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Abstract 

This paper examines an inverse project scheduling problem formulated using the Critical Path Method 

(CPM), in which one activity’s duration is unknown. The objective is to derive analytical conditions 

that ensure a given project duration is feasible and that a particular path becomes the unique critical 

path. The project workflow is represented as a multilayered acyclic digraph, which facilitates symbolic 

analysis of all critical path candidates. A numerical example is implemented in Python on a six-layer 

network with two nodes in each intermediate layer and one unknown duration. From an initial set of 

16 possible paths, only 4 remain after slack-based pruning, enabling symbolic characterization of the 

feasibility region. The findings contribute to a deeper understanding of structural conditions that 

guarantee critical path uniqueness in inverse project scheduling problems. 
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1. INTRODUCTION 
 

Project management plays a fundamental role in enabling complex projects, like 

infrastructure, software, or even public services, to be delivered on time, within budget, 

and with the maximum utilization of resources. Scheduling plays a central role in 

integrating interrelated tasks, minimizing delays, and allocating resources efficiently. 

One of the core concepts of project management is the critical path, defined as the 

sequence of activities whose completion determines the minimum duration of the 

project. Any delay along this path directly affects the overall project completion time; 

therefore, identifying and monitoring the critical path is essential for managerial control 

and risk mitigation [1], [2]. 

The Critical Path Method (CPM) provides a deterministic framework for analyzing 

project schedules. By representing activities and precedence relationships as a directed 

acyclic graph, CPM computes earliest and latest start times, identifies slack, and 

highlights critical activities [1], [2], [3]. Closely related to CPM, the Program Evaluation 

and Review Technique (PERT) was developed to incorporate uncertainty in activity 

durations by modeling them as random variables, typically using beta distributions. 

PERT enables the estimation of expected project duration and variance, making it 

particularly suitable for projects characterized by high uncertainty [2], [4]. 

The theoretical foundations of project scheduling were established in the late 1950s 

and early 1960s with the development of CPM and PERT. Kelley and Walker [1] 

introduced CPM as a deterministic planning and control technique for industrial 

projects, emphasizing activity sequencing and time estimation. In parallel, Malcolm et 

al. [4] developed PERT to address uncertainty in research and development projects. 

Fulkerson [3] extended these ideas through network flow formulations that explicitly 

captured cost–time relationships, laying the groundwork for time–cost trade-off 

analysis. These methods were later consolidated and formalized in early textbooks by 

Moder and Phillips [2], which played a major role in disseminating CPM and PERT into 

engineering and management practice. Subsequent work by Haga and Marold [5] 

proposed simulation-based approaches to explore time–cost trade-offs, highlighting the 

increasing complexity of jointly optimizing project duration and budget. 

Building on these foundations, modern research has extended CPM and PERT to 

address practical considerations such as uncertainty, simulation, and application-

specific constraints. Levner et al. [6] applied CPM/PERT principles to high-throughput 

screening scheduling, demonstrating their relevance beyond traditional construction 

settings. Comparative studies by Santoso et al. [7] and Aulia and Cipta [8] evaluated 

CPM and PERT in construction project planning, while Kurniawan and Mulyono [9] 

combined crashing strategies with Monte Carlo simulation to mitigate project delays. 

Other studies have focused on time–cost trade-offs and project crashing in applied 

engineering contexts [10], [11]. 

From a theoretical perspective, significant attention has been devoted to robust 

and resource-constrained project scheduling. Koster et al. [12] introduced Γ-robust 

optimization frameworks for project scheduling problems, while Bold and Goerigk [13] 

and Balouka and Cohen [14] proposed improved formulations for robust multi-mode 

resource-constrained project scheduling. Further contributions by Liu et al. [15], Davari 

and Demeulemeester [16], Chen et al. [17], Blázquez González et al. [18], and Zhao et al. 

[19] incorporated uncertainty, resource allocation policies, and scheduling flexibility into 

CPM-related models, substantially broadening the scope of classical project scheduling 

theory. 
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Despite the extensive literature on project scheduling based on CPM and its 

extensions, the vast majority of existing work addresses the forward problem, namely, 

determining project duration, critical paths, and slack variables given fully specified 

activity durations. Numerous studies have enriched this forward analysis by 

incorporating uncertainty, resource constraints, multiple execution modes, or cost–time 

trade-offs [12]-[20]. In contrast, considerably less attention has been given to the inverse 

problem: identifying the conditions on activity durations under which a prescribed 

project completion time is feasible and a particular path emerges as the unique critical 

path. 

