

[8],[9]. Furthermore, a Jordan derivation is an additive mapping from the associative 

ring to itself that satisfies  for all  [10],[11],[12]. Every 

derivation is a Jordan derivation. However, a Jordan derivation is not in general a 

derivation [13]. 

A Jordan ring formed from an associative ring  can form a derivation on the 

Jordan ring , namely for all , . Furthermore, when 

expressed using the structure of the associative ring , the derivation  on the Jordan 

ring  is an additive mapping that satisfie  

for all  [10]. 

Furthermore, one example of an associative ring is the triangular matrix ring [14] . 

A triangular matrix with entries satisfying certain conditions and equipped with matrix 

addition and multiplication operations satisfies the ring axioms and is called a triangular 

matrix ring [15]. 

In this paper, we define the general associative ring into a triangular matrix ring. 

Next, an interesting topic to discuss is when a derivation on the Jordan ring is additive 

in the triangular matrix ring. We complete the proof of all lemmas that can be used to 

prove the main theorem in this research.  Furthermore, conditions will be provided 

under which a derivation on the Jordan ring is a Jordan derivation in the triangular 

matrix ring. By identifying these conditions, this research will contribute to a better 
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understanding of 𝑛 × 𝑛 triangular matrix ring or to find derivations in non-associative 

algebraic structures and may have implications for other areas of abstract algebra. 

 

2. RESEARCH METHOD 

2.1. Type of Research 

 The type of research used in this study is a literature review, where the researcher 

examines several writings related to the research, then summarizes the research results 

in a scientific paper. 

2.2. Data Analysis 

The data analysis used in this study is a study of the form of derivation and Jordan 

derivation and the ring of 2×2 triangular matrices which will be achieved as a reference 

for discussing the Jordan derivation of the ring of 2×2 triangular matrices. 

 

3. RESULT AND DISCUSS 

This section discusses the motivation behind the formation of Jordan derivation in 

triangular matrix ring and the form of Jordan derivation in triangular matrix ring. 

3.1. Motivation for the Formation of Jordan Derivation on Triangular Matrix Ring 

The triangular matrix ring  is an associative ring. Furthermore, a Jordan ring can 

be formed from  by defining the Jordan product operation such that 

. Then, the derivation on the Jordan ring derived from ring  is 

 and  or in associative operation 

. 

Based on research conducted by Martindale III (1991), which discusses a ring  

that satisfies certain conditions such that every multiplicative isomorphism  of  is 

additive, this can be a motivation to determine the conditions that must be fulfilled by 

the ring  so that the derivation multiplication on the Jordan ring  becomes additive. 

Furthermore, conditions will be provided so that the derivation on the Jordan ring  

becomes a Jordan derivation on ring . 

3.2. Form of Jordan Derivation on Triangular Matrix Ring 

Definition 1. Given two rings and  ( ,  need not have an identity element) and let  

be an ( )-bimodule such that 

i)  is a left-faithful -module and a right-faithful -module. 

ii) If  is such that then  

Let 
 

be a set of  matrix. T is a ring under the operations of addition and multiplication of matrix 

and is called the ring of triangular matrix. 

Let ring , with  and  being rings and 

 an -bimodule such that  is a faithful left -module and also a faithful right 

-module. Furthermore, if  such that , then . Let 
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and 
 

 

Then it can be written as . Furthermore, elements  and the 

corresponding elements are in . Directly, the calculation of if  

where . Next, we will explain the conditions for a derivation on the Jordan 

ring  to be said to be a Jordan derivation on the ring . However, before that, we will 

give the definition of a -torsion free ring as follows. 

Definition 2. A ring  is called a -torsion free ring if  leads to , for all , 

where . 

The following theorem describes the conditions that a triangular matrix ring must satisfy 

in order for the multiplicative mapping of derivation on a Jordan ring  to be additive. 

Furthermore, we will give the condition that a derivation on the Jordan ring  is called a 

Jordan derivation on the ring . 

Theorem 1. Let  is a triangular matrix ring that satisfies the following conditions: 

a) If  then , 

b) If  then , 

If the mapping  satisfies  for all 

, then the mapping  is additive. Furthermore, if  is -torsion free, then  is a Jordan 

derivative. 

To prove Theorem 1, the following lemmas are needed by always assuming conditions 

a) and b) and the mapping  satisfies 

 for all . It is clear that . 

The first lemma needed is the lemma that shows that the result of the operation of the 

sum of two elements, namely the element in  and the element in  is the same as 

the sum of the results of the operation on each separate element. In addition, the same 

thing will also be shown for the element in  and the element in  . 

Lemma 1. For all  holds 

(1) 

(2) 

proof. 

