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Abstract. Let K/F be an extension field where [K: F] denotes dimension of K as a vector space over F. Let Aut(K/F)
be the group of all automorphism of K that fixes F where the order of Aut(K/F) is denoted by |Aut(K/F) |. Particularly,
an extension field is called a Galois extension if |Aut(K/F) | = [K: F]. Moreover, we will give some properties of an
extension field K/F which is a Galois extension. Using the properties of Galois extension, we will show that there is an
one-one correspondence between the set of all intermediate fields in K and the set of all subgroups in Aut(K/F).
Furthermore, we will give some examples of Galois group correspondence using an extension field over Q.
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INTRODUCTION

Suppose F and K be fields where F < K. The field K is called an extension field of F and is denoted by K/F. We
know that K can be viewed as a vector space over F. Thus, K have a basis where the dimension of K is denoted by
[K: F]. Moreover, we form a set of all automorphisms of K that fixes F that is

Aut(K/F) = {0: K = K automorphism|o(x) = x, for all x € F}
Note that Aut(K/F) is a group under the operation of composition in Aut(K/F). The group Aut(K/F) is called
automorphism group of K/F. The number of elements in Aut(K/F) is called order of Aut(K/F) and is written as
|Aut(K /F) |. In particular, an extension field K /F is called a Galois extension K /F if |[Aut(K/F) | = [K: F].

Let K/F be an extension field with its automorphism group G = Aut(K/F). An intermediate field E of K/F isa
subfiend in K containing F thatis F € E € K. Let H be a subgroup in G. Then, we form a set in K defined by
K% ={x € K|o(x) = x for everyo € H }.
In other words, K* is the set of all elements in K which are mapped into itself by every o € H. The set K¥ is a
subfield in K containing F and is called fixed field of S. Thus, for every subgroup in G, we can form an intermediate
subfield in K defined by K*. Furthermore, suppose 7 is the set of all subgroups in G, and F is the set of all
intermediate field of K/F. We can form a function between 7€ and F defined by
pH->F
Hwe KH
for all H € 7. Using this correspondence, we can compute all subfields of K/F. For example, Q(\/?)/Q is an
extension field where its automorphism group is G = {id, o} where (1) = 1 and o(v2) = —v2. Note that, the set
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of all subgroups in G is H, = {id} and H, = G itself. Using the function, we obtain (Qz(\/i)H1 = Q(v2) and

Q(v2)™ = Q. Thus, the intermediate subfields of Q(v2)/Q are Q(vZ) and Q.

Throughout this research, we will show that if K/F is a Galois extension then there is a one-one correspondence
between the set of all subfields in K which contains F and the set of all subgroups in Aut(K/F) (i.e. F and ). We
called this correspondence as Galois correspondence. Furthermore, we will give an example related to Galois group
correspondence especially extension fields over Q.

SOME RESULTS

In this part, we will discuss about an extension field K /F with its properties related to its role as a vector space
over F. Next, we will also explain the automorphism group of an extension field K /F and give some examples on
finding all automorphisms of K/F. Moreover, we will discuss about Galois extension with its properties. Using the
properties of Galois extension, we will also discuss Galois corrrespondence.

Definition 1[3]
Let F and K be fields where F < K. The field K is called an extension field of F (denoted by K /F).

Example 2
i R is an extension field of Q.

i. Q(V2)={a+bv2|a b e Q}isan extension field of Q.
i. Q(V2,v3)=(Q{W2)(V3) ={a+bV2 + cV3 +dV6|a,b,c,d € Q} is an extension field of Q.

Let K/F is an extension field. We know that K can be viewed as a vector space over F. Thus, K has a basis
B over F where the number of elements in B is called dimension of K denoted by [K: F].

Definition [3]
Let K/F is an extension field. If [K: F] < oo then K is called a finite extension of F.

Next, we will give an example of the dimension of a finite extension field.

Example 4
i.  Given Q with its extension Q(v/2). Every x € Q(v/2) can be expressed by
x =a+bV2.