This inverse perspective is particularly relevant in early-stage planning, design, or 

negotiation phases, where some activity durations are not yet fixed and must instead 

satisfy global feasibility and stability requirements. Although related inverse 

formulations have been studied in restricted settings, such as time–cost trade-off 

analysis, resource-limited scheduling, or solver-based reverse planning, these 

approaches primarily rely on numerical optimization, simulation, or heuristic 

procedures and do not provide explicit structural characterizations of the feasible 

duration space or analytical conditions for critical path uniqueness [3], [5], [10], [12], [14], 

[16], [20]. In contrast, existing CPM representations typically employ flat, unstructured 

networks with arbitrary node labeling, which limits symbolic reasoning and systematic 

enumeration of alternative paths. To address these gaps, this work introduces a 

structured multilayered acyclic digraph framework for inverse CPM analysis that 

explicitly encodes stages of project evolution and supports systematic path enumeration. 

Unlike existing inverse scheduling and time-cost trade-off approaches, which primarily 

rely on optimization, simulation, or heuristic search procedures, the proposed 

framework derives explicit symbolic feasibility and critical-path uniqueness conditions 

analytically through slack-based pruning and algebraic path characterization. The 

multilayer representation enables transparent structural analysis of admissible duration 

regions and controlling paths, providing an analytical treatment of inverse CPM 

problems that differs fundamentally from existing optimization-driven scheduling 

formulations. 

 

2. METHOD 

2.1. Problem Formulation and Assumptions 

In the CPM, a project is modeled using a digraph, where each node represents a 

distinct event or milestone in the project timeline, and each directed edge corresponds 

to an activity whose execution links two such events. An activity is thus represented by 

an edge from node 𝒊 to node 𝒋, indicating that the activity begins upon the occurrence of 

event 𝒊 and must be completed before event 𝒋 can occur. Within this framework, 

precedence relations are encoded directly in the graph: if there exists a path from activity 

𝒂 to activity 𝒃 (i.e., if the terminal node of 𝒂 is the initial node of 𝒃, either directly or via 

intermediate events), then activity 𝒂 is said to be a predecessor of activity 𝒃, and activity 

𝒃 is a successor of activity 𝒂. 

Let 𝑮 = (𝑽, 𝑬) denote the directed graph representing the project schedule, where 

𝑽 is the set of vertices corresponding to project events, and 𝑬 is the set of directed edges, 

each representing a distinct project activity. Associated with each edge 𝒆 in 𝑬 is a non-

negative weight 𝒅(𝒆), which denotes the duration required to complete the 

corresponding activity. The digraph 𝑮 is acyclic and structured such that all activity 

sequences lead to a unique terminal event, typically represented as the final node in the 



188 
 

graph, signifying the completion of the project. To ensure structural clarity and 

unambiguous identification of activities, CPM conventionally disallows multiple 

activities from sharing the same pair of initial and terminal nodes. When such a structure 

is needed to encode parallel precedence constraints, a dummy activity, an edge with zero 

duration, is introduced. 

Given that a classical CPM digraph is inherently acyclic and directed toward a 

unique terminal node, it is natural to reinterpret its structure through the framework of 

a multilayered network. In this paper, we impose a structural restriction by modeling 

the project digraph as a cascade-type multilayer directed acyclic digraph. Any finite 

directed acyclic graph (DAG) can, in principle, be embedded into such a multilayer 

structure by assigning each node to a layer in a way that respects the directionality of 

the edges. This can be accomplished by computing a valid topological ordering and 

assigning each node a layer index based on its depth within the graph. Under this 

transformation, each edge in the DAG becomes an interlayer connection, linking nodes 

in successive layers. However, due to the generality of DAGs, the resulting multilayer 

representation may have irregular characteristics, such as varying layer sizes, intralayer 

connections, or incomplete interlayer connectivity, that complicate structural analysis. 

To address this, we restrict our focus to a well-defined subclass of multilayer digraphs 

with uniform structure and strict interlayer connectivity. 

To facilitate structured analysis, this paper focuses on a simplified subclass of 

multilayer digraphs. We consider a network with exactly 𝒏 + 𝟏 layers, indexed as 

𝑳𝟎, 𝑳𝟏, … , 𝑳𝒏 where each 𝑳𝒊 denotes the set of nodes occupying layer 𝒊. Layers 𝟎 and 𝒏 

each contain a single node, representing the start and end events of the project, 

respectively. Each intermediate layer 𝑳𝟏, 𝑳𝟐, … , 𝑳𝒏−𝟏 contains exactly 𝒎 nodes. For clarity 

and analytical simplicity, we impose the following structural constraints: 

1. No intralayer edges: Activities (i.e., directed edges) may only occur between 

nodes in different layers, never within the same layer. 