(1) Take any  

It will be shown that  

Furthermore, 

Based on the mapping assumption , we obtain 
 

 

On the other hand, 
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From these two equations it is obtained 

 
 

Thus 

and 

Based on conditions ii) and b) of Definition 1 and Theorem 1, we obtain 

 

Next, to complete the proof, we will show that 

Take any  

Under the assumption of mapping , we have 

In addition, 

 

 

From these two equations, it is obtained 

 
 

Therefore, 

Based on condition i) in Definition 1, we obtain 

Thus, it is proven that  

(2) Take any  

It will be shown that  

Furthermore, 

Based on the assumption , we obtain 
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On the other hand, 

 
 

 

 

From these two equations, it is obtained 

 

Therefore 

and 
 

Based on conditions ii) and a) of Definition 1 and Theorem 1, we obtain 

   

Next, to complete the proof, we will show that 

Take any  

Under the assumption of the mapping , we obtain 

In addition, 

 

 

From these two equations, it is obtained 

 



 

 

                                                                                                                                  101  

 

 
 

Therefore, 

 

Based on condition i) of Definition 1, we have 

Thus, it is proven that  

∎ 

Lemma 2. For all  , it holds that 

. 

Proof. 

Take any  

It will be shown that  

Furthermore, 

. 

So that 

 

 

Based on Lemma 1, we get 
 

 

 

 

 

So, it is proven that  
∎ 

 

Lemma 3. For all  , it holds that . 

Proof. 

Take any  

It will be shown that  ̀
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Furthermore, 

On the other hand, by Lemma 2, we have 

 
 `` 

 

 

 
From these two equations it is obtained 

 

 

 

So that 

 
for all  . 

Therefore 

and 

Based on conditions ii) and a) of Definition 1 and Theorem 1 respectively, we obtain 

 
To complete the proof, take any  and show that 

Furthermore, 

 
On the other hand, 

 

 

 
Then, from these two equations we obtain 
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Therefore, 

 
For all  . 

Based on condition ii) of Definition 1, we obtain 

Thus, it is proven that  
∎ 

 

Lemma 4. For all , it holds that  

Proof. 

Given any  

It will be shown that  

Furthermore, 

In addition, based on Lemma 3, we obtain 

 
 

 

 

 

From the two equations, we obtain 

 
 

for all . 

Therefore 

and 

By conditions ii) and b) of Definition 1 and Theorem 1 respectively, we have 
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Next, 

Take any  
It will be shown that  

 

 

 

We obtain 

 
 

Therefore, 

 

Based on condition i) of Definition 1, we have 

Thus, it is proven that  
∎ 

Lemma 5. For all , it holds that 

(1)  

(2)  

Proof. 

(1) Take any  

It will be shown that  

Furthermore, 

On the other hand, 

 
 

 

 

From these two equations, we obtain 
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Thus 

and 

Based on conditions ii) and b) of Definition 1 and Theorem 1 respectively, we 

obtain 

 

 

Furthermore, it will be shown that . 

Take any  

Based on the mapping assumption , we obtain 
 

On the other hand, 

 
 

 

 

 

Hence, we obtain 

 
 

Therefore, 

 

Based on condition i) in Definition 1, we obtain 

Therefore  

Thus, it is proven that  

(2) Take any  

It will be shown that  

Furthermore, 

Based on the mapping assumption , we obtain 
 

On the other hand, 
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From these two equations, we obtain 

 
 

Therefore 

and 

Based on conditions ii) and a) of Definition 1 and Theorem 1, we obtain 

 

 

Next, it will be shown that 

Take any  

Based on the mapping assumption , we obtain 
 

On the other hand, 

 
 

 

 

 

From these two equations, we obtain 

 
 

Therefore, 

 

Based on condition ii) in Definition 1, we obtain 

Therefore  

Thus, it is proven that  
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∎ 

Lemma 6. For all  holds 
 

Proof. 

Take any  
It will be shown that . 

Next, 

For all  
 

On the other hand, 

  
 

 

 

Hence, we obtain 

 

 

 

 

 

 

 

 

 

 

 

 

Therefore 

and 

Based on condition a) in Theorem 1 and condition ii) in Definition 1 obtained 

 

 

Next, It will be shown 

Take any  

Based on the mapping assumption  
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On the other hand, 

 

 

 

 

From these two equations, we obtain 

 
Thus 

Based on condition i) in Definition 1, we obtain 

 

So, it is proven that  
∎ 

After discussing the lemmas needed to prove Theorem 1, we will prove Theorem 1. 

Proof of Theorem 1. 
Take any  

Let  and  

We will show that if the mapping  satisfies 
 

For all , then the mapping  additive. Furthermore, if  is -torsion free, then  is a 

Jordan derivation. 
 

 

 

 

 

 

Since , then  additive. 

Furthermore, 
If  adalah -torsion free, then 

 

Therefore,  is a Jordan derivation. 
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4. CONCLUSION 

Based on the results and discussions given in the previous chapter, it is obtained, 

for  triangular matrix ring T with the following conditions: 

1. If , then , 

2. If , then . 

If the mapping  satisfies the multiplication derivation on the Jordan ring then  

is additive. By identifying these conditions, this research will contribute to a better 

understanding of 𝑛 × 𝑛 triangular matrix ring and probably can be solved with 

programming algorithms using software. Furthermore, if  is a -torsion-free ring then 

the additive mapping  is a Jordan derivation. While this study focuses on triangular 

matrix rings, future work could explore the conditions for additivity in other non-

associative structures, such as Lie algebras or alternative rings. 
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