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ABSTRACT

This paper deals with the total irregularity strength of complete bipartite graph K, , where
2<m<4andn>m.

Keywords: Complete bipartite graph; Total irregularity strength; Totally irregular
total labeling

1. INTRODUCTION

Let a graph G considered here be a finite, simple, and undirected graph with vertex
set V(G) and edge set E(G). For any total labeling f:V(G) U E(G) - {1, 2, ..., k}, the
weight of a vertex v and the weight of an edge e = xy are defined by w(v) = f(v) +
Ywver fuv) and w(xy) = f(x) + f(y) + f(xy), respectively. Ifall the vertex weights
under total labeling f are distinct, then f is called a vertex irregular total k-labeling, and
if all the edge weights under total labeling f are distinct, then f is called an edge irregular
total k-labeling. The minimum value of k for which G has a vertex (or an edge) irregular
total labeling f is called the total vertex (or edge, resp.) irregularity strength of ¢ and is
denoted by tvs(G) (or tes(G), resp.) [1]. Baca, Jendrol, Miller, & Ryan in [1] gave the
boundary for the tvs(G) that for every (p, g)-graph G with minimum degree §(G) and

maximum degree A(G), as follow.

[0

ronl S tvs(G) <p + A(G) —26(G) + 1; (1.1)
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and for the total edge irregularity strength of graph G, as follow.
22 < tes(6) < IEG)I. (1.2)

Later, Jendrol et al. [2] determined the total edge-irregular strengths of a complete

bipartite graph K, ,,, where m,n > 2, as follow.

mn+2]

tes(Kinn) = | (1.3)

For further results on tvs and tes, one can refer to [3].

In 2012, Marzuki, Salman, and Miller [4] introduced a new parameter by combining
the vertex irregular total labeling and the edge irregular total labeling. A total k-labeling
fiVUE - {1,2,..,k}of G is called a totally irregular total k-labeling if for any pair of
vertices x and y, their weights w(x) and w(y) are distinct and for any pair of edges x; x,
and y,y,, their weights w(x;x,) and w(y;y,) are distinct. The minimum value k for
which a graph G has totally irregular total labeling, is called the total irregularity strength

of G, denoted by ts(G). They [4] have proved that for every graph G,
ts(G) = max{tes(G),tvs(G)} (1.4)

and determined the exact value of total irregularity strength of paths and cycles. For path

B, of n vertices,

n+2

T , forn € {2,5},
t5(P) = 1a o (1.5)
> | otherwise.

In [5], Ramdani and Salman determined the ts of several cartesian product graphs.
Later, Ramdani et al. [6] determined the ts for gear graphs, fungus graphs, ts(Fg,), for
neven,n > 6; and for disjoint union of stars. Tilukay et al. in [7] determined the ts of

fan, wheel, triangular book, and friendship graphs.

The result of the total irregularity strength of star graph K ,, is given by Indriati, et

al. in [8]. They [8] obtained that for any positive integer n > 3,

ts(Kin) = [”T“ . (1.6)
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Recently, Tilukay et al. in [9] determined the ts of complete graph K,, and complete

bipartite graph (K., ). They [9] obtained that for any positive integer n > 2,

ts(Knyn) = [nZ;Z] :

Completing the result above, in this paper, we give some more results by determining the

(1.7)

total irregularity strength of complete bipartite graph K, ,, where 2 <m < 4andn > m.

2. MAIN RESULT

Let K, ,, where m,n >0, be a complete bipartite graph with partite sets of
cardinalities m and n. For simplifying the drawing of K, ,, together with labels, let the
labeling f:V(Kpyn) U E(Kpn) = {1,2,...,k} represented by an (m+1) X (n+1)
matrix Mg(Kmn) = (a;;), where ay; = 0; first column a;;,i # 1 consists of labels of
m vertices in second partite; first row a;;,i # 1 consists of labels of n vertices in first

partite; and the rests consist labels of edges joining these vertices.