2. Adjacent-layer connectivity: Every activity connects a node in layer 𝑳𝒊 to a 

node in layer 𝑳𝒊+𝟏, for 𝒊 ∈ {𝟎, 𝟏, … , 𝒏}. 

3. Full bipartite interlayer connections: For every 𝒊 ∈ {𝟎, 𝟏, … , 𝒏 − 𝟏}, and for 

every node 𝒖 ∈ 𝑳𝒊 and 𝒗 ∈ 𝑳𝒊+𝟏, the edge (𝒖, 𝒗) exists in the network. 

To formalize the multilayer structure, we index each node in the network as a pair 

(𝒊, 𝒋), where 𝒊 ∈ {𝟎, 𝟏, … , 𝒏} denotes the layer index, and 𝒋 is the position of the node 

within layer 𝒊. Thus, the set of nodes in layer 𝒊 is written as 𝑳𝒊 = {(𝒊, 𝒋): 𝟏 ≤ 𝒋 ≤ 𝒎}, while 

𝑳𝟎 = {(𝟎, 𝟎)} and 𝑳𝒏 = {(𝒏, 𝟎)} contain the unique start and end nodes of the project, 

respectively. Each activity is represented by a directed edge from node (𝒑, 𝒒) to node 

(𝒓, 𝒔), denoted ((𝒑, 𝒒), (𝒓, 𝒔)), and is assigned a non-negative duration 𝒅(𝒑,𝒒)→(𝒓,𝒔) ∈ ℝ≥𝟎. 

Under the structural assumptions of this paper, all activities are strictly interlayer: they 

connect only adjacent layers, meaning 𝒓 = 𝒑 + 𝟏. Furthermore, we assume full interlayer 

connectivity, i.e., for each layer index 𝒊 ∈ {𝟎, 𝟏, … , 𝒏}, and for every node (𝒊, 𝒋) ∈ 𝑳𝒊 and 

(𝒊 + 𝟏, 𝒌) ∈ 𝑳𝒊+𝟏, the activity ((𝒊, 𝒋), (𝒊 + 𝟏, 𝒌)) exists in the network. An illustration 

indicating comparison between DAG and multilayer structure can be seen in Figure 1. 

The structural assumptions imposed in this study, including uniform intermediate 

layer size and full bipartite interlayer connectivity, are introduced primarily to facilitate 

symbolic analysis and complete path enumeration in the inverse CPM setting. Although 

real-world project networks are often sparse and structurally irregular, any finite 

directed acyclic graph can still be embedded into a multilayer representation through 

topological layering. 
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(a) 

 

(b) 

Figure 1. An Example of Project Activities Representation with (a) A Directed Acyclic Graph 

and (b) Cascade-type Multilayer Acyclic Digraph. 

 

2.2. CPM Algorithm on Multilayered Acyclic Digraph 

The Critical Path Method (CPM) is a fundamental technique in project 

scheduling that aims to determine the earliest and latest time at which each event 

or activity in a project can occur without delaying the overall completion time. 

Given the durations of all activities and the precedence constraints encoded 

in a directed acyclic graph, CPM computes three key quantities: 

• The earliest time an event can occur, obtained through a forward pass. 

• The latest time an event can occur without delaying the project, obtained 

through a backward pass. 

• The slack time of each activity or event, used to identify the critical path, a 

sequence of activities with zero slack that dictates the project's minimum 

duration. 

This method produces three key outputs that are fundamental to project 

scheduling. First, it identifies the critical path, which is the sequence of activities 

that directly determines the minimum time required to complete the project; any 

delay in these activities will delay the entire project. Second, it computes the 

project duration, defined as the earliest possible completion time of the final event 

in the schedule. Third, it provides the slack times for all non-critical activities, 
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indicating the amount of time each activity can be delayed without affecting the 

overall project completion.  

In our multilayered framework, each event is represented by a node of the 

form (𝒊, 𝒋), where 𝒊 indicates the layer and 𝒋 identifies the node within that layer. 