Therefore, x can be written as a linear combination of {1, v2}. It is clear that {1, 2} is linearly independent over

Q. So, {1,V2} is a basis for Q(v2) over Q. Hence, [Q(v2): Q| = 2.
ii. Let Q(v2,v/3)/Q be an extension field. Note that

Q(V2,v3) = (@(vV2)(vV3) = {a + bV2 + cV3 + dV6la, b, c,d €Q}.
Therefore, basis of Q(v2,v/3) over Q is {1,v2,v3,V6}. Thus, [Q(V2,V3)/Q] = 4.

Suppose K/F is an extension field and E is a subfield in K containing F i.e. F € E € K. Thus, we obtain
extension fields K/E and E /F. We will give a property of [K: E] and [E: F] in the following Lemma.

Lemma 5[3]
If K,E, F are fields where F € E € K then [K: F] = [K: E].[E: F].
Proof
Let [K:E] = mand [E: F] = n. We will show that [K: F] = [K: E].[E: F] = mn.
Suppose that {v;, v,, ..., v, } and {w,, w,, ..., w, } be basis for K/E and E /F, respectively. Take any x € K. Since K
is a vector space over E, x can be expressed as
X =0+ a0, + o+ AUy
for ay, a, ..., a,, € E. Note that E is a vector space over F, we obtain
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a; = Piywy + oWy + o + Binwn
fori =1,2,...,m. Then,
x = (Brawy + Brawz + -+ Brawn vy + o+ (BraWi + BraWa + - + BrnWn) Um
= Buviwi + Braviwy + o BraViWy + o+ B U We + Bra VW2 + 0+ B U Wy
Thus, K is generated by B = {v;w;|i = 1,2,...,m, j = 1,2, ...,n}. Now, we will show that B is linearly independent.
Suppose that
C11U1W1 + C12U1W2 + b + Clnvzwn + b + levmwl + szvmWZ + b + CmanWn = 0

So,

. (C11W1_ +_C12W2 + et Cann)Ul T+ + (lewl T CpaWa + -+ + Cman)vm =0.
Since {vy,v,, ..., v} is linearly independent, we obtain c;ywy + c;,w, + -+ + ciuw, = 0 for i = 1,2, ..., m. Also,

since {w;, w;, ..., wy,} is linearly independent, it means ¢;; = ¢;; = =* = ¢ = 0. Thus, ¢;; = 0 fori = 1,2, ..., mand
j=1.2,..,n. We have B is a basis of K over F. Hence, B = {v,w;|i = 1,2,...,m, j = 1,2,..,,n}and [K: F] = mn.
[ |

Next, we will discuss automorphism group of an extension field. Moreover, we will give some properties related to
the automorphism group.

Let K/F be an extension field. We form the set of all automorphism of K which is defined by
Aut(K/F) = {0: K = K automorphism |o(x) = x,forallx €F }.
Aut(K/F) is a group under the operation of composition and is called the automorphism group of K/F.

Next, we will give some examples of Aut(K/F) of extension field K/F.

Example 6
Suppose an extension field Q(\/E)/Q with its basis B = {1,v/2}. It is known that each automorphism can be defined
by a function

p:B - Q(\/E)
The function will then be extended to p’: Q(v2) - Q(v2). Because o is an element in Aut(Q(v2)/Q), we have
o(l)=1and o(a) = o0(l.a) = a.c(1) = a.1 = a for every a € Q. Note that,

0=0(0) =0 ((v2) -2) =0(v2)* 2.

