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1. Introduction

Chartrand, Johns, McKoen, and Zhang [1] introduced strong rainbow connection numbers. Let ¢ be edge coloring
of a connected graph G. For any two edges u and v in G, a rainbow geodesic is the shortest rainbow path u —v. G isa
strong rainbow connected graph if any two edges of G are connected by a rainbow geodesic. An edge coloring ¢ that
has rainbow geodesic is called strong rainbow coloring of G. A strong rainbow connection number of connected G,
denoted by src(G), is defined as the smallest number of colors in a strong rainbow coloring of G [2]. A rainbow
connection can be applied to the secure transfer of classified information [3]. There are several generalizations of
rainbow connection. For instance, rainbow k-connectivity [4], k-rainbow index [5], the vertex version [6], total version
[7], directed version [8], and rainbow connection for hypergraphs [9]. The reader can check the more information on [2]
and [10].

Septyanto & Sugeng considered to localize some properties of the strong rainbow connection. Instead of
considering every pair of vertices connected by a rainbow path, they considered only pair of vertices that has distance
up to d, for a positive integer d. The d-local strong rainbow coloring is an edge coloring so that any two vertices with a
maximum distance d are connected by a rainbow geodesic. The d-local strong rainbow connection number of a
connected graph G, Isrc,(G), is the smallest number of colors which is needed in the d-local strong rainbow coloring
of this graph [11]. Furthermore, Septyanto & Sugeng determined the value of Isrc, for cycle graphs (C,,). Nugroho &
Sugeng [12] explored and found the value of Isrc, for a prism graph. The prism graph can be defined as the Cartesian
product P, X C,, where P, is a path with two vertices and C,, is a cycle with n vertices. Thus, a prism graph has order
2n and size 3n [13].

The previous result raise a question on what is the value of Isrcy would be if the prism graph is generalized to
B, X C,. The generalized prism graph is the Cartesian product between path B,, and cycle C,,, that is B,, X C, [14]. The
research is then extended to generalized antiprims graph which constructed by adding an edge diagonally for each cycle
subgraph C, in the graph [15].

2. Known Result

There are several studies that discuss local strong rainbow coloring and its relation to Isrc,. In a previous study,
Septyanto and Sugeng [2] determined the d-local strong rainbow connection number for circle graphs. Darmawan and
Dafik [16] determined the value of rc and src of generalized prism.

Theorem 1[2]

For any graph G and a positive integer d,
lrcg(G) < lrcg1(G) and Isrcy(G) < Isrcy1(G).

Theorem 2 [11]

Ifn>3andd < n/2,then Isrc,;(C,) = [[nr/ldjl .

Theorem 3[12]
If m = 3, then Isrc,(B,) = d.

Theorem 4 [12]

n I n
Forn>=3,d < 7 Isrcy(P, X Cp) = [[n/dJ]'

Theorem 5 [16]

m

forn=3,
Let G = B, x C,, be prism graphs, for m = 3 andn = 1, rc(G) = src(G) = {[E
2

]+(m—1);forn24'
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3. Results And Discussion

It will be shown that there exists a rainbow coloring such that every pair of edges of maximum distance d is
connected by a rainbow geodesic. In the following theorems, we determined the value of Isrc, for generalized prism
graphs and generalized antiprism graph, ford = 2,d = 3 and d = 4.

Theorem 6

For n = 4, Isrc,(Py X Cp) = {Z;n ever,

3;n odd.
Proof.

Let G = Py, X Gy, where V(G) = {v|i = 1,23, .., m;j = 1,23, .., m} and

E(G) = {vl(])vl(i)l i = 1!2I3l ---;n;j = 1:2p3; ---pm} V) {vl(J)vl(]-'—l)ll = 1,2,3, ...,Tl;j = 1,2,3, e, M — 1}
Consider 2 cases based on the values of n.
Case 1: neven

To prove that Isrc, (B, X C,) = 2, we define an edge coloring ¢; : E(G) — {1,2} as follows:

i (Vl( j)vi(-{)l) = {12:'1';)‘;;'

i=123,..,n—1landj=123,..,m
i. ¢ (vv”) =2, i=nandj=123,.,m
G) . G+D\ _ 1,i odd; j odd,
. ¢ (Ui Yi ) - { 2,i0dd; j even.