Each activity corresponds to a directed edge ((𝒑, 𝒒), (𝒓, 𝒔)) and is associated with 

a non-negative duration 𝒅(𝒑,𝒒)→(𝒓,𝒔). The precedence relation requires that activity 

((𝒑, 𝒒), (𝒓, 𝒔)) can start only after event (𝒑, 𝒒) has occurred, and that event (𝒓, 𝒔) 

occurs after the activity is completed. 

To model and compute the timing of events efficiently, we employ the 

framework of max-plus algebra, which is particularly well-suited for systems 

governed by synchronization and delay constraints. In max-plus algebra, the 

conventional addition and multiplication operations are replaced by 

• maximum: 𝒂 ⊕ 𝒃 ≔ 𝐦𝐚𝐱{𝒂, 𝒃} and 

• addition: 𝒂 ⊗ 𝒃 ≔ 𝒂 + 𝒃. 

In the max–plus semiring, the symbol −∞ serves as the additive identity for 

the maximum operation, meaning that for any real number 𝒂, taking the maximum 

with −∞ returns 𝒂 itself. It also satisfies the property that adding −∞ to any 

element yields −∞. Conversely, in the min–plus semiring, the operation 𝒂 ⊖ 𝒃 

denotes 𝐦𝐢𝐧{𝒂, 𝒃}, while 𝒂 ⊘ 𝒃 denotes the arithmetic subtraction 𝒂 − 𝒃. The 

symbol +∞ serves as the additive identity for the minimum operation, meaning 

that for any real number 𝒂, taking the minimum with +∞ returns 𝒂. It likewise 

satisfies the property that adding +∞ to any element yields +∞. These two special 

elements extend the real numbers to ℝ ∪ {−∞, +∞} and are essential for 

representing unreachable or unconstrained values in max–plus and min–plus 

computations. 

In the CPM framework, each activity ((𝒑, 𝒒), (𝒓, 𝒔)) is associated with four 

fundamental scheduling quantities. The earliest start time (ES) is the earliest time 

at which the activity can begin, determined by the occurrence time of its starting 

event (𝒑, 𝒒). The earliest finish time (EF) is obtained by adding the activity’s 

duration 𝒅(𝒑,𝒒)→(𝒓,𝒔) to its ES value. The latest finish time (LF) is the latest time at 

which the activity can be completed without delaying the overall project, while the 

latest start time (LS) is obtained by subtracting the duration from LF. Within this 

algebraic framework, the forward CPM recursion corresponds to repeated max-

plus aggregation of predecessor completion times, whereas the backward 

recursion corresponds to min-plus propagation of admissible successor times. 

Consequently, the classical CPM forward-backward procedure can be expressed 

entirely in terms of max-plus and min-plus algebraic operations. The detailed 

version of this procedure is presented in Algorithm 1. 
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Algorithm 1. CPM in a Multilayered Acyclic Digraph using Max-Plus/Min-Plus Algebra 

Input: 

Number of layers 𝑛 (indexed from 0) and number of nodes each layer 𝑚.  

Layers 𝐿0, 𝐿1, … , 𝐿𝑛 with 𝐿0 = {(0,0)} and 𝐿𝑛 = {(𝑛, 0)}. 

Activity set 𝐴 = {((𝑝, 𝑞), (𝑟, 𝑠)): (𝑝, 𝑞) ∈ 𝐿𝑖, (𝑟, 𝑠) ∈ 𝐿𝑖+1}. 

Durations 𝑑(𝑝,𝑞)→(𝑟,𝑠) ≥ 0 for each activity. 

Process: 

 

1. Forward pass initialization: Set 𝐸(0,0) ← 0 and 𝐸(𝑖,𝑗) ← −∞ otherwise. 

2. Forward pass: For all 𝑖 ∈ {1,2, … , 𝑛}: 

𝐸(𝑖,𝑗) ← ⊕
(𝑝,𝑞)∈𝐿𝑖−1

(𝐸(𝑝,𝑞) ⊗ 𝑑(𝑝,𝑞)→(𝑖,𝑗)). 

3. ES and EF: For each ((𝑝, 𝑞), (𝑟, 𝑠)) ∈ 𝐴: 

𝐸𝑆(𝑝,𝑞)→(𝑟,𝑠) ← 𝐸(𝑝,𝑞) and 𝐸𝐹(𝑝,𝑞)→(𝑟,𝑠) ← 𝐸(𝑝,𝑞) ⊗ 𝑑(𝑝,𝑞)→(𝑟,𝑠). 

