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Abstract: In this paper we prove a fixed point theorem in a complete 2-normed Spaces. We define a norm
derived from 2-norm. To get the theorem proved we first study some convergent and Cauchy sequences,
and contractive mappings in 2-normed spaces.
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1. Introduction

A normed space is a vector space equipped with a function called norm. Geometrically, a norm is a tool to
measure length of a vector.
Definition 1. [5] Let X be a vector space with dim(X) = 2. A mapping || - || : X = R that satisfies
(1). llx]l =0, forall x € X;

llx]| = 0 if and only if x = 0,

(2). lla x|l = |a||lx|; forall « € R and x € X,
(3)- llx +yll < llx[l + llyll, forall x,y € X
Is called a norm. A pair of (X, ||-,]]) is called a normed space.

In 1960’s Gahler introduced a concept of n-normed spaces as a generalization of a concept of normed
spaces. This space is equipped by an n-norm. The n-normed is used to measure volume of a parallelepiped
spaned by n vectors. Especially for n = 2, the 2-norm is a tool to measure an area spaned by 2 vectors. Te
concept of 2-normed space was studied further by many researchers, for instance see [1,4,6]. Now, we
present some basic definition and properties of 2-normed spaces.

Definition 2. [2] Let X be a vector space with dim(X) = 2. Amapping || -, || : X = R that satisfies
(N1). |lx,y]l =0, forall x,y € X;
[lx,y|| = 0 ifand only if x,y linearly dependent,
(N2). llx, ¥l = lly, x||; forall x,y € X,
(N3). llax,yll = lalllx, yll; forall « € R and x,y € X,
(N4). llx + 2.yl < Il yll + 1z yl, forall x,y,z € X

Is called a 2-norm. A pair of (X, ||-,+]|) is called a 2-normed space.
Note that in 2-normed space(X, ||-,-]]) we have
21, 2211 = |21, %2 + axq|l,

Forall « € R and x,x, € X.
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Definition 3. [2] A sequence {x;} in a 2-normed space (X, ||-]]) is said to be convergent if there is an
x € X suchthat limy_|lxx —x,z|| =0 forall z € X.
If {x,} convergesto x the we denote itby x, » x as k — co. The point x is called limit point of x;.

Definition 4. [2] A sequence {x;} in a 2-normed space (X, ||-;-]|]) is said to be a Cauchy sequence if there
isan x € X suchthat limy ;|[x, —x;,2]| = 0 forall z € X.

Lemma 5. If A sequence {x,} in a 2-normed space (X,|-]]) is convergent, then {x,} is a Cauchy
sequence.

Definition 6. A 2-normed space is called complete if every Cauchy sequence is convergent.
Moreover, the complete 2-normed space is called a 2-Banach space.

Definition 7. Let (X, ||-,-||) be a 2-normed space. A set K c X is said to be closed if the limit point of
every convergent sequence in K isalsoin K.

1. Main Results

In this section, we define a normed derived from 2-norm and use this norm to prove a fixed point
theorem in 2-normed space. We begin with defining the norm.

Let (X,|l-]]) be a 2-normed space and Y = {y;,y,} be a linearly independent set in X, we define a
functionin X by

llxll = 11x, y11l + llx, 2 |l (1)
One can see that the function ||-||: X - R defines in (1) defines a norm in X.
Theorem 8. (X,||-]|]) is a norm space, with ||-|| is a norm defined in (1).