; M..G+DY _ (2,0 even; jodd,
V- e (Ui Vi ) - {1, i even;j odd.

Case 2: n odd

To prove that Isrc, (B, X C,) = 3, we define an edge coloring ¢, : E(G) — {1,2,3} as follows:

. WM.\ _ (L,ieven,
i Cz(vi vi“)_{Z,iodd,

i=123,..,n—1andj=123,.., m
i. (v ) =3j=123..m
o..G+nY _ (1, iodd; jodd,
B (vi Y ) h {Z,i odd; j even.
i ). G 2, 1 ; jodd,
V. ¢, (vio)vi(m)) _ { ieven; jo

“3,ieven; jeven,

o, G+) _ (3, jodd, . _
v. (v )_{1’ Joven, 1=123.m.

By looking of all possibilities of every geodesic path should be rainbow for distance two we cannot have less colors,

2;n even,

then we can conclude that for n = 4, Isrc,(B, X C,) = {3. nodd

Figure 1. shows the example of the local strong rainbow coloring of generalized prism for d = 2.
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Figure 1. Example of 2-local strong rainbow coloring on prism graph Ps X Cs

Theorem 7
3;m=3,4;3|n
Forn = 6, Isrc; (B, X C,) = [4; m> 4;3|n
4;3+tn
Proof.
Case 1: 3|n

For n=6,9,12,... it will be shown that Isrc;(B, x C,) = 3. Define the edge coloring ¢; : E(G) - {1,2,3,4} as
follows:

o 1, i =1mod 3,
i s (vi(])vi(i)l) = {2, i =2mod3,
3, i = 0mod 3,

i=123,45,6,.,n—1landj=123,..,m.
ii. cg (v,(lj)vl(j)) =3,j=123, .., m.
3, j=1mod4,andi = 1 mod 3,
o 2, j=2mod4,andi = 1 mod 3,
iii. ¢ (viU)viU“)) =11, j=3mod4,andi =1mod3,
4, j = 0mod4,and i = 1 mod 3.

1, j=1mod4,and i = 2 mod 3,
(j)v(j+1)) _ )3, j=2mod4andi=2modS3,
Lo 2, j=3mod4,and i = 2 mod 3,
, j =4mod4,and i = 2 mod 3.
, j =1mod4,and i = 0 mod 3,
, j =2mod4,and i = 0 mod 3,
, J =3 mod4,and i = 0mod 3,
, j =4mod4,andi{ = 0 mod 3.

iv. c3 (v

N

V. 3 (vi(j)vi(jﬂ)) =

B W R N

Case2:3tn

The edge coloring of B,, x C,, in general for 3 4 n can be shown using n = 7. Define the edge coloring c,: E(G) —
{1,2,3,4} as follows:

OM0) Li=14
) l= »

j=123,...,m.
i (vv?) =4 i=7andj=123,..,m



Pattimura Int. J. Math (PIUMath), vol. 1, iss. 2, pp. 43 - 58, November 2022 47

1, i=14j=1,
M..G+DY _ 2, i=14;j =2mod3,
"I G (”i Vi ) = {3, i=14;j =0mod3,
4, i=14;j=1mod3.
2! ] = 11
. h.G+) _ )3 =2 mod 3,
V. €4 (Uz v, ) - {1']' = 0 mod 3,
4,j = 1mod 3.
3, j=1,
M. G+1Y _ 1,j = 2 mod 3,
V. C4(173 VU3 )_{2,j=0mod3,
4,j = 1mod 3.
2, j=1,
: 0, G+Y _ )3 J =2mod3,
VI G (”5 Us ) = {4,] = 0mod 3,
1,j = 1 mod 3.
3, j=1,
.. (. G+ _ Jbj=2 mod 3,
VIIL. C4 (v6 Ve ) - {1.]' = 0 mod 3,
2,j = 1mod 3.
4, j=1,
DG+ _ 1,] = 2 mod 3,
viil. ¢, (v7 v, ) =92,/ = 0mod3,
3,j = 1 mod 3.
By looking of all possibilities of every geodesic path should be rainbow for distance two we cannot have less colors,
3;m = 3,4;3|n,
then we can conclude that for n > 6, Isrc; (B, X C,,) = {4; m>4;3n, m
4;3 ¢t n.