4. Project duration: 𝑇𝑝𝑟𝑜𝑗 = 𝐸(𝑛,0). 

5. Backward pass initialization: Set 𝐿(𝑛,0) ← 𝑇proj and 𝐿(𝑖,𝑗) ← +∞ otherwise. 

6. Backward pass: For all 𝑖 ∈ {𝑛 − 1, 𝑛 − 2, … ,0}: 

𝐿(𝑖,𝑗) ← ⊖
(𝑟,𝑠)∈𝐿𝑖+1

(𝐿(𝑟,𝑠) ⊘ 𝑑(𝑖,𝑗)→(𝑟,𝑠)). 

7. LS and LF: For each ((𝑝, 𝑞), (𝑟, 𝑠)) ∈ 𝐴: 

𝐿𝐹(𝑝,𝑞)→(𝑟,𝑠) ← 𝐿(𝑟,𝑠) and 𝐿𝑆(𝑝,𝑞)→(𝑟,𝑠) ← 𝐿(𝑟,𝑠) ⊘ 𝑑(𝑝,𝑞)→(𝑟,𝑠). 

8. Slack: 𝑆(𝑝,𝑞)→(𝑟,𝑠) ← 𝐿𝑆(𝑝,𝑞)→(𝑟,𝑠) ⊘ 𝐸𝑆(𝑝,𝑞)→(𝑟,𝑠). 

9. Critical paths: Define 𝐸𝑐 = {((𝑝, 𝑞), (𝑟, 𝑠)) ∈ 𝐴: 𝑆(𝑝,𝑞)→(𝑟,𝑠) = 0}. 

A critical path is any maximal sequence of activities in 𝐸𝑐 starting at (0,0) and 

ending at (𝑛, 0). 

Output: 

Earliest start time 𝐸𝑆(𝑝,𝑞)→(𝑟,𝑠), earliest finish time 𝐸𝐹(𝑝,𝑞)→(𝑟,𝑠), latest start time 

𝐿𝑆(𝑝,𝑞)→(𝑟,𝑠), latest finish time 𝐿𝐹(𝑝,𝑞)→(𝑟,𝑠), slack time 𝑆(𝑝,𝑞)→(𝑟,𝑠), project duration 

𝑇proj, and critical path(s). 

 
 

3. INVERSE CPM ON MULTILAYERED ACYCLIC DIGRAPH 

Having established the max–plus and min–plus formulation of the classical CPM 

in the previous chapter, we now turn to the inverse scheduling problem. In practical 

project management, it is common to face situations where a project deadline is fixed, 

yet one or more activity durations remain unknown at the planning stage. These 

uncertainties may arise from incomplete information, resource allocation negotiations, 

or dependency on external deliverables. If the network structure and the remaining 

activity durations are known, it is possible, by tracing through CPM relations, to 

determine the set of feasible values for the unknown duration that ensure the project is 

completed on or before the specified deadline. This forms the basis of the inverse CPM 

problem on a multilayered acyclic digraph. 

We focus first on the simplest setting of the inverse problem. The information 

available to us is the expected project duration 𝑇exp. All activity durations 𝑑(𝑝,𝑞)→(𝑟,𝑠) are 

known except for one, denoted by 𝑥, which represents the duration of a single activity 

((𝑝∗, 𝑞∗), (𝑟∗, 𝑠∗)) in the network. The objective is to determine the feasible range of 

values for 𝑥 such that the resulting schedule is consistent with the given 𝑇exp and critical 

path structure. 

The framework for the inverse CPM algorithm follows the same max–plus/min–

plus principles as in the classical case, but with adjustments to account for the unknown 

duration. The key idea is to execute the CPM procedure as far as possible using the 

available information, while leaving expressions involving the unknown duration 𝑥 

unevaluated. This partial computation provides two immediate benefits. First, it yields 

earliest and latest times for all events that are independent of 𝑥, allowing direct 

calculation of slack times where possible. Second, any activity found to have positive 
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slack under the known durations can be excluded from consideration, as it cannot 

belong to any feasible critical path for the given 𝑇exp. This pruning step reduces the 

search space for possible critical paths and focuses attention on the subnetwork where 𝑥 

may influence the project duration. 

To systematically identify the influence of the unknown duration 𝑥, we initialize 

its value as +∞ in the forward pass computation. In the max–plus formulation, this 

ensures that any ES or EF time depending on 𝑥 will also evaluate to +∞, thereby marking 

all nodes and activities downstream of ((𝑝∗, 𝑞∗), (𝑟∗, 𝑠∗)) as dependent on 𝑥. This 

approach cleanly separates the network into two regions: the upstream region, where 

all times can be computed exactly using known durations, and the downstream region, 

where times are expressed in terms of 𝑥. By tracking this propagation, we can later 

substitute 𝑥 back as a symbolic variable and derive explicit equations linking it to the 

target project duration 𝑇exp and the given critical path. 

