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Abstract

Semiparametric regression combines parametric and nonparametric components within a single
framework. The partial spline model adopts a linear parametric component and a truncated spline
nonparametric component. When heteroscedasticity is present, Ordinary Least Squares (OLS) loses
efficiency and Weighted Least Squares (WLS) is required. When the variance structure is unknown,
the weight matrix must be estimated from the data. Silverman (1985) proposed a moving average of
squared generalized residuals for nonparametric regression, but this procedure cannot be directly
extended to the partial spline setting due to the simultaneous presence of both components. This
study derives closed-form WLS estimators B=EKWy and y=F(K)Wy via partial
differentiation and substitution, yielding the regression curve estimator Y = T(X, Z, K)Wy with
optimal knots selected by minimizing the Generalized Cross-Validation (GCV) criterion. The
proposed estimators provide an efficient and theoretically grounded solution for partial spline
regression under heteroscedastic error conditions whose functional form is unknown.
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1. INTRODUCTION

Regression analysis is one of the fundamental statistical tools used to examine
and estimate the functional relationship between a response variable and one or more
predictor variables [1]. Based on the knowledge about the shape of the regression curve,
the estimation approach is classified into three categories: parametric, nonparametric,
and semiparametric [2]. The parametric approach is used when the shape of the
regression curve is entirely known, such as linear or quadratic forms. The nonparametric
approach is employed when the curve shape is completely unknown and the data are
allowed to speak for themselves [3]. In many real-world situations, however, neither
approach alone is adequate, as part of the relationship between variables follows a
known structure while another part does not. This motivates the semiparametric
regression model, which combines both parametric and nonparametric components
within a single framework [4], [5]

One of the most widely studied forms of semiparametric regression is the
partial spline model, in which the parametric component assumes a linear pattern and
the nonparametric component is approximated using spline functions [6]. The partial
spline model was first formally introduced by Engle et al. [7] in the context of modeling
the relationship between weather conditions and electricity sales, and has since been
applied across a wide range of disciplines. Among available spline estimators, the
truncated spline has received considerable attention due to its excellent statistical
interpretability and its flexibility in accommodating changes in data behavior across
different sub-intervals of the predictor domain [8], [9], [10]. The truncated spline estimator
belongs to the class of piecewise polynomial functions joined at points called knots, and
the accuracy of the resulting model depends heavily on the appropriate selection of these
knot points [11]. Optimal knot selection is typically achieved by minimizing the
Generalized Cross-Validation (GCV) criterion, which possesses asymptotically optimal
properties, is invariant under linear transformation, and does not require prior
knowledge of the error variance [12], [13], [14].

Parameter estimation in partial spline regression is commonly performed
using either the Ordinary Least Squares (OLS) or the Weighted Least Squares (WLS)
method [15]. The OLS estimator produces the Best Linear Unbiased Estimator (BLUE)
only when the classical assumptions hold, in particular the homoscedasticity
assumption-that is, the error variance is constant across all observations [16]. When this
assumption is violated and heteroscedasticity is present, the OLS estimator remains
unbiased but loses its minimum variance property, making it no longer the most efficient
estimator [17]. Furthermore, parameter inference based on OLS under heteroscedasticity-
including hypothesis tests and confidence intervals-may produce misleading results.
The WLS method addresses this problem by assigning each observation a weight
inversely proportional to its error variance, thereby down-weighting high-variability
observations and restoring the efficiency of the estimator [18].

A fundamental challenge in implementing WLS is that the error variances are
rarely known in advance and must be estimated from the data. When the weight matrix
is misspecified-for instance, assumed to be the identity matrix despite the presence of
heteroscedasticity-the resulting estimator may remain inefficient [19]. Silverman [20]
proposed an iterative reweighting procedure to address this in the nonparametric
regression context, in which the weights are estimated via a local moving average of
squared generalized residuals. In this procedure, an initial unweighted fit is obtained,
from which generalized residuals ;" are computed. These squared residuals are then
smoothed over a local window of k neighboring observations to produce an adaptive
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variance estimate W; * for each data point. This approach captures the local variance
structure of the data without requiring a parametric specification of the
heteroscedasticity function, making it especially suitable when the form of variance non-
constancy is unknown.