Theorem 1. Let K,,, , be a complete bipartite graph with 2 < m < 4 and n > m. Then

mn+2]

ts(Kmn) = [

Proof. Since |V(Km,n)| =m+n, |E(Km,n)| =mn, 6(G) =m, A(G) =nwithm<n

by (1.1), (1.2), (1.3) and (1.4), we have

ts(Kmn) = [222]. (2.1)
For the reverse inequality, we construct an irregular total labeling f:V UE —

{1,2, ..., k} which will be divided in two cases. Let k = ["2=%|

Case 1. For m = 2;
Subcase 1.1. Form = 2 and n € {3,4,5};
The labeling are shown in Figure 1. It is easy to check that all edge-weights form

arithmetic progression and all vertex-weights are distinct.
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(©)
Figure 1. (a) Totally irregular total 3-labeling of K, 3, (b) Totally irregular total 4-labeling

of K, 4, and (c) Totally irregular total 4-labeling of K 5

01 2 3 01 2 3 4
Thus, we have M;(Kz3) =1 1 1 1|iMe(Kzs)={(1 1 1 1 1) and
2 3 3 3 4 4 4

2 3 3
1 1 2 2
3 3 4

Subcase 1.2. Form =2 and n > 6;

N

0
Mf(K2'5) = <1
4

W =
S

Let V(Kz,n) = {wll <i<n}uix,x}tand E(Kyp) = {wixy, wixy |1 <i<nb.

Define

i forl1 <i<k;
f(ui)_{i_n+k, fork+1<i<n;
f) =1
f(xz) = k;

- )_{1’ for1 <i<k;
Fux) =1k 41, fork+1<i<n;

( )_{n—k+2, forl <i<k;
Fxa) =lom—k+1), fork+1<i<n
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It is easy to check that the largest label is k.

Next, we verify the edge-weight and the vertex-weight set as follows.

For the edge-weight,

w(u;x) =i+ 2, forl1 <i<n;

w(ux,) =n+i+2, forl <i<n.

It can be checked that the weights of the edges under f are 3,4, ---,mn + 2.
For the vertex-weight,

W(u_)_{n—k+i+3, forl <i<k;
Vo 2n—-2k+i+3, fork+1<i<n;

wxy)=mMm—-k(n—k+1)+k+1;
w(x,) =k(n—k+3)+(2n—-2k)(n—k + 1).

It can be checked that there are no two vertices with same weight.

Case2. m = 3;
Subcase 2.1. Form = 2 and n € {5, 6};

The labeling is given in matrices below.

012345 0124567
112345 1122345
MKss)={3 1234 5|mdM(Kse)=|5 155345
6 6 6 6 66 77 7 6 6 6 6
It is easy to check that all edge-weights form a consecutive sequence 3,4, -:-,3n + 2 and

all vertex-weights are distinct.

Subcase 2.2. Form = 3 and n € {5, 6};

Let V(Ksy) = {ui,vj|1 <i<band1<j<a}U{x;,yll1<i<2}and

E(Kspn) ={wxj|1<i<band1<j<2}u{ymx|l<i<aand1<j<2}u
fuyl1<i<blu{vy,|1<i<a}

Define,

fu) =i for1<i<bh

f(v))=k—(a—)) fort<j<a
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flx) =i for1<i<?
f) =k
flux) =i forl<i<bandl1<j<2

f(Vixj)=2b+a—k+i forl<i<aand1<j<2
fluy) =k forl1<i<b
f(Vj)’1)=k—1 fori<j<a

It is easy to check that the largest label is k.

For the edge-weight,

w(ux) =20 +j forl<i<band1<j<2
w(vix) =2(b+10)+j forl<i<aand1<j<?2
w(u;y,) =2k +1i for1<i<bh

W(vjyl) =3k—(a—j)—1 for1<j<a
It can be checked that the weights of the edges under f are 3,4, -, mn + 2.
For the vertex-weights,

w) =3i+k for1<i<b
W(vj)=4b+a+3j—1 fori1<j<a
W(xl-) i+ (1+b)b n (4b+3a-2k+1)a forl<i<?2

2 2
wiy) =kn+1)—a
It can be checked that there are no two vertices with same weight.

Case3. m = 4;
Subcase 3.1. Form = 4 and n = 14;

The labeling is given in matrix below.