So, 0(v/2)? = 2 and o(V2) = V2 or —V2. So, we get two automorphisms of Q(v/2) which is defined by

01:B - Q(\/E)

1-1
V2 -2

02:34(@(\/7)
1-1
VZ V2

5:0(V2) - Q(V2)
a.1+b.V2 e a.0,(1) + b.oy(V2)

0, Q(vV2) - Q(v2)
a.14+b.N2 o a.0,(1) + b.oy (—V2)
Therefore, Aut(Q(v2)/Q) = {a,,0,'} = {id, 0,'}. Thus, we have extension field Q(+/2)/Q with its automorphism

group G = Aut(Q(v2)/Q) = {id, 0,'}.

and

Then, those two functions are extended to

and

Example 7
Given an extension field Q(3/2)/Q where
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Q(i/i) = {a.l +b.V2+c. 3{/1}
So, {1, V2, ¥4} is a basis of Q(W) over Q. We will use the same way from Example 6 to find all automorphisms
of Q(¥/2). We construct all automorphisms in Q(¥/2) from bijective function which is defined by
p:B - Q(w)
We obtain g(1) =1and 6(a) = o(l.a) = a.0(1) = a.1 = a forevery a € Q. So,
0=0(0) = o((¥2)* - 2) = o(¥2))* - 0(2) = 0(32)" - 2.
So,
o(V2)’ = 2.
We know that the roots of x3 —2 = 0 are 32 e32™¥Z, ¥/2 5™ and¥/Z. Note that VZ e52™3/Z, ¥Z e52™ ¢
Q(¥2), so a(3/2) = V2. Using the same way, we will also only have o(3/4) = /4. Hence, we can only form one
automorphism defined by
01:B - Q(W)
1-1
V22
Vi V4

Then, we extend o; to o,' defined by
a,:Q(V2) - @(V2)
al+b.V2+c Va4 a0,(1)+ b.ol(%) +c.o,(V4)
al+b.V2+cVar a1+b.V2c+ V4
Thus, o, " is the identity function of Q(¥/2). In conclusion, we obtain Aut(Q(¥/2)/Q) = {o,} = {id}.

Example 8
Suppose an extension field Q(v2,v3)/Q with its basis B = {1,v2,v/3,V6}. It is known that each automorphism
can be defined by a function

0:B - Q(\/E, \/§)
The function will then be extended to o’: Q(v2) —» Q(v2). Because o € Aut(Q(v2)/Q), we have o(1) =1
because o(a) = a for every a € Q. Note that,
0=0(0) =0 ((v2)' -2) =0(v2)* -2,
0=0(0) =0 ((v3) -3)=0(v3)* -3
So, 0(v2)? = 2 and o(v/2) = V2 or —v2. Also, a(v3)? = 3 so that o(v/3) = 3 or —V3. Note that o(V6) =

o(V2)a(V/3). It means a(V6) depends on o(3) and a(v/3). So, we get four automorphisms of Q(v2) which is
defined by

053—)@(\/5,\/5) 0,:B —>(@(\/§,\/§) @:B—)Q(\/Z\/?) @:B—)Q(\/Z\/?)
1+-1 1-1 1-1 1-1

V2 V2 V2 =2 V22 V2 —\2
V33 V3r V3 V3 -3 V3 -3

V6 - V6 V6 > —VE V6 - —V6 V6 - V6

Next, we extend those four automorphisms to Q(v'2,v3) defined by

6: Q(VZ3) > Q(VZV3)
al+bV2+cV3+d V6w ao,(1)+ b.ai(\/z) +c. O‘i(\/g) +d.o;(V6)

Thus, Aut(Q(2,v3)/Q) ={a},0,,04,0;}. Note that o = id and o, = o,05. Hence, Aut(Q(+2,v/3)/Q) =
{id, 03,05, 0505}
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Next, we will give a property of Aut(K/F) in this following lemma.

Proposition 9[5]

If {gy, 03, ..., 0,,} is the set of automorphisms of K then {ay, 0, ..., 0, } is linearly independent (i.e. if a0, + ay0, +
-+ a,0, =0thena; = a, = = a, =0).

Proof.

Suppose that {ay, g5, ...,0,} is the set of automorphisms of K. We will prove that {oy, 0y, ...,0,} is linearly
independent using induction method on k elements of the given set.