However, a critical research gap exists: the local moving average weight
estimation procedure of Silverman [20] was developed exclusively for the nonparametric
regression setting and cannot be directly applied to the partial spline model. This
limitation arises from three fundamental complications. First, computing the generalized
residuals in partial spline regression requires an initial simultaneous estimate from both
the parametric component g(x;) = o + f1x; and the nonparametric component f(z;),
whereas Silverman’s [20] procedure assumes a single nonparametric component only.
Second, the hat matrix in partial spline regression takes the combined form T(X,Z,K) =
XE(K) + ZF(K), which differs structurally from the simpler hat matrix in Silverman’s [20]
nonparametric framework, requiring a different derivation of 6% and r;". Third,
minimizing the WLS criterion in partial spline regression yields two mutually dependent
estimating equations for Band ¥, requiring a substitution procedure to obtain
independent closed-form estimators-a step entirely absent in the purely nonparametric
setting. Despite the broad development of semiparametric regression with spline
truncated estimators [8], [9], [10], [15] none of the existing studies has derived WLS
estimators for partial spline regression with a weight matrix constructed adaptively from
a local moving average of generalized residuals, leaving an open methodological
problem in efficient estimation under unknown heteroscedastic error conditions.

To address this gap, this study proposes a novel approach: the derivation of
closed-form WLS parameter estimators for a partial spline regression model with a linear
parametric component and a spline truncated nonparametric component, where the
weight matrix is constructed adaptively from a local moving average of squared
generalized residuals following Silverman [20]. The novelty of this study lies in three
contributions: (1) the extension of Silverman’s [20] local moving average reweighting
procedure to the partial spline semiparametric framework, (2) the derivation of
independent closed-form estimators B and ¥ via partial differentiation and substitution
under the adapted weight matrix [21], and (3) the integration of GCV-based optimal knot
selection into the WLS estimation procedure for partial spline regression. The proposed
approach contributes a methodologically rigorous and efficient estimation procedure for
semiparametric regression under heteroscedastic error conditions whose form is
unknown.

2. THEORETICAL REVIEW

2.1 Truncated Spline Semiparametric Regression

Truncated splines constitute a widely employed nonparametric regression
framework. They are smooth, segmented polynomial functions capable of adapting to
varying data patterns. Model estimation in spline regression depends critically on knot
points-intersection points that demarcate transitions in the pattern and functional
behavior across sub-intervals [22]. Given paired data (y;, x;,z:), i = 1,2, ..., n, where y; is
the response variable while x; is the predictor variable that follows a parametric pattern
and z; is the predictor variable that follows a nonparametric pattern. The relationship
pattern of y;, x; and z; can be expressed in a regression model as follows:

yi=xiB+f(z)+e i=12,..,n 1)
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Next, if the regression curve f(z;) in Equation (1) is approximated by a truncated spline
function with knots K1, K», ..., K- then:

f(z) = vizi + V22l + -+ Vmzl" + Viem(Z = KOT + 4 Vegm (2 = KT 2)
m s
f(z) = Z ijij + Z Yieem (Zi — KT (3)
j=1 k=1
With

(zi— K™ .z = Ky

(o ={ AT 2 @

Yy is a parameter and (z; — K )T is a truncated function. Degree m is the degree of the
polynomial equation. Typically used m =1, 2, and 3. A first-degree polynomial regression
curve is usually called a linear regression curve, a second-degree polynomial regression
curve is usually called a quadratic regression curve, while a third-degree polynomial
regression curve is usually called a cubic regression curve. The knot points Kj,
K, ..., K, are knot points that indicate the curve's behavior pattern at different
subintervals.

