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Abstract: Combination of the total irregular vertex and the total irregular edge labeling referred to as the
total irregular total labeling of G is a function f: V U E — {1,2,3,-- , k} such that for every two different
vertices in V(G) and every two different edges in E(G), their weights are different. Adding a condition
where there is no intersection of the vertex-weight set and the edge-weight set, the labeling is called the
total disjoint irregular total labeling. In this research, we examined the total irregular total labeling of
double star and triple star graphs, which is a class of caterpillar graphs and obtained the exact values of the
total disjoint irregularity strength of those graphs corresponding to the lower bound for the total
irregularity strength of graph G (ts(G)).

2010 Mathematical Subject Classification: 05C78.
Keywords: double star graph, total disjoint irregular total labeling, triple star graph.

1. Introduction

In everyday life, there are various simple problems that requires solutions resulting in science and
technology experiencing many developments. In Mathematics, one of the topics that can solve these
problems is graph theory. Graph theory was first used to solve the Konigsberg bridge problem by Leonhard
Euler in 1736. One of the interesting topics of graph theory is graph labeling. Graph labeling is a function
that maps a vertex set or edge set or both to an integer set, hereinafter referred to as edge labeling, vertex
labeling, and total labeling. Edge irregular total labeling and vertex irregular total labeling were introduced
by Baca, et al. in 2002 [1].

In [1], Baca et al. have provided a lower bound for the total edge irregularity strength (tes(G)) and the
total vertex irregularity strength (tvs(G)) of any graph G and determined the exact value for certain classes
of graphs. Many studies were then developed to obtain these exact values in a wider class of graphs or even
any graph in general. Marzuki et al. [2] then combined the two labels and define a new label, namely totally
irregular total labeling. Totally irregular total k-labelingA : V U E — {1,2, -+, k} of a graph G is a total
labeling such that G has a vertex irregular total labeling and an edge irregular total labeling at the same
time. The minimum integer k for G to have a totally irregular total k-labeling is called the total irregular
total strength of G, denoted by ts(G). Many research that obtains the result about the exact value of ts(G)
obtained for certain classes of graphs shows that this theory is quite developed. In addition, if the value of
ts(G) is found, it can be used to answer the problems of the upper limit of both tes(G) and tvs(G).

Determining the exact value of tes(G), tvs(G), and ts(G) for any graph or class of simpler graphs can be
quite difficult [3]-[11]. Tilukay et al. [12] provided a new labeling whose parameter is the upper limit of the
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parameters of the labels above. A total disjoint irregular total labeling of a graph ¢ = (V, E), with the edge
weight set W(E) and the vertex weight set W (V) on G is a totally irregular total labeling for which W(E) n
W(V) = @. Its parameter is called the total disjoint irregularity strength of G, denoted by ds(G). They [12]
have given a lower bound on values ds(G) and has assigned the exact value ds(G) for path graphs, cycle
graphs, star graphs, and complete graphs.

Theorem A [12]. Let G = (V,E) be a connected graph. Let v be a pendant vertex and n;(i = 1,2) be the
number of vertices of degree i. Then

El+ni+n,+1
! max{nl, IE] 13 2 H, ifveVv;
ds(G) =
S(@) = |E| + 1y + 1y + 2 _
3 , otherwise.
Theorem B [12]. Let P, be a path graph with n vertices, n = 1, then
3, forn = 3;
=1{r2n
ds(F) {[?l, otherwise.

In investigating a totally disjoint irregular total labeling of tree, as posted as an open problem given in
[12], we obtained some results for a class of caterpillar. Caterpillar is a tree with the property that the
removal of its endpoints leaves a path.

2. Results and Discussion

2.1. Double Star Graph

Double star graph S, , is a caterpillar with the center path of order two. Each of both center vertices

adjacent to m and n vertices, respectively.