For k = 1. We take any g; fori = 1,2, ...,n where a;0; = 0. It means (@,0;)(x) = a,(g,(x)) = 0. Note that
K is afield and o; is an automorphism, then we have g, (x) # 0 for every nonzero x € K. Therefore, a; = 0.
It holds for k where {gy, g5, ..., 0% } is linearly independent.
We will prove that also holds for k + 1. Suppose that
101 + 0, + -+ Q1041 = 0
where a4, a,, ..., a1 € F. So, forevery x € K
(101 + a0, + -+ + Apy10p41) (x) = 0.
Thus,
ay01(x) + az05(x) + -+ + Apy1 041 (x) = 0. ()

Because {0y, 05, ..., 0, } are distinct, there is a nonzero y € K such that o, (y) # a,(y). Using equation (i), we
obtain
S a;01(xy) + az0(xy) + -+ + Apy1 0441 (xy) =0
& a101 ()01 (¥) + @20, ()02 (¥) + -+ + Apy 1041 (X) 0341 () = 0 (i)
From (i), we obtain
@101 (x) = —a305(x) =+ — A1 0441 (%) (iii)

Then, we substitute (iii) to (ii)

& (—a0,(X)—a305(x) — = = Ap10k41(X) )1 (V) + @20, (x) 0, (¥) + - + Ap410k41(X) 041 () = 0

S —a,0,(x) 01 (¥)—a305(x)01(Y) .. — A1 0k41 ()01 () + @205, ()0, (Y) + -+ + A1 Ops1 () 0311 (V)
=0

© —a,0,(x)01(¥)—a303(x)01(¥) — -+ =410k 41 (0) 01 (¥) + 4202(x) 0, (y) + azo3(x)03(y) + -

+ Q410141 ()01 (¥) = 0
& a,0,(x) (0 () — 0:(3)) + a303(x) (03(¥) — 01.(3)) .. + X141 () (Ok 11 () — 01.(¥)) = 0
= az(“z()’) - 01(3’))02(75) + a3(a3(y) - 01(}’))03(95) + - ak+1(0k+1(J’) - 01(Y))Uk+1(x) =0
S (ay (Uz(}’) - 01(}’))02 + a3(a3(y) - (71(}’))03 ot ak+1(‘7k+1(3’) - 01(}’))0k+1) x)=0

Using the assumption for k, we obtain
az(”z()’) - 01()’)) = az(az(J’) - 01(3’)) == ak+1(0k+1(y) - 01(}’)) =0.

Note that (o, (y) — 0, (y)) = 0 and () # 0,(¥), so we have a, = 0. Moreover, using (i) and a, = 0, we
also have

© @101(x) + az03(x) . + @110k 41 (x) =0

© (101 + az03 + -+ + Apy1 041 (x) = 0.

Therefore, @, 0, + @305 + -+ + ax410x41 = 0. Again, using the assumption for n = k, itimplies thatthat a; =
az; == aygy, = 0. Hence, {0y, 05, ..., 0, } is linealy independent over F. B

Moreover, we will give the relation between |Aut (K /F)| and [K: F] in the proposition below.

Proposition 10 [5]
If K/F is an extension field then |Aut(K/F)| < [K: F].
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Proof
Write G = Aut(K/F). Suppose G = {0y, 03, ..., 0} SO that |G| = n. Let [K: F] = n and the basis of K/F is B
{v1,v,, ..., v4} for some d € N. We will prove that n < d using method of contradiction.
Suppose n > d. We form a linear equation system i.e.
01(v)x1 + 0, (V1)x; + -+ 0, (V) x, = 0
01(v2)x1 + 0, (V)% + - + 0, (V2)x, = 0

01(va)x;, + 0, (V) xz + - + 0, (Vg)x, = 0.