As a simple illustration, suppose a truncated linear spline with m = 1, r = 3, three knot
points at zy; = K, zy; = K3, z3; = K3 is given. Then, it can be presented in the form:

f(z) = v1zi + v2(zi — KD +v3(zi — K)F +va(z — K35 ®)

The spline function f(z;) can also be presented in the form:

Y1z 1 ) Zj < Kl
Flz) = v1zi + v2(z; — K3 Ky <z <K, .
' V1zi + v2(zi — KD +v3(z — K2)t Ky <z, <K, ©)
Vizi + v2(zi — KDL +v3(zi — K33 + va(z — K3)} ,Z; 2 K3

The semiparametric truncated spline regression equation in Equation (1) can be
expressed as follows:

m T
yi = XiB + Z yiz] + Z Yiem(Zi — KT + & )
j=1 k=1
where y; is the i-th response variable, x; =[1  x;; X;z - %ip]is the predictor variable

for the parametric component, z;is the predictor variable for the nonparametric
component, X;B is the parametric component, B=[By B1 - Bn - ﬁp]’{p +1)x1
unknown parameters. f(z;) is a nonparametric component function whose pattern is
unknown and ¢; is a random error, where ¢; ~ N(0, 62).

2.2 Moving Average (MA)

In the context of nonparametric and semiparametric regression, the local MA
approach is used to estimate weights based on residual variance patterns. Smoothing
with MA can reduce the influence of extreme random variations and highlight local
trends, so that the resulting weights can more accurately reflect heteroscedasticity
characteristics [23]. The weight values are obtained from the local moving average using
the following formula [20]:
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ni

W= m DY 2 ®

t=m;

with m; = max(1,i — k) and n; = min(n,i + k), where k is the window size and r;" is
generalized residuals as follows:

1
. Wiz{yi = y(xi, )} 9)

1
{1 —n"1trT(X,Z, K)W}2

where y(x;,2;) is semiparametric model estimator, & is the square root of the residual
variance estimate 62 which is calculated as follows:
52 = Y wily — 9, 2D
n—trT(X,Z, K)W

(10)

2.3 Weighted Least Squares

Two requirements must be met for parametric or semiparametric regression
analysis: the variance of the random error in the model is assumed to be homogenous,
and the variance-covariance error matrix is known [8]. Without sacrificing its bias and
consistency, the WLS approach preserves the estimator's efficiency. With the exception
of adding a new variable called w; as a weighting factor, the WLS approach is
substantially the same as the least squares method [24]. WLS (Weighted Least Square) is
a technique that can be utilized to satisfy the first premise. By reducing the number of
squares error between the observation and the model, the WLS approach is utilized to
estimate the parameter.

‘7\71_1 0 e 0
w=|0 W o~ : an
Lo o - el
rrl}’iyn{( y—XB—Zy)W(y—XB —Zy)} (12)

2.4 Generalized Cross Validation

GCV is a statistical optimization technique employed to identify the most
suitable parameters in a regression model. The GCV-based approach to knot selection is
considered optimal owing to its asymptotically optimal properties, which hold even for
large samples, making it closely related to sample size behavior. GCV is also invariant
in the sense that its value remains stable even when the dataset undergoes modifications
[25].

nTt YL (i = 9)°
(n~trace(1 - T(X, Z, K)W))2
MSE(K) (13)

- (n1trace(1— T(X,Z, K)W))2

GCV(K) =

where T(X, Z, K)W is the hat matrix of the partial spline model.

2.5 Analysis Steps
The analysis steps to obtain weight estimates in the partial spline model using
the moving average approach are as follows:
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1) Assume paired data (xil,xl-z, wer Xips Zi1) Zi2s e Zigy yi) follows a semiparametric
regression model

yi = g(xl-l,xiz, ...,xl-p) + f(zil,ziz, ...,ziq) + ¢ (14)
2) The regression curve g(x;) is a parametric component, approximated by a linear
function
9(xi1, %42, ---:xip) = o+ Pixi1 + PaXiz + -+ BpXip (15)

3) The regression curve f(z;) is a nonparametric component, approximated by a

truncated spline function
q m r

f(zi, 2z oy 2ig) = Z Zl’jzzijl + Z Ym+ior(Zi — K (16)

=1 \j=1 k=1

4) Given a truncated spline semiparametric regression model

P a /m r
Vi = Z BnXin + z z ijZl-jl + Z Yim+ior(Zu — KT | e (17)
h=0 =1 \j=1 k=1
It can also be presented in the following matrix form:
Y=XB+Zy+¢ (18)