Proof. We just need to prove that normed defined in (1) as a norm in X.
(1). By using (N1), one can see that for every x € X we have
llxll = llxx, y1 1l + llx, y2 1l = O,
because each term on the above equation will greater or equals 0.
If x =0, from then (N1) we have [|x,y;|| =0 and ||x,y,|| = 0, which means ||x|| = 0.
If ||x]| =0 then [|x,y,]| + |lx,y2]l = 0. Because each term is nonnegative then we shoud have
llx, y4]l = 0 and |[|x, y,|| = 0. This means x is a vector that dependent only to y, and also dependent
only to y,. The vector x mustbe 0.
(2).Forany x € X and a € R, |la x| = |la x, y|| + ||a x, y2|l.
By using (N3) we have [|a x, y1|l + |l x, v, = la| (llx, y4ll + |lx, ¥211) = |a| [|x||. Then we have
[l x|| = |a|||x]|; forall « € R and x € X.
(3).Forany x,y € X wehave |[x+ y|| =[x +y,y1]| + l[x + ¥, ¥2||. By using (N4) we also have
lx +y, 1l + llx + v, 20 < llx, yall + ly, yall + 1%, y2ll + 1y, v2l-
Thismeans ||x +y,y1ll + |lx + ¥, ¥l < 1, y1ll + 126, y2 1l + Ly, y2ll + Ly, 21l = llx|l + |ly|l. Hence,
llx + w1l = llxIl + llyll.
We proved that the norm defined in (1) is a norm as desired then A pair of (X, ||-||) isanormed space. [
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For simplicity, from now on we call the norm defined in (1) ‘derived norm’. We will using this norm to
prove a fixed point theorem in 2-normed space. Before that, we show in this following proposition a
convergent sequence with respect to 2-norm also convergent with respect to derived norm.

Proposition 9. Let (X, ||,]]) be a 2-normed space and Y = {y;,y,} be a linearly independent set. If x;
converges to an x € X inthe 2-norm, then x; also convergesto x in derived norm.

Proof. If x; convergestoan x € X inthe 2-norm then limj_|x; — x,z|| = 0 forall z € X. We can write
limy, 0|l — %, y;]l = 0 for i = 1,2. Hence limy_q||x; — x| = limp_ o (llxx — x, ¥4I + Nl — x, y21) = 0.

Recall the standard case for 2-normed space. Let X be a real inner product space with dim(X) > 2. We
equipped X with standard 2-norm
1
(x1,%1) (X1, %2)|2
X1, %25 =
IPer, %2l (x2,%1) (X2, %2)

With (-,-) denotes an inner product in X. One can see that the norm |||y is an induced norm, where

1
= (llxq llx 1, 22|l — (x1, x2)?)2

1
[lx]lx = (x,x)z and ||xq,x;||s isthe area spanned by x; and x,.
Moreover, lete;, e, be two orthonormal vectors, then derived norm in (1) can be rewritten as

lxlla = llx, e |l + [Ix, ezl- (2)
Next, we have this following proposition. O

Proposition 10. Let (X,]|-,]]) be a 2-normed space and Y = {y,,y,} be a linearly independent set. If x;
converges toan x € X inthe 2-norm, then x; also convergesto x in derived norm.
Proof. The proof is similar with proof of Proposition 9.

Corollary 11. Let (X,||-,]]) be a 2-normed space and Y = {y;,y,} be a linearly independent set. If X is
complete with respectto ||-,-||, then X is also complete with respect to derived norm.

Proposition 12. Standard 2-norm is equivalent with derived norm defined on (2). Pricesely, we have

1
S lixlla < llxllx < V2 llxlg-

Proof. Let x € X For i =12, we write e; = e/ + e;", with e/ € span{x} and e;" L span{x}. Then for
i = 1,2, we have

Il el = [|x e

1
2

_|(x,x) 0
L0 (efei)

< llxllx
Hence we have %lelld < |lxllx-

Further, take a unit vector e = a,e; + a,e, such that e € span{x}. By using (N3) and (N4) we have
llxllx = llxell
< laqlllx, egll + laz|llx, el
< (lag| + lazDllxlla
Using Cauchy-Schwarz inequality we have

1 1
la;| +]a,] < (14 1)2(a? + a2)z = Vn.
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Hence we obtain

llxllx < V2 llxllg-
This completes the proof. ]

Next, we define a closed set in 2-normed space with respect to derived norm.
Definition 13. Let (X, ||-,]]) be a 2-normed space and Y = {y,,y,} be a linearly independent set. A set
K c X issaid to be bounded if thereisan M > 0 such thatforall x € K we have
llxlla < M.