X1
. . A . . X
Note that there are more variables than the number of equations. It implies there is a nonzero solution, | 7 | =
xn
€1
C
2 | where ¢; # 0 for some i € {1,2, ...,n}. Let w € K/F. It means w can be expressed as
CTL

W= a.Vy + av, + -+ agv,
where a4, a,, ...,ag € F. Then, we multiply a; to the system of equations. Thus,
a,01(v1)x; + a,0, (V)X + - + a0, (V1)x, = 0
a0, (V2)X; + a0, (V2)x, + - + a0, (V2)x, = 0

aq0, (V)X + a0, (vg)xy + - + ago, (vg)x, = 0.
Therefore,
(a101(v1) + a01 (V) + -+ + aq01(vg))cy + (a10, (V1) + a0, (V) + -+ + aq0,(Vg))cy + -+ + (10, (V1)
+ a20'n(172) + o+ adon(vd))cn =0
and
o.(avy + ayvy + -+ agvg).cq + 0,(av; + ayv, + -+ agvg).cp + o+ o (a vy + ayv, + o+ agvy). oy
=0.

So, ¢;.o(w) +cy.o,(W) + -+ cpo, (W) =0and (c,04 + c10;, + -+ + cp0,) (W) = 0. It holds for every w €
K/F. It implies that ay0; + ay0, + -+ a,0, = 0. Note that there is ¢; # 0 for some i = 1,2, ...,n. Hence,
{0y, 0y, ..., 0,} Is linearly independent. It implies contradiction with Proposition 7. Hence, n < d that is |G| <
[K:F].m

Based on Proposition 10, we have |Aut(K/F)| < [K: F]. However, the equality does not always hold to
all extension fields. We will give an example to describe it.

Example 11

Given an extension field Q(¥/2)/Q. From Example 4, we know that Q(V2) = {a.1+ b. V2 + c. ¥4} So,
{1,¥2,3/4} is a basis of Q(¥2) over Q. We also have Aut(Q(¥2)/Q) = {id}. Thus, [Q(¥2)/Q] =3 and
|[Aut(@(¥2)/Q)| = 1.

Based on the example above, it then motivates the definition of Galois extension. We will give the definition
of Galois extension on the following definition.

Definition 12[5]
Let K/F be a finite extension field. K is called Galois extension over F if |Aut(K/F)| = [K: F].

It’s common to write the automorphism Aut (K /F) as Gal(K/F) when K is a Galois extension and is called

Galois group of K /F. Next, we will give example of a Galois extension and a non-Galois extension in the following
example.
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Example 13
i.  Using Example 6, we have Q(v2)/Q is a Galois extension. Because the basis of Q(v2)/Q is{1,v2}. We
obtain Aut(Q(v2)/Q) = {id, 0,}. Thus, |Aut(Q(v2)/Q)| = [@(V2): Q] = 2. Hence, Q(v2)/Q is a
Galois extension field over Q.
ii. Based on Example 7, we know that Q(¥/2)/Q is not a Galois extension because Aut(Q(¥2)/Q) = {id}
and the basis of Q(¥2)/Q is {1, ¥2}. So, |Aut(Q(V2)/Q)| # [Q(V2): Q] = 2.

Let K/F be an extension field and Aut(K/F) be the automorphism group of K/F. For every, S € Aut(K/F), We
form a subset of K defined by
K5 ={x € K|o(x) = x,Vo € S}.
Note that Va, b € K° dan o € S, we obtain
ocla—b)=o0(a)—o(b)=a—»b
and
o(ab™) = o(a)a(b™) = o(a)(a(b)) L =ab™.

Therefore, K5 is a subfield in K containing F and is called the fixed field of S [5]. In other words, S fixed all
elements in K.

Example 14
Using Example 6, we have Q(v2)/Q. We obtain ¢ = Aut(Q(v2)/Q) = {id, 5,'} where
id:Q(v2) » Q(v2)
a.1+b.V2 - a.0,(1) + b.o,(V2)

51Q(v2) - Q(v2)
a.l1+bV2m a.0,(1) + b.al(—\/i).
Thus, id(a.1) = a and o4(a.1) = a where a € Q. Hence, Q(\/E)G =Q.

and

Let K/F be an extension field where it automorphism group is G = Aut(K/F). Suppose H is a subgroup in
H. Next, we will give a property related to fixed field of a H which is denoted by K* in this following Lemma.