5) Obtaining parameter estimates $ and y by completing Weighted Least Square
optimization, determining the value of the weight matrix W using the moving
average approach in Equation (8)

min{(y —Xp—Zy)W(y—-XB - Z
nin{(y — XB — Zy)'W(y — XB — Zy)} (19)
6) Obtain the weighted truncated spline semiparametric regression model
estimator.
b a m r
yi= Z Brxin + z z iz + z Ym+r(Zu — K (20)
h=0 1=1 \j=1 k=1

3. RESULTS AND DISCUSSION

3.1. Truncated Spline Semiparametric Regression Model

Suppose a set of observational data is available in the form of paired data, namely
(xil,xiz, e Xips Zi1s Zis ...,ziq,yi) The data is assumed to have a functional relationship
between the response variable (y)and the predictor variable consisting of two
components, namely the parametric component predictor variable and the
nonparametric component predictor variable. The relationship between these variables
is modeled using semiparametric regression (partial splines), which can be generally
expressed in Equation (14) The model states that the response variable () is the sum of
two principal components: the parametric component g(xi1,%i,..,X;p)and the
nonparametric component f (zl-l, Zigy een) ziq), and the random ¢; assumed to be normally
distributed with a mean of zero and a variance of o2.
The parametric component g(xil, Xig, ) xip) represents the linear relationship between
the response variable and the predictor variables. In this study, these components are
approximated using a linear function expressed as follows:

9(Xi1, Xigy s Xip) = Bo + Paxiz + -+ + BpXip (22)
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where B, is the intercept and fy, S, ..., Bp are regression parameters indicating the
magnitude of the influence of each parametric variable on the response variable.
Meanwhile, the nonparametric component f (Zil,Ziz, ) Zl-q) is used to model nonlinear
relationships whose functional form is not explicitly known. In this study, this
nonparametric component is approximated using a truncated spline function of degree
m with a number of knots (K3, K3, ..., K;-). This approach allows the model flexibility in
capturing changes in data patterns at certain intervals. Mathematically, this
nonparametric function can be written as the following equation:

f(zin, 2iz, s 2ig) = f(2i2) + f(2i2) + -+ f(2ziq)

1 (23)
= ) fw
=1
where,
q q m r
D Fe =Y D v+ D Vo= Kt |, i=12,m 4
=1 =1 \ j=1 k=1

where yj; and ¥ (i4+m); are the spline parameters to be estimated, while (z; — Kj;)4 is a
truncated spline function that is zero for z; < Kj; and (z;; — Ky;) for z;; = K.

By substituting the parametric and nonparametric components into the semiparametric
regression model (partial spline), the complete semiparametric spline regression model
equation can be written as follows:

p q m r
yi = Z Brxin + z Zyjlzi]l + z Yo+t Zu — KT | +& ,i=12,..,n (25)
h=0 =1 \j=1 =1

Based on Equation (25) it can be explained as follows:
Vi = Bo + Brxiy + -+ BpXip + V1123 + V2125 + 0+ YmaZl +
Yom+11(Zin — K1)T + Y21 — K2)T + - + Ymar1 (Zin — KT

m (26)
+- T+ quzilq + VZquzq +-t quzirg + V(m+1)q(ziq - Klq)+ + Y (m+2)q

(ziq - qu):n o+ Voneryg (Zig = qu):n T &

Equation (26) can also be presented in the following matrix form like Equation (18) With

Y= 2 7 Ynllaxy (28)
1 Xq1 X21 ... *p1
x= |1 e 9)
1T Xn Xon ™ Xpnl ey
B=1[Bo B " PBollprnx: (30)
e=[a1 & 7 &l (1)
y=[V11 - Ymi Ym+D1 - Ytr)1 - Yig - VYmg VY(m+1q - }’(m+r)q]fx(m+r)q 32)
[zM T O L R L I U DM CT R D ]
2= ’" (221 —EKH):” - (22 —_‘.Knrr Tt (229 —'Km)+ (229 j.qu)T | (33)
[ A K DR B ) G ]
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3.2 Estimation of Semiparametric Regression Model in Weighted Least Squares
Method with Moving Average
To overcome the problem of heteroscedasticity, an estimation is carried out using
the Weighted Least Squares (WLS) method. Furthermore, by using the weighting matrix
W, the weight values are obtained in Equation (35) through the moving average
approach with the W matrix, namely

wo|d s Do
o (34)
S 0
l 0 0 Wy 1
With
ng
W=y -m DY 2 )
t=m;