The feasibility condition requires that the unknown activity duration 𝑥 be such 

that the resulting project duration does not exceed the expected project duration 𝑇exp. 

This inequality defines an interval or a set of admissible values for 𝑥. The uniqueness 

condition holds when a single controlling path, containing the unknown activity, 

determines the project duration for all feasible values of 𝑥. If multiple paths can achieve 

the maximum duration for some feasible 𝑥, then the solution is not unique, and 

additional information would be required to select a single value. The complete 

procedure for implementing this approach is summarized in Algorithm 2. 

Algorithm 2. Inverse CPM on a Multilayered Acyclic Digraph with One Unknown Duration 

Input: 

Number of layers 𝑛 (indexed from 0) and number of nodes each layer 𝑚.  

Layers 𝐿0, 𝐿1, … , 𝐿𝑛 with 𝐿0 = {(0,0)} and 𝐿𝑛 = {(𝑛, 0)}. 

Activity set 𝐴 = {((𝑝, 𝑞), (𝑟, 𝑠)): (𝑝, 𝑞) ∈ 𝐿𝑖, (𝑟, 𝑠) ∈ 𝐿𝑖+1}. 

Durations 𝑑(𝑝,𝑞)→(𝑟,𝑠) ≥ 0 for each activity except one unknown 𝑥 for activity 

((𝑝∗, 𝑞∗), (𝑟∗, 𝑠∗)). 

Expected project duration 𝑇exp. 

Process: 

  

1. Set 𝑑(𝑝∗,𝑞∗)→(𝑟∗,𝑠∗) ← +∞. 

2. Do forward pass, obtaining ES and EF. 

3. Do backward pass, obtaining LS and LF by setting 𝐿(𝑛,0) ← 𝑇exp. 

4. Slack: For each ((𝑝, 𝑞), (𝑟, 𝑠)) ∈ 𝐴: 

𝑆(𝑝,𝑞)→(𝑟,𝑠) ← 𝐿𝑆(𝑝,𝑞)→(𝑟,𝑠) ⊘ 𝐸𝑆(𝑝,𝑞)→(𝑟,𝑠). 

5. If 𝑆(𝑝,𝑞)→(𝑟,𝑠) > 0, exclude the activity from possible controlling paths for 𝑇exp. 

6. Set 𝑑(𝑝∗,𝑞∗)→(𝑟∗,𝑠∗) ← 𝑥. 

Enumerate all directed paths from (0,0) to (𝑛, 0). 

7. Let 𝑃 = {𝑃1, 𝑃2, … , 𝑃ℓ} be the set of candidate critical paths in step 6. Compute 

the project duration 

𝑇proj(𝑥) = ⊕
1≤𝑘≤ℓ

⊗
((𝑝,𝑞),(𝑟,𝑠))∈𝑃𝑘

𝑑(𝑝,𝑞)→(𝑟,𝑠). 

8. Feasibility condition: The solution of system of linear inequality 
𝑇proj(𝑥) ≤ 𝑇exp 

yields the feasible condition of 𝑥 (if it exists). 

 

Uniqueness condition: For a given feasible 𝑥, the critical path is unique if 

and only if exactly one path attains the project duration 𝑇proj(𝑥). 

Output: Feasibility and uniqueness condition of 𝑥. 
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4. NUMERICAL EXAMPLE 

In this section, we present a numerical example to illustrate the application of the 

proposed algorithms for inverse CPM on a multilayered acyclic digraph. The network 

under consideration consists of 𝑛 + 1 = 6 layers, indexed from 𝐿0 to 𝐿5, where 𝐿0 =

{(0,0)} represents the project start event and 𝐿5 = {(5,0)} represents the project 

completion event. Each intermediate layer 𝐿𝑖 for 1 ≤ 𝑖 ≤ 4 contains 𝑚 = 2 nodes, 

indexed as (𝑖, 1) and (𝑖, 2). All activities are directed from one layer to its immediate 

successor layer, and each activity ((𝑝, 𝑞), (𝑟, 𝑠)) is assigned a non-negative duration 

𝑑(𝑝,𝑞)→(𝑟,𝑠). For this example, all durations are known except for a single activity 

((2,2), (3,2)), whose duration is denoted by 𝑥 and will be determined through the 

inverse CPM procedure. The expected project duration is set to 𝑇exp = 20. The full set of 

activities and their durations is given in Table 1, with the unknown duration indicated 

explicitly. 