/O 1 3 5 7 9 11 13 15 10 12 14 16 18 20\
11 11 1 1 1 1 1 8 8 8 8 8 8
1

Mi(Kpia)=| 2 1 1 1 1 1 1 1 8 8 8 8 8 8
19 11 11 11 11 11 11 11 11 18 18 18 18 18 18

20 11 11 11 11 11 11 11 11 18 18 18 18 18 18
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Subcase 3.1. For m = 4 and n # 14;

Leta=[%|andb=n—[¥[for5<n <8 13<n<180rn=>25 leta=|% andb =
5]foro<n<12and19 <n <24

Let

V(Kyn) ={wvj]1 <i<aand1 Sjsb}u{xi,y].|1SiSZandlSjSZ}and
E(Kyn) ={wixjll<i<al<j<2ju{vx|il<i<b1<j<2}u

{uyjli<si<al<j<2lu{my]l<i<bl<j<2}

Define

flu) =2i—-1, forl<i<a;

f(v;) =k —2b, forl1 <i<b;

fx) =1, forl1 <i<2;
f)=k+i-2, forl1 <i<2;

flux) =1, forl<i<aand1<j<2;
f(vix;) =2n—k, forl<i<bandl<j<2;

f(uiyj)=2n—k+3, forl<i<aandl <j<2;
f(viyj)=4n—2k+2, forl<i<bandl<j<2.
It is easy to check that the largest label is k.

For the edge-weight,

w(uxj) = 2i+J, forl<i<aand1l<j<2;
w(vix;) = 2a + 2i +J, foril<i<band1<j<2;
w(uiyj)=2n+2i+j, forl<i<aandl1<j<72;
w(v;y;) = 4n—2b +2i +j, forlt<i<band1<j<2.

It can be checked that the weights of the edges under f are 3,4, - ,4n + 2.
For the vertex-weights,

w(u;) =4n -2k +2i+7, forl1<i<a
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w(v,) = 12n — 5k — 2b + 2i + 4, for1 <i < b;
w(x;))=a+b(2n—-k)+1i, forl1<i<2;
w(y;))=an—k+3)+b(4n—2k+2)+k+j—2, forl1<j<2

It can be checked that w(w;) (and w(v;)) under f form an arithmetic progression with

difference 2 while w(x;) (and w(y;)) under total labeling f form an arithmetic

progression with difference 1, and there are no two vertices with same weight.

Based on the results of four cases, we can conclude that f is the totally irregular total

[m?zl"abe“ng- Thus, for 2 < m < 4 and n > m, we obtained:
mn + 2
ts(Kpmn) < [ 2 ] (2.2)
By, (2.1) and (2.2), we have ts(Kp, ) = ["”;*2], for2<m<4andn>m. .

3. CONCLUSION

By Theorem 1, we can conclude that for2 <m < 4 and n > m,

ts (Km,n) _ [mn3+ 2].

REFERENCES

[1] M. Baca, S. Jendrol, M. Miller, M., J. Ryan, On Irregular Total Labelings. Discrete
Mathematics, 307; 1378-1388, 2007

[2] S. Jendrol, J. Miskuf, R. Sotak, Total Edge Irregularity Strength of Complete Graphs and
Complete Bipartite Graphs, Discrete Mathematics, 310: 400-407, 2010

[3] J. A. Galian, A Dynamic Survey of Graph Labeling, The Electronic Journal of
Combinatorics #DS6, 2016



Pranaya D. M. Taihuttu et al. / Proceedings of the 3 International Seminar of Basic Sciences (2017) 149 — 157 157

[4] C.C. Marzuki, M. Salman, A. N., M. Miller, On The Total Irregularity Strengths of Cycles
and Paths, Far East Journal of Mathematical Sciences, 82(1): 1-21, 2013

[5] R.Ramdani, M. Salman, A. N., On the total irregularity strength of some Cartesian product
graphs, AKCE Int. J. Graphs Comb., 10, No. 2: 199-209, 2013

[6] R.Ramdani, M. Salman, A. N., H. Assiyatun, A. Semanicova-Ferniovcikova, M. Baca, Total
Irregularity Strength of Three Family of Graphs, Math.Comput.Sci, 9: 229-237, 2015

[71 M. Tilukay, A. N. M. Salman, E. R. Persulessy, On the Irregularity Strength of Fan, Wheel,
Tringular Book, and Friendship Graphs, Procedia Computer Science 74: 124 — 131, 2015

[8] D. Indriati, Widodo, I. E. Wijayanti, K. A. Sugeng. On total irregularity strength of Star
Graphs, Double-Stars, and Caterpillar, AIP Conference Proceedings 1707(1): 020008(1)-
020008(6), 2016

[9] M. L. Tilukay, B. P. Tomasouw, F. Y. Rumlawang, A.N. M. Salman, The Total Irregularity
Strength of Complete Graphs and Complete Bipartite Graphs, Far East Journal of
Mathematical Sciences, 102(2): 317 — 327, 2017