Lemma 1. For positive integer m andn, S,,, , is a double star graph with m + n pendant vertices. Then

(3 form=n=1;
ds(Sm,n) - { m+mn, otherwise.

Proof:

We divide the proof into two cases as follows.

Case 1. Form = n = 1, we have S; ; = P,, hence, from Theorem B, it can be concluded that ds(Sl,l) = 3.
Case 2.Form+n # 1,

Next, for let V(Sm,n) = {ai, bj|1 <i<ml1l<j< n} U {a, b}, whereais a vertex of degreemandbis a
vertex of degreen. SinceS,, , hasm + n vertices of degree 1, by Theorem A, it can be obtained that
ds(Sm‘n) > m + n. Next, to prove that ds(Sm_n) < m + n, we divide into 2 subcases as follows:

Subcase 1. If m = n.

We constructalabeling f; : V U E - {1,2,---,2n} from S,, ,, as follows:

fila) = f(b) =2n;

i, forl<i<n-1;
fila:) _{2, fori =mn;

n+i, forl<i<n-1;
f(b) _{n+1, fori =n;
fi(ab) = 4;

1, fori<is<n-1;
fl(aai)_{n—l, fori =n;

1, forl<i<n-1,;
n, fori=n.

fbby) = {

From the construction of f;, it can be seen that the largest label is f; (a) = f; (b) = 2n. Next, we evaluate

the vertex and edge weights of S;,, ,, as follows:
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Wi(a) =4n+2;

Wy(b) =4n+3;

Wi(a;) =i+ 1,forl<i<n;
Wib;)) =n+i+1,forl<i<mn;
W, (ab) = 4n + 4;

Wi(aa;) =2n+i+1,forl1 <i <n;
Wi(bb)=3n+i+1,for1 <i<n.

The vertex-weight set Wy (V(Spn)) = {Wi(a), Wi(b)|1 < i <n}u{W;(a), Wi(b)}={23,--,2n+ 1} U
{4n + 2,4n + 3} and the edge-weight set Wy (V (S, ,)) = {Wi(aa;), W;(bb))|1 < i <n} U {Wy(ab)} = {2n +
2,2n+3,...,4n + 4} U {4n + 4} show that there are no two vertices that have the same weight, no two
edges have the same weight, and W, (V) n W, (E) = 0.

Subcase 2. If m # n.

Without loss generality, hereinafter we arrange m <n. We construct the labeling f,:VUE —
{1,2,---,m+ n} from S, , as follows:
f2(@) =f(b)=m+mn;
i, forl<i<m-1;
fala) = {2, fori =m;

_(m+j, forl<j<n-1;
fZ(bj) _{n+1, forj =mn;

fo(ab) =m+mn;

1, foril<i<m-1;
fo(aa;) = {m—l, fori =m;
(1, forl<j<n-1;
fo(bb;) = {m, for j = n.

From the construction of f,, it can be seen that the largest label is f,(a) = f,(b) = m + n. Next, the vertex
weights and edge weights are obtained as follows:
W,(a) =3(m+n)—n+m-—2;
W,(b) =3(m+n)—1;
Wy(a;) =i+1, forl<i<m
Wz(bj) =m+j+1 forl<j<n
W,(ab) = 3(m+n);
Wy(aa;)) =m+n+i+1, forl<i<m
W,(bb)) =2m+n+j+1, forl<j<n

The vertex-weight set W,(V(S;,,)) = {Wa(a;), Wz(bj)ll <i<m}u{W,(a), W(b) ={2,3,--,m+n+1}U
{3(m +n) — 2,3(m + n + 1)} and the edge-weight set W, (E(S,,,,)) = {W,(aa,), Wo(bb)[1<i<m,1<j <
npu{W,(ab)={m+n+2,m+n+3,--,2m+2n+ 1} U {3(m + n)} show that there are no two vertices
that have the same weight, no two edges have the same weight, and W, (V) N W,(E) = @.