 
Table 1. Activity Durations in the Multilayer Network 

From To Duration  From To Duration  From To Duration 

(0,0) (1,1) 1  (2,1) (3,1) 5  (3,2) (4,1) 4 

(0,0) (1,2) 2  (2,1) (3,2) 1  (3,2) (4,2) 3 

(1,1) (2,1) 2  (2,2) (3,1) 2  (4,1) (5,0) 3 

(1,1) (2,2) 3  (2,2) (3,2) 𝑥  (4,2) (5,0) 5 

(1,2) (2,1) 1  (3,1) (4,1) 1     

(1,2) (2,2) 1  (3,1) (4,2) 2     

 

 Using the parameters and activity durations in Table 1, we perform the forward–

backward computations of Algorithm 2 while assigning 𝑥 = +∞ for the unknown 

duration. This approach allows the CPM procedure to propagate earliest and latest times 

as far as possible using only the known values, while marking as “unknown” any 

quantities that depend on 𝑥. The resulting partial schedule information is presented in 

Table 2. 

 
Table 2. Partial CPM Results 

From To Duration ES EF LS LF Slack 

(0,0) (1,1) 1 0 1 unknown unknown unknown 

(0,0) (1,2) 2 0 2 unknown unknown unknown 

(1,1) (2,1) 2 1 3 6 8 5 

(1,1) (2,2) 3 1 4 unknown unknown unknown 

(1,2) (2,1) 1 2 3 7 8 5 

(1,2) (2,2) 1 2 3 unknown unknown unknown 

(2,1) (3,1) 5 3 8 8 13 5 

(2,1) (3,2) 1 3 4 11 12 8 

(2,2) (3,1) 2 4 6 11 13 7 

(2,2) (3,2) unknown 4 unknown unknown 12 unknown 

(3,1) (4,1) 1 8 9 16 17 8 

(3,1) (4,2) 2 8 10 13 15 5 

(3,2) (4,1) 4 unknown unknown 13 17 unknown 

(3,2) (4,2) 3 unknown unknown 12 15 unknown 

(4,1) (5,0) 3 unknown unknown 17 20 unknown 

(4,2) (5,0) 5 unknown unknown 15 20 unknown 

 

 From the partial CPM results in Table 2, any activity with a known positive slack 

can be excluded from further consideration, as such activities cannot belong to any 
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controlling path for the project duration. Removing these activities yields a reduced, or 

pruned, multilayered acyclic digraph that contains only the unknown activity and those 

with zero slack or slack values dependent on 𝑥. This pruned network is illustrated in 

Figure 2. 

 

 

(a) 

 

(b) 

Figure 2. Multilayered Acyclic Digraph Representation for Numerical Example: (a) Before 

Pruning and (b) After Pruning. 

 

By eliminating activities with known positive slack, the number of possible 

critical paths in the network is significantly reduced. In the original multilayered acyclic 

digraph, there were 16 potential critical paths from the start event to the project 

completion event. After pruning, only 4 candidate paths remain. This reduction greatly 

improves computational efficiency, as subsequent feasibility and uniqueness checks in 

the inverse CPM need only be performed on this smaller set of paths. 

The four remaining candidate paths in the pruned network are listed in Table 3 

along with their total durations expressed algebraically in terms of the unknown activity 

duration 𝑥 (corresponding to ((2,2), (3,2))). All other durations are known constants, 

and the total duration of each path is obtained by summing the durations of its 

constituent activities. 
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Table 3. Candidate Critical Paths After Pruning and Their Symbolic Total Durations 

Path Candidate Total Duration 

((0,0), (1,1)) → ((1,1), (2,2)) → ((2,2), (3,2))

→ ((3,2), (4,1)) → ((4,1), (5,0)) 
𝑥 + 11 

((0,0), (1,1)) → ((1,1), (2,2)) → ((2,2), (3,2))

→ ((3,2), (4,2)) → ((4,2), (5,0)) 
𝑥 + 12 

((0,0), (1,2)) → ((1,2), (2,2)) → ((2,2), (3,2))

→ ((3,2), (4,1)) → ((4,1), (5,0)) 
𝑥 + 10 

((0,0), (1,2)) → ((1,2), (2,2)) → ((2,2), (3,2))

→ ((3,2), (4,2)) → ((4,2), (5,0)) 
𝑥 + 11 

 

From this, the project duration can be expressed as 
𝑇proj(𝑥) = (𝑥 + 11) ⊕ (𝑥 + 12) ⊕ (𝑥 + 10) ⊕ (𝑥 + 11). 