Theorem 15 [5]

Let K/F be an extension field where [K: F] < o. If K¢ = F then [K: F] = |Aut(K/F)|.

Proof.

Let [K:F] =d and |Aut(K/F)| = n. Based on Proposition 10, we have d = n. Next, we will prove that d < n
using method of contradiction.

Suppose d > n. Thus, there exist n + 1 elements vy, v,, ..., v,41 Which are linearly independent over F. Then, we
construct the following system of equations

01 (v)x; + 01 (V)% + -+ 01 (V1) X1 = 0
0,(v1)x1 + 0, (V)x, + -+ 02 (V1) Xy = 0

0n(V1)x1 + 0, (V2)x5 + -+ + 0, (Vps 1) Xpsq = 0.

X1
Note that there are more variables than the number of equations. It implies there is a non-trivial solution, xz =
Xn+1
aq
a;z where a; # 0 forsomei € {1,2, ...,n + 1}. Among all non-trivial solutions, we choose r as the least number
Ant1

of nonzero elements. Moreover, r # 1 because g, (v;)a; = 0 implies o, (v;) = 0 and v; = 0.
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We will prove that there exists a non-trivial solutions where «; are in F for any i € {1,2,...,n + 1}.
a;
a;

Supposed | @ | is a non-trivial solution with r non-zero elements where a,, @,, ..., @, # 0. We obtain a

\./
AN

new non-trivial solution by multiplying the given solution with ai which is [ér = 1 . Thus,
T 0 Q
0 0

B10;(v1) + Bo0i(v2) + -+ 1.0y(Vpye) = 0 *)

For i = 1,2,...,n. Now, we will show that §; are in F for any i € {1,2,...,n + 1} using method of
contradiction. Suppose there exists f; € F, say ;. We know that F = K¢ so that $, is not an element of the
fixed field. In other words, there exists g, € G where g, (B;) # B;. S0, 0, (B1) — B, # 0. Since G is a group,
it implies 0,G = G. It means for any o; € G, we obtain g; = g0 for j = 1,2, ...,n. Applying oy to the
expressions of (*)

S 0 (B10j(v1) + Br0;(vy) + -+ 1.0j(1,.)) = 0

& 0 (B1). 0k 0j (V1) + 0y (B2). 0 0;(v2) + -+ + 030 (v,) = 0
forj = 1,2, ...,n so that from o; = g;,0;. We obtain

0 (B1). 0;(v1) + 0y (B2). 0y (V) + -+ + 0;(v,) = 0. **)

Subtracting (*) and (**), we have

(Br — ok (B0 (v1) + (B2 — 0k (B2)o;(v2) + -+ (Br—1 — 0% (Br-1)0;(Vr—1) + 0 =10

which is non-trivial solution because oy (8,) # B; and is having r — 1 non-zeo elements, contrary to the

P
B2
choice of r as the minimality. Hence, | ﬁr

\,/

Using (i), we obtain a nonzero solution with all elements are in F. So, using the first equation in the system,
we obtain

is a non-trivial where all 8; € F forany i = 1,2, ...,n.

o1(v)B1 + 01 (v)By + -+ 01 () =0
01(B1vy + vy + - + Brvy) = 0.
Because o, is an automorphism, we obtain g,v; + B,v, + -+ + B,v,. = 0 where S, B, ..., 5, are nonzero
elements in K. It is contrary to vy, v, ..., Vn41 Which are linearly independent over F.

Thus, we have d < n.Hence, d = ni.e. [K:F] = |Aut(K/F)|. ®

Next, we will give a neccesary and sufficient contdition for K /F is Galois using its fixed field.

Corollary 16[5]

Let K/F be an extension field where [K: F] < oo with its automorphism group G = Aut(K/F). The field K/F isa
Galois extension over F if and only if K¢ = F.

Proof.