Figure 2 shows the example of the local strong rainbow coloring of generalized prism for d = 3.

Figure 2. Example of 3-local strong rainbow coloring on prism graph Py X Cg

Theorem 8
4;m = 3,4;4|n,
Forn = 8, Isrc,(B, X C,) = [5; m > 4;4|n,
5,4 tn.
Proof:

Consider the following cases.
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Casel:n=8,m<4

For the case which m = 3 dan m = 4, it will be shown that lrsc,(P, x Cg) = 4. Define the edge coloring cs: E(G) —
{1,2,3,4} as follows:

1,i =1,5,

- W, 2,1 =26,

Lo (v vil) = 3,i =37,

4,i =4,
j=1,2,34.

i o (vr) =4j=1234
o 2,i=1,5j=1,
i cs (v vI™) = &i:L?j:l
4,i=15;j =3.
o 3,i=26;j=1,
V. cs (viU)vi(”l)) =14,i =2,6;j =2,
1,i=26;j = 3.
o 4,i=37;j=1,
v. o (v00) =1ni=37j =2,
2,i=37;j =3
- 1,i=48;)=1,
w.%ofw?ﬂ)=§¢=:§j=é
ll =4, ’J = .

Case2:n=8m>4
To show that Irsc,(Ps X Cg) = 5, define the edge coloring c4: E(G) — {1,2,3,4,5}, as follows:

1, i=1,5,
- W, 2, 1 =206,
[ ( lJ zil) 3,i=37,
4, i=4.
j=1,2,345
i co(vv”) =4, j=127345.
2,i=1,5j=1,
@) (]+1) 3,i=1,5j=2,
m'c( 4,i=15;j =3,
5i=1,5;j=4.
3,i=26;j=1,
- o)oﬂ) 4,i=26;j =2,
V. %( 1,i=26;j =3,
5,i=206;j =4
4,i=37;j =1,
o)oﬂ) Li=37j=2
v %( 2,i=37;j=3,
5i=37;j=4
1,i=48)=1,
. G).G+DY _ 2,i=48;]=2,
W'%<W]WJ )‘ 3,i=48;j =3,
5,i=48;j=4.
Case3:41tn

In this case, we use n = 9 as it is the smallest value in which the concept applies. To show that lrsc,(P,, X Cg) = 5, we
define the edge coloring c;: E(G) - {1,2,3,4,5}, as follows:

1,i=1,5,
- ING); 2, i=26,
. ”@ %H) 3, i=37,
4, i =4,8.

=123, ..,m
i. o (vv?)=5)=123.,m
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2,i=1,5;j = 1mod4,
ii (]) (J+1) 3,i=15;j =2mod4,
' C7 4,i =1,5;j = 3mod 4,
5,i=15;j =0mod 4.
3,7 = 1 mod 4,
- v (;+1) ,J = 2mod 4,
V- ¢ {1]—3m0d4
5,j = 0 mod 4
4,j = 1 mod 4,
v ¢, (v (1+1) 1]—2m0d4
' 2,j =3 mod 4,
5,j = 0 mod 4.
1,j = 1 mod 4,
: yP (]+1) 2,j = 2mod 4,
VI €7 {3]—3mod4
5,j = 0 mod 4
3,7 = 1 mod 4,
i 0) o+1> 4,j = 2mod 4,
vii. ¢y 176 Vg {5]—3m0d4
1,j = 0 mod 4
4,j = 1 mod 4,
) (,+1) 5,j = 2mod 4,
viii. ¢, v7 v, {1]—3m0d4
2,j = 0mod 4
5,j = 1 mod 4,
: 0 (/+1) 1,j =2mod 4,
iX. ¢y vB Vg { 2./ = 3 mod 4,
3,7 = 0 mod 4.
1,j = 1 mod 4,
x. o (v (1+1> 2,j =2 mod 4,
' 3,j = 3mod 4,
4,j = 0 mod 4.