The feasibility condition requires that 𝑇proj(𝑥) ≤ 𝑇exp = 20, which yields the system of 

linear inequalities 

{
𝑥 + 10 ≤ 20,
𝑥 + 11 ≤ 20,
𝑥 + 12 ≤ 20.

 

Hence, the feasibility condition can be reduced to 0 ≤ 𝑥 ≤ 8. Moreover, for the 

uniqueness condition, since 𝑥 + 12 is strictly greater than the other three expressions for 

all 𝑥, it always determines the maximum as long as 𝑥 satisfies the feasibility condition. 

Therefore, for every 0 ≤ 𝑥 ≤ 8, the critical path is unique and corresponds to the path 
((0,0), (1,1)) → ((1,1), (2,2)) → ((2,2), (3,2)) → ((3,2), (4,2)) → ((4,2), (5,0)). 

The numerical example illustrates how the proposed inverse CPM framework 

complements and extends existing project scheduling studies. In classical CPM and 

PERT analyses, numerical examples are typically used to compute critical paths and 

slack values under fully specified activity durations [1], [2], [4]. Similarly, studies on 

crashing and time–cost trade-offs employ numerical cases to evaluate how modifying 

selected activity durations affects overall project duration and cost, often relying on 

repeated forward computations or optimization procedures [5], [10], [20]. In contrast, 

the present example demonstrates a fundamentally different use of numerical analysis: 

rather than adjusting durations iteratively, the multilayered digraph structure enables 

systematic pruning of infeasible paths and symbolic derivation of feasibility and 

uniqueness conditions for an unknown duration. This aligns conceptually with robust 

and resource-constrained scheduling studies that seek stability of project completion 

under uncertainty [12], [14], [16], but differs in that the results here provide explicit 

analytical conditions rather than scenario-based or solver-dependent solutions. The 

reduction of candidate critical paths from 16 to 4 in this example highlights how 

structural pruning can significantly simplify inverse reasoning, offering a transparent 

alternative to simulation-based or optimization-driven approaches reported in related 

literature [9], [15], [19]. As such, the numerical results do not merely validate the 

algorithm, but demonstrate how inverse CPM analysis on multilayered acyclic digraphs 

provides insights that are not accessible through existing forward or optimization-based 

project scheduling methods. 
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5. CONCLUSION 

This study presented a max–plus and min–plus algebraic framework for solving 

both the classical and inverse Critical Path Method (CPM) on multilayered acyclic 

digraphs. The classical CPM formulation was adapted to the multilayer structure, 

enabling systematic computation of earliest and latest event times, slack values, and 

critical paths. The inverse CPM procedure was then developed for the case of a single 

unknown activity duration, introducing a pruning strategy based on positive slack 

elimination to reduce the search space for possible critical paths. The proposed approach 

offers a clear and computationally efficient methodology for addressing inverse project 

scheduling problems with incomplete duration information. Its combination of algebraic 

modeling and structural pruning makes it particularly suitable for large-scale networks 

where exhaustive path enumeration would otherwise be computationally prohibitive. 

The framework developed in this study focused on the inverse CPM problem with a 

single unknown activity duration in a multilayered acyclic digraph. Several natural 

extensions merit further investigation. One direction is to generalize the method to 

handle multiple unknown durations, which would require solving systems of 

inequalities in multiple variables and could introduce coupling effects between different 

unknowns. Another avenue is to explore the application of the inverse CPM framework 

to other classes of project networks, such as partially layered acyclic graphs, graphs with 

non-uniform connectivity, or networks incorporating dummy activities for more 

complex precedence relationships. Additionally, extending the approach to 

accommodate stochastic durations or fuzzy time estimates could make it more robust in 

environments with high uncertainty. From a practical perspective, the proposed inverse 

CPM framework may be particularly useful during early-stage project planning, 

negotiation-based scheduling, or infrastructure design processes where some activity 

durations are not yet fixed, but overall completion targets are predetermined. The ability 

to derive explicit feasibility intervals and unique controlling paths analytically may 

support decision-making under incomplete scheduling information without requiring 

repeated optimization or simulation procedures. These directions would broaden the 

applicability of the method and enhance its practical relevance in diverse project 

scheduling contexts. 
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