(=) We have K is a Galois extension over F. It means [K: F] = |Aut(K/F)|. We will show that K¢ = F. We know
that K¢ is a subfield of K and F € K¢ c K. Based on Lemma 5 and Theorem 15, we obtain
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|Aut(K/F)| = [K:K€] = [K:F]/[KC:F].
Because [K:F] = |Aut(K/F)|. Itimplies [K¢:F] = 1. Hence, K¢ = F.

(<) We know that K¢ = F. Using Theorem 15, we have [K: K] = [K: F] = |Aut(K/F)|. Thus, K is a Galois
extension over F. B

Let K/F be an extension field with its automorphsim group G = Aut(K/F). Using the Corollary above, we can
determine that K /F is a Galois extension by showing that the fixed field of its automorphism group G is F itself (that
isK¢ =F).

Lemma 17 [5]
Let K/F be an extension field and E be an intermediate field of K/F that is F € E € K. The automorphism group
Aut(K/E) is asubgroup in Aut(K/F).
Proof.
Let K/F be an extension field and E be an intermediate field of K/F. Write G = Aut(K/F). Note that K /E is an
extension field. So, H = Aut(K/E) is the automorphism group of K /E where

Aut(K/E) = {0: K = K automorphism |6(x) = x,forallx € E }.
Moreover, let o € H. It means, o(x) = x forall x € E. Because F C E,soo(x) =xforallx € F € E. Thus, o €
Aut(K/F) = G. Hence, H is group and a subset in G. It implies that H is a subgroup of G. ®

Lemma 18 [5]

Let K/F be Galois extension field. If E is an intermediate field of K/F then K/E is a Galois extension.

Proof.

Let K/F be Galois extension field. If E is an intermediate field of K/F. We have, K/E is an extension field with it
automorphism group H = Aut(K/E). Based on Corollary 16, we will prove that K/E is a Galois extension by
showing that E is the fixed field of its automorphism group Aut(K/E) i.e. E = KA X/E) Write G = Aut(K/F).

Suppose H is a subgroup of G where its fixed field is E i.e. E = K",
i. First, we will show that H = Aut(K/E). Leto € H < G. We know that H fixes all element in E. So,
o(x)=x
for all x € E. Using the definition of Aut(K/E), we have o € Aut(K/E). Thus, H € Aut(K/E) and |H| <
|Aut(K /K*)|. Based on Theorem 15, we have
[K:K"] = |H]|.
Note that K /K" is an extension field, so |Aut(K/K™)| < [K: K] based on Proposition 10. Therefore,
|H| < |Aut(K/K")| < [K:K"] = |H]|.

Thus, |H| = |Aut(K/K™)|. Because |H| and |Aut(K/K™)| are finite and also H € Aut(K/E), itimplies H =
Aut(K/K") = Aut(K/E). In other words, E is the fixed field of Aut(K/E).

ii. We have E is the fixed field of Aut(K/E) from (i). It means, E = K4“&/E) Using Corollary 16, we have
K /E is a Galois extension with Galois group H = Aut(K/K") = Aut(K/E). ®

Let K/F be a Galois extension field where Aut(K/F) is the automorphism group of K/F. We know that for all
subgroups in G, we can form an intermediate subfield in K. Suppose
H is the set of all subgroups in G, and
F is the set of all intermediate field of K /F.
We can form a function between 7 and F defined by
pH->F
Hw~ KH
for all H € 7¢. In other words, H is mapped to its fixed field K¥. Using the property of K /F as a Galois extension,
we will show that there is a one-one correspondence between H and F that is p is bijective.
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Theorem 19[5]
Let K/F be an extension field. If K is a Galois extension then there is an one-one correspondence between
intermediate field E of K/F and subgroups H of G defined by

pH->F

Hwe KH,
Proof
Let K/F be a Galois extension field where Aut (K /F) is the automorphism group of K /F. we will show that there is
a one-one correspondence between H and F that is p is bijective.