Recall that Harikrishnan and Ravindran [3] defined contractive mappings in 2-normed space as following
Definition 14. Let (X, ||, ]|) be a 2-normed space. Then the mapping f:X — X is said to be a contractive
mapping if there exista C € (0,1) such that

lf o) = f(¥),zll < Clix —y,zl|,
Forall x,y,x € X.

Now we define contractive mappings with respect to derived norm in 2-normed space as following
Definition 15. Let (X, ||-,-||) be a 2-normed space, Y = {y,,y,} be a linearly independent set, and ||-|| be
a derived norm. Then the mapping f:X — X is said to be a contractive mapping with respect to derived
norm if there exista C € (0,1) such that

If G =fWI <Cllx—y.zll ,
Forall x,y,x € X.

We will prove a fixed point theorem of a contractive mapping in a complete 2-normed spaces with
respect to the derived norm. To prove this theorem, we recall Picard Iteration. For any x, € X, the sequence
{x;} in X given by

X = f(-1) = fH(x), k=12, ..
is called a sequence of successive approximation with initial value x,. Next is a fixed point theorem ini
2-normed space.

Theorem 16. Let Let (X,||-,-||]) be a complete 2-normed space, K € X be a closed and bounded set,
Y = {y;,¥,} be a linearly independent set, and ||-|| be a derived norm. If f:K — K be a contractive
mapping then K has a unique fixed point.
Proof. Let x, € K and {x,} isasequencein K such that

X = f(xk—l) = fk(xO)in = 1'2'
For x,,x; € K we have

1£%(x0) = F2D)I = [[F(f(x0)) = FUF e,
f contractive, so thereisa C € (0,1) such that
1F2(xo) = F2Ce)ll = Cllf (o) — F G-

Again, because f is a contractive mapping then we have

12 (xo) = F2Cen)ll = C2llxg — xy -
By using Induction we obtain

174 Ceo) = FE G| = CHllxo — x4l
Next, we show that the sequence x; is a Cauchy sequence. Let k,l € N without loss of generality we
assume that [ > k and [ = k + p, with p € N. By using triangle inequality, we have

Il — x,1l = ”xk — Xk+p ” < lxge = Xpeqall + -+ ||xk+p—1 - xk+p||'

Using the above properties of sequence {x,}and factthat f is a contractive mappings, we obtain
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lxx — x 0l < ||fk(x0) - fk(xl)” +oet ||fk+p_1(x0) - fk+p_1(x1)||
S (CF 4+ CFP D) Ixg — x4l
Since K isbounded and x,,x; € K, then thereisan M > 0 such that ||x, — x;|| < M. We have
llxy — x| < (C* + -+ + CK*P~1)M,
Or we can write
llxx — x| < (CK+ -+ CHH)M.
Because C € (0,1) then
k!li_rpoo”xk —xll < k!liglw(ck +--+CHM = 0.

This means {x;} is a Cauchy sequence. Moreover, since (X, ||-,-||) is a complete space then from Corollary
11, we have (X, ||-|]) is also a complete space. Consequently {x;} is a convergent sequence. Let x, — x,
since {x;} € Kand K is a closed set, then x € K. Furthermore, f is a contractive mapping, by using
properties of sequence {x;} we have
fx) = ;l_{{_lo fla) = ;i_{{)loxkﬂ =x.
Therefore, f has one fixed point in K. Next we show that the fixed point is unique. Assume that there is
another fixed point of f in K, namely x’. The mapping f is a contractive mapping so thereisa C € (0,1)
such that
llx = x"ll = llf () = FCODI < Cllx = x|l.

This condition is satisfied if and only if ||x —x'|| =0 (If |[x —x'|]| # 0, then € =0 or C = 1). We obtain,
x = x', which means the fixed point is unique. O
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