The estimates of B and y in Equation (27) can be obtained by solving the optimization
using Weighted Least Square (WLS).

e=y—Xp-Zy (36)
min{(y — XB — Zy)'W(y — XB — Zy)} (37)

The optimization solution above is carried out with the following explanation.
g'e = (y — XB — Zy)'W(y — XB — Zy) (38)
=(y' = B'X' —y'Z)W(y - Xp - Zy) (39)
= (' - BX —y'Z)(Wy — WX — WZy) (40)
= (y'Wy—y'WXB —y'WZy — B'X'Wy + B’X'WXB + B'X'WZy — (1)

YZ'Wy +vY'Z'WXB +Yy'Z'WZy)

= (y'Wy — 28'X'Wy — 2y'Z'Wy + 2B'X'WZy + B'’X'WXB + y'Z'WZy) (42)
=QB.Y) (43)

To obtain an estimate of the parameters, partial derivatives are performed. The partial
derivative of Q(B,v) is given by:
3(Q(BY)) _ a(y'Wy —2p'X'Wy — 2y'Z'Wy + 2B'X'WZy + B'’X'WXB + y'Z'WZy)

= 44
9B a9(B) )
d
(Q(B Y)) — 2X'Wy + 2X'WZy + 2X'WXB (45)
GO
if the partial derivative above is equated to zero, namely:
d :
(eW) _, (46)
a(B)
obtained:
—2X'Wy + 2X'WZy + 2X'WXB = 0 (47)
2X'WXB = 2X'Wy — 2X'WZy (48)
So the parameter estimator § is as follows:
B= X'WX)1(X'Wy — X'WZy) (49)

Next, to obtain the estimator y, we perform partial derivatives.
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2(Q(BY)) _ a(y'Wy —2p'X'Wy — 2y'Z'Wy + 2B'X'WZy + B'’X'WXB + y'Z'WZy)

= (50)
a(y) o(y)
a )’
(Q(—BY)) = —2Z'Wy + 2Z'WXB + 2Z'WZy (61)
a(y)
Then Equation (51) is equated to zero, namely:
d )
(e®y)_, 52)
a(y)
obtained:
—2Z'Wy + 2Z'WXB + 2Z'WZ§ =0 (53)
27'WZ§ = 2Z'Wy — 2Z'WXB (54)
So that the parameter estimator ¥ is obtained
Y = @'WZ) 1(Z'Wy — Z'WXpB) (55)

Because the estimator B still contains y and the estimator ¥ still contains g, the following
substitution is made between Equation (49) and Equation (55).

B= xX'Wx)1! (X’Wy —X'WZ ((Z'wz )1(Z' Wy — Z’WXB))) (56)
= (X'WX)™! (X'Wy - X'WZ((Z'WZ)"'Z'Wy — (2'WZ)~'Z'WXg)) (57)
= (X'WX) Y(X'Wy — X'WZ(Z'WZ)~1Z'Wy + X'WZ(Z'WZ )~ 1Z'WXB) (58)
= X'WX) IX'Wy — X'WX ) IX'WZ(Z'WZ ) 1Z'Wy + 59
X'WX) IX'WZ(Z'WZ)1Z'WXp
Then the components containing B are combined as follows:
B— [X'WX)"IX'WZ(Z'WZ)1Z'WX|B = X'WX) 1X'Wy — .
X'WX) IX'WZ(Z'WZ)~1Z'Wy
B[ - X'WX) IX'WZ(Z'WZ)~1Z'WX| = (X' WX)"1X'Wy — 6D
X'WX ) IX'WZ(Z'WZ )~ 1Z'Wy
So the estimator B is obtained by the following equation:
B=[1-X'WX)X'WZ(Z'WZ )-1Z'wx]'1[(X'WX)-1X'Wy - @)
(X'WX) IX'WZ(Z'WZ)~1Z'Wy]
= [1- X'WX) IX'WZ(Z'WZ ) 1Z’WX] " (X'WX)! )
[X'Wy — X'WZ(Z'WZ )~ 1Z'Wy]
= [1- X'WX)"IX'WZ(Z'WZ )~ 1Z’WX] " (X'WX)? o
[X' — X'WZ(Z'WZ)71Z'|wy
= E(K) Wy (65)
where I is the identity matrix, K is the knot point of 1, 2, ..., 7 and the matrix
E(K) = [I- X'WX) 1X'WZ(Z'WZ )-1Z'wx]'1(X'WX)-1 )
[X' - X'WZ(Z'WZ)~'Z'
Likewise for the parameter estimator ¥, so that we obtain:
¥= (Z'WZ)! (Z’Wy — Z'WX ((X'wx ) 1(X'Wy — X’WZy))) 67)
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(Z'WZ)1 (Z'Wy — Z'WX((X'WX ) ~1X'Wy — (X'WX )-1x’WZy)) 68)