From Subcases 1 and 2, we have f; and f, are disjoint total irregular total labeling. Thus, ds(S,,,) = m + n.

It completes the proof. ®
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2.2. Triple Star Graph

Triple star graphS,,,qis a caterpillar with the center path of order three. Each of center vertices

adjacent to m, n, and q vertices, respectively.

Lemma 2. For positive integer n, S,, , ,, is a triple star graph with 3n pendant vertices. Then

4, forn=1;
dS(Sn,n,n) = {

3n, otherwise.

Proof:
Let V(Spnn) = {ai, b, ;|1 < i <n}U{a,b,c} wherea, b, and c are vertices of degree n. By Theorem A, we
have ds(Sl,m) = 4 and forn > 1, since (S, ,,) have 3n vertex of degree 1, ds(S,,,,) = 3n. To prove the
reverse inequality, we construct the labeling f3:V U E — {1, 2,---,n} from (S, ,, ) as follows:

Forn =1,

fz(a) = f3(c) = fz(ab) 3;

f3(b) = f3(bc) = 4;

fz(a1) = f3(by) =1f3(bb) =1;

fz(c1) = fz(aa) = fz(cc;) = 2.

Based on the function defined above, it can be seen that the largest label is f3(b) = f3(bc) = 4. Next, the
vertex weights and edge weights are W5 (a) = 8, W5(b) = 12, W5(c) =9, W3(a,) = 3, W5(by) = 2, W5(cy) =
4, W5 (ab) = 10, W5(bc) = 11, W5(aa,) = 6, W5(bb,) =5, and W5(cc;) = 7. It can be seen that no two
vertices have the same weight, no two edges have the same weight, and W5 (V) N W5(E) = 0.

Forn > 1,

fz(a@) = f3(b) = f3(c) = 3Tl;

s =y, i
ao) ={" Y et e
o -

1, foritl<i<n-1;
filaa) = fyeed ={,, " L
1, forl<i<n-1;
f3(bb;) = {Zn -2, fori=n;
f3(ab) =4;
f3(bc) = 5.

Based on the function defined above, it can be seen that the largestlabel is f5(a) = f3(b) = f3(c) = 3n.
Next, the vertex weights and edge weights are obtained as follows:

Wi(a) = 6n + 2;
W5(b) = 6n + 6;
Ws(c) = 6n+3;

i+1 forl<i<n-1;
3n, fori =n;

Wi(a) = |
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n+i, forl<i<n-1;
W3(bi)_{3n—1, fori =n;
_(2n+i—-1, forl<i<n-1;
W3(Ci)_{ 3n+1, fori =n;
Ws(ab) = 6n + 4;
W5(bc) = 6n + 5;

3n+i+1, forl<i<n-—1;
WiGaa) = "0

fori =n;
dn+i, forl<i<n-—1;
Ws(bb;) = {6n— 1, fori=n;

_(Sn+i—1, forl<i<n-—1;
W3(Cci)_{ 6n+1, fori =mn;

By evaluating the weights of the vertex and edges, we obtain as follows:

Wy (V(Sunn)) = (Wa(an), Ws(b), Ws(c)I1 < i <} U {Ws(), W3 (b), W(c)}
={2,3,--,3n+1}u{6n+2,6n+6,6n+ 3}

W3 (E(Snmn)) = Wa(aay), Wy (bby), Wy(cc)|1 < i < n} U (Ws(ab), W (be)}
={3n+2,3n+3,--,6n+1}uU {6n+4,6n+ 5}

It can be seen that no two vertices have the same weight, no two edges have the same weight, and
W3(V) N W3(E) = @. Thus, f3 is a disjoint total irregular total labeling and ds(S;,,,) = 3n,forn > 1. m

3. Conclusion

Based on the discussion of disjoint total irregular total labeling from double star graphs and triple star
graphs, it can be concluded that their disjoint total irregularity strengths are equal to the lower bound.
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