By looking of all possibilities of every geodesic path should be rainbow for distance two, we cannot have less colors.
4;m = 3,4;4|n,

Thus, we can conclude that for n = 8, Isrc,(B,, X C,,) =45;m > 4;4|n, =
5; 4 }tn.

Figure 3 shows the example of the local strong rainbow coloring of generalized prism for d = 4.
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Figure 3. Example of 4-local strong rainbow coloring on prism graph Py X Cg

The next theorems are considering the generalized antiprism. Looking at the construction, generalized antiprism
can be constructed from generalized prism by adding one edge so that all vertices have degree four. However, the
coloring is not that obvious.

Theorem 9

2,m < 3;neven,
Forn >4 andm > 2, lsrcz(A,(lm)) =1{3,m = 4;neven,
3, nodd.

Proof

Let G = AT, where V(6) = {v”]i = 1,23, .., n;j = 1,23, .., m}

E(G) = {v(’)vfﬁ i=123,..mj =123, .,m}ufpPvI )i =123, nj=123,..m—1}u
{ Vit1

=123, ;]=1,2,3,...,m—1}.
Consider the following cases.

Casel:neven,m<3

To show that Isrc,(AS™) = 2, define the edge colorlng fi : E(G) - {1,2,3}, as follows:
i A(vPvP)=1io0ddandj =123,

i fi(vPvP) =2i€(246,..,n-2} andj =123,..,m
i.  f, (v(” (”) =2,j=123,..,m
. M..G+DY _ (2, ioddand; odd,
V.o f (vl vi ) N { 1, i odd and j even.
(.. G+ _ (1, ievenand j odd,
V- h (vl vi ) - {2 i even and j even.
. O). G+ _ iodd,j € {1, 2}U{2p|p > 2},
Vi h (v‘ Vi1 ) h { iodd, jE{2p+1|p =1}
o U) . (+1) ieven,j € {1,2}U{2p|p = 2},
Vil f (v‘ Vist ) { 3, ieven, jE{2p+1lp =1}
viii ( @) u+1>) {2 J €{1,23U{2plp = 2},
' jel2p+1lp = 1}.
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Case 2: neven,m = 4

To show that Isrc,(AS™) = 3, define the edge coloring f, : E(G) — {1 2,3}, as follows:
i L(pPvP) =1 1€{135 ., n-2}andj =123,

i.  f (VLU)VL(i)l) =2,ievenandj =123,.
i.  f(vv)=3,j=123,.,
: DU+ 1, jodd,
V. f2 (v ) {2 J even.
W,,G+D 1, jodd , _
V. fa (v 2 ) {3 jeven’ ,Where i € {3,5, ...,n — 2}.
. ) (,) 2, ievenand j odd,
Vi fa (V ) { 3, i even and j even.
.. ) (]) 3, jodd,
vil. (v ) {1 j even.
viii. Z(UL(])vl(ﬂl)) =1,ioddand;j = 1,2,3,.
ix.  f (vl(])vl(ﬂl)) 2,ievenandj=1,23,.
X, fi (vmvl(]“)) =123,.
Case 3: n odd

To show that Isrc,(AS™) = 3, define the edge coloring f; : E(G) - {1,2,3}, as follows:
. f(v(”v(”)—lle{ms n—2}andj =123, .

i+1

i, fi(vv)) =2 ievenandj =123,..,mandj = 1,23,..,m
ii.  fi (o) =3,j=123,.
: D U+D 1J Odd
V. falv ( ) {2 j even.
(), U+D 1, jodd . B
V. f4(vl v; ) {3 j even ,wherei € {3,5,...,n — 2}.
. ., , ievenand j odd,
vi. fa (vl ) {3 i even and j even.
G 1,0 3, jodd,
Vil fa (v ) {1 j even.
viii.  f, (vl(’) fﬂl)) =1,ioddandj =123,.
iX. ( v fﬂl)) =2,ievenandj =1,23,.

X f (vU)vl(”l)) =3,/=123,..,m
By looking of all possibilities of every geodesic path should be rainbow for distance two we cannot have less
2,m < 3;neven,
colors, then we can conclude that for > 4 and m > 2, Isrc,(AJ”) = {3,m = 4;neven , m
3, n odd.