i. Suppose E is an intermediate field. From Lemma 18, we have K/E is a Galois extension with its Galois
group H = Aut(K/E). We know that H is a subgroup in G. Thus, E is the fixed field of H thatis E = K* =
p(H). Hence, p is surjective.

ii. LetH;, H, € H where G where p(H;) = p(H,) thatis K 1 = K #2_ Note that K /K "1 and K /K "2 are Galois
extensions by Lemma 18. So, H; = Aut(K/K ) and H, = Aut(K /K "2). Also, note that K #1 = K 2 g0
that K #1 is the fixed field of H,. Thus, H, € Aut(K/K 1) = H,. Analogously, K 2 = K 1, We have,
K ¥z is the fixed field of H;. Hence, H, € Aut(K/K "2) = H,. Therefore, H; = H,. Hence, p is injective

From (i) and (ii), it implies that, p is bijective so that there is an one-one correspondence between set of all subgroups
in G and the set of all intermediate field of K/F. B

Next, we will describe the Galois correspondence using Galois extension field Q(v2,v/3)/Q in this following
example.

Example 20

Using Example 8, we have Q(v2,v3)/Q is a Galois extension where its basis B = {1,v2,v3,V6} and G =
Aut(Q(v/2,4/3)/Q) = { id, 63, 05, 0505}. Note that Aut (Q(v/2,v/3)/Q is a Klein group generated by {c;, 54}. Next,
we will find all intermediate fields of Q(v/2,v/3)/Q using the Galois correspondence. Since, G is a Klein group, we
can compute all subgroups in G which are

Using the set of all subgroups which is {H,, H,, Hs, H,, Hs}, we will find all intermediate fields of Q(+v/2,v3)/Q
using the correspondence between
H is the set of all subgroups in G, and

F is the set of all intermediate field of Q(v2,/3)/Q

defined by
pH->F
H,: L KHi
for all i = 1,2,3,4. Note that each automorphism in G defined by
id: Q(v2,V3) - Q(V2,V3) 03:Q(V2,V3) » @(v2,v3)

al+b\V2+c\V3+dVer al+bV2+cV3+dA6 al+b\V2+c\V3+dVeral—bV2+c3—-d6

73:Q(v2,¥3) » Q(v2,3) 0305:Q(V2,V3) - Q(V2,3)
al+bN2+cV3+dVeral+bV2—cV3-dVe al+bV2+cV3+dV6mal—bV2—cV3+d.e.
for every a.1+ b.v2 + c.v/3 + d.V6 € Q(V2,V3). Therefore, the fixed of fields of each automorphism is

K8 ={a.1+b.V2+c.V3+d.V6|ab,c,d € Q) =Q(V2,V3)
K% = {a.1+ c.V3|a,c € Q) = Q(V3)

K = {a.1+b.VZ|a,b € @} = Q(V2)

K€% = {a.1 + d.V6|a,d € Q} = Q(V6).
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Thus, the fixed field for each subgroups are
K™ = kU4 = (V2,v3)
KHz = glidos} — glid} n gloz} = Q(\/g)
KHs = glidos} — glid} q glos) = Q(+v2)
KHs = glidosos} — glid} q glozos} — Q(Ve)
KHs = g6 = gld} n gloz} n glos) n glozas) = Q

Therefore,
pH->F
H, » Q(\/Z \/5)
H, » Q(V3)
H; - Q(2)
H, » Q(V6)
Hs - Q.

Hence, the set of all intermediate fields of Q(v2,v3)/Q is {Q(v2,v3), Q(V3), @(v2), Q(V6) and Q. Furthermore,

we will the describe the correspondence using the diagram below

Q(\/§, \/g) fid}

/ \
Q(ﬂ) Q(\/g) Q(\/g) Hs H, H,
\ e

Q G

CONCLUSION

Let K/F be an extension field with its automorphism group G = Aut(K/F).
1. The field K /F is Galois extension if and only if the fixed field of G is F itself.
2. If K/F is a Galois extension then there is one-one correspondence between the set of all intermediate
subfields of K /F and the set of all subgroups in G.
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