= (Z'WZ) Y(Z'Wy — ZWX(X'WX )" 1X'Wy + Z'WX(X'WX )" 1X'WZy) (69)

(Z’WZ) 1Z'Wy — (Z’WZ)1Z’WX(X'WX )" 1X'Wy +

(Z’WZ)1Z’WX(X'WX)"1X'WZy 70)
The components containing y are combined into one left-hand side as follows:
¥ - [@'WZ)1Z’WX(X'WX) IX'WZ]y = (Z'WZ)1Z'Wy — -
(Z’WZ) 1Z’WX(X'WX )" 1X'Wy
Y[1- (Z'WZ)1Z’WX(X'WX )" IX'WZ] = (Z'WZ )~ 1Z'Wy — )
(Z’WZ) 1Z’WX(X'WX )" 1X'Wy
So that the estimator y obtains the following equation:
¥ = [1-(Z'WZ)1Z’WX(X'WX )‘1X’WZ]_1[(Z’WZ )"1Z'Wy — 73
(Z’WZ) 1Z7WX(X'WX )" 1X'Wy]|
= [1- @WZ) 1Z’WX(X'WX ) IX'WZ] " (Z'WZ)! -
[Z’Wy — ZWX(X'WX )~ 1X'Wy]|
= [1- @WZ) 1Z'WX(X'WX ) IX'WZ]  (Z'WZ )1 5
[2' — Z’WX(X'WX )~ 1X'[wy
= F(K) Wy (76)

Matrix I is the identity matrix, K is the knot point with values of 1, 2, ..., r and matrix
F(K) =[1-(Z'WZ )‘1Z’WX(X’WX)‘1X’WZ]_1(Z’WZ )1 o
[Z' — Z’WX(X'WX )~ 1X']
After obtaining the estimators for the parametric and nonparametric components, the next
step is to determine the estimator for the semiparametric truncated spline regression
model using the Weighted Least Square estimation method using the moving average
approach as follows.

Y=/7(X12) (78)
=XB+Zy (79)
= XE(K) Wy + ZF(K) Wy (80)
= (XE(K) + ZF(K))Wy (81)
= T(X, Z, K)Wy (82)

Where T(X,Z, K) = XE(K) + ZF(K)

4. CONCLUSION

Based on the theoretical derivation presented in this study, several conclusions
can be drawn. First, the partial spline semiparametric regression model with a linear
parametric component and a truncated spline nonparametric component can be
expressed in matrix form as Y = Xf + Zy + &, where Xis the parametric design matrix,
Zis the truncated spline design matrix, and €is the random error vector. Second, the
weight matrix W = diag(w; %, w51, ...,wy1) is constructed adaptively from a local
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moving average of squared generalized residuals following Silverman (1985), extending
this procedure from the nonparametric to the partial spline framework. Third, the WLS
criterion ming,{(y —XB — Zy)"W(y — XB — Zy)} yields two mutually dependent
estimating equations. Through partial differentiation and a substitution procedure,
independent closed-form estimators are obtained:

B = E(K)Wy, ¥ =F(K)Wy
Fourth, the regression curve estimator for the partial spline model is:

Y =T(X,Z K)Wy

where T(X,Z,K) = XE(K) + ZF(K), and optimal knot points are selected by minimizing
the GCV criterion.

This study contributes a methodologically rigorous extension of Silverman’s [20]
local moving average reweighting framework to the partial spline semiparametric
regression setting, providing efficient parameter estimation under heteroscedastic error
conditions whose functional form is unknown.
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