Figure 4 shows the example of the local strong rainbow coloring of generalized antiprism for d = 2.
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Theorem 10

Forn>6andm = 2, lsrc3(A£lm)) =

3, m<43n,
4, m>4;3|n,

4m=2;3tn
Proof
Consider the following cases.
Case 1: 3|n
To show that Isrc; (A7) = {3 ms > i define the edge coloring fs : E(G) — {1,2,3}, as follows:

fs (v(’)vm) =1,i=1mod3andj=1.23,..,m.

i+1

fs(v

i l+1

6)) (1)) =2,i=2mod3andj = 123,..,m.
. fs

i l+1

Dy (1)) =3,i=0mod3andj=123,..,m.

3,
9) (1+1)) 2,

o

1704

(v
(

iv. f5(vPv)=3,j=123..m
(

i=1mod3 andj =1,
i=1mod3 andj = 2mod 3,

i 1, i=1mod 3 andj = 0 mod 3,

4, i=1mod3 andj = 1mod3,j # 1.
1, i=2mod3andj =1,

. M..G+D) _ )3, i=2mod3andj = 2mod 3,

vi- fs(vi Yi )_ 2, i=2mod 3 andj = 0 mod 3,
4, i=2mod3andj=1mod3,j # 1.
2, i=0mod3andj=1,

. (). (+1) 1, i =0mod 3 andj = 2 mod 3,

vil. fs(vl Yi ) 3, i=0mod3andj=0mod3,
4,i=0mod3andj=1mod3,j#:1.

vii.  fs (vvUiP) =11 =14andj = 1,23,

iX. f5 (Ul(]) l(ﬁl))=2 =25 andj=1,2,3,...,m

x.  fo(vud) =3, j=123,.

xi.  fs(vuI) =3, j=123,.

52
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Case2:3tn

To show that Isrc;(AS™) = 4, we construct f; : E(G) — {1,2,3 4} as follows:
. f(v(])v(]))—lL—1m0d3l¢nand]—123

i+1
i. £, v(])v(])) =2, i=2mod3andj =123,..,m
i

( i Vit

(vPv%) =3, i=0mod3andj =123,..,m
iv. fe (
(

ah

o) =4,j=123,..,m
1, i=1mod3,i#nand j =1,

0 (,+1)) 2,i=1mod3,i # nand j = 2 mod 3,

v

<
an

3,i=1mod3,i # nand j = 0 mod 3,

i =1mod3,i # nand j=1mod3,j # 1.
i=2mod3 andj =1,

=2mod 3 andj = 2 mod 3,

2mod 3 andj = 0 mod 3

RS

w
-

)

Vi £ (v}” Vi(j“))

-

i

{1,1—2m0d3and]—1mod3]¢1
3, i=0mod3 andj =1,

.. N (41 1, i =0mod 3 and j = 2 mod 3,

vil. f6(vimvi(] )) {4,1—Omod3 and j = 0 mod 3,

2, i=0mod3andj=1mod3,j # 1.

1, i=1mod3 andj =1,

2,i=1mod3 andj = 2 mod 3,

4,i =1mod 3 and j = 0 mod 3,

3, i=1mod3 andj =1mod3,j # 1.

3, i=0mod3 andj =1,

4, i=0mod3 andj = 2 mod 3,

1,i =0mod 3 and j = 0 mod 3,

2,1=0m0d33nd1—1m0d3,]¢1

viii.  f; (v =

ix. fs (V0 =

4, j=1,
o () =15 Cmeas,

3, j=1mod3,j # 1.
xi.  fo(vvdiP) =1, i=1mod3andj =12,..,m.
Xii.  fe (vl(]) 1(141-1)) =2, i=2mod3andj=12,..,m.
xiii.  fg (vl(]) 1(141-1)) =3, i=0mod3andj=1.2,..,m.
Xiv. f6( ) (’H)) 4,j=12,...m

By looking of all possibilities of every geodesic path should be rainbow for distance two we cannot have less
3, m<4;3|n,
colors, then we can conclude that for n > 6 and m = 2, Isrc; (A7) =14, m > 4;3|n, m
4m=2;3tn.

Figure 5 shows the example of the local strong rainbow coloring of generalized prism for d = 3.
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Figure 5. Example of 3-local strong rainbow coloring on antiprism graph Agg)

Theorem 11

4, m< 4;4n,
Forn > 3, 2 >4andm > 2, lsrc4(A£lm)) =15 m> 4;4|n,
5m>=2;4tn.

Proof

Consider the following cases.

Case 1: 4|n

We use the smallest number of n which will lead us to the generalized form. To show that lrsc4(Ag")) = 4 define the
edge coloring f5: E(G) - {1,2,3,4,5}, as follows:

1, i=1,5,

. 2, i=26,

i f ( v l(fr)l) =13 j—37 Wherej=123,.
4, i =4,

i.  f (véj)vl(’) 4, j=123,..,m,

21—15]—1m0d4
31—15]—2m0d4
=1,5;j = 3mod 4,
5,i=15;j = 0 mod 4.
31—26]—1m0d4
4,i=2,6;j =2mod 4,
1,i =2,6;j = 3mod4,
51—26]—0mod4.

£
|
:
!

iii. f7( (1) (]+1)

iv. f7( (]) (]+1)

11—37]—2m0d4
2,i =3,7;j =3 mod4,
5,i=1,5;j = 0 mod 4.
1,i =4,8;j = 1 mod 4,
2,i =48;j =2mod4,
3,i =4,8;j =3 mod4,
5,i=4,8;j = 0mod 4.
1, i=1,5,
2,1 =26,
3,i=37,
4, =4,
, j=123,..,m

V. f7( [6)) (1+1)
Vi f7( @) (]+1)

vii. f( (J) (]+1)

l+1

wherej =1,2,3,..

viii. f7( @) (]+1)
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Case2:4tn
To show that lrsc, (B, X Cy) = 5, define the edge coloring f3: E(G) - {1,2,3,4,5} as follows:

1, i=1,5,

: (1,0 2, 1=126, .

I fs (v V1+1) 3 (=37 wherej =1,2,3
4, i =48,

i f (1) (]) _5’]_123

2,i= 1,5,] = 1mod4-,
i f (]) (]+1) 3,i=1,5j=2mod4,
‘ 8 4,i =1,5;j = 3mod 4,
5,i =1,5;j = 0 mod 4.
3,j = 1 mod 4,
: 2 (1+1) ,J = 2mod 4,
V. fs {1j=3m0d4,
5,/ = 0 mod 4.
4,j = 1mod 4,
v (1+1) 1,j =2 mod 4,
v fu(v { 2,j = 3 mod 4,
5,j = 0 mod 4.
1,j = 1mod 4,
: (), G+1) 2,j =2mod 4,
VL. fs (174 Uy ) {3j=3mod4-,
5,/ = 0 mod 4.
,j = 1 mod 4,
G (), G+D 4,j = 2mod 4,
Vil f( ) {5j=3m0d4,
1,j = 0 mod 4.
4,j = 1mod 4,
) (]+1) 5,j = 2mod 4,
vin. fg( ) {1j=3mod4,
2,j = 0 mod 4.
5,j = 1 mod 4,
. 0 (]+1) 1,j = 2 mod 4,
IX. fg( ) {2j=3mod4-,
3,j = 0 mod 4.
1,j = 1 mod 4,
(), G+D) 2,j =2mod 4,
X. f( ) {3j—3mod4,
4,j = 0 mod 4.
1, i=1,5,
. 2, 1=2,6, ,
Xi. fa ( L.(’) L(i)l) =13 i=37 wherej =1,2,3,..,m
4, i =48,

]

Xii.  fg (vg(j)vl(j)) =5,j=123,...m

By looking of all possibilities of every geodesic path should be rainbow for distance two, we cannot have less
4, m<4;4n,
colors. Then we can conclude that forn > 3, > > 4 and m > 2, Isrc,(AJP) =15, m > 4;4|n, m
5m=>=2;44%n.

Figure 6 shows the example of the local strong rainbow coloring of generalized antiprism for d = 4.
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Figure 6. Example of 4-local strong rainbow coloring on antiprism graph A§6)

4. Conclusions

(m)

In this paper, we have the Isrc, for generalized prism graphs (B, % C,) and generalized antiprism graphs A4, ”,

withd =2,d =3 and d = 4.
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