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Abstract: This paper deals with three graph characteristics related to graph covering named the (vertex, 

edge, and total, resp.) 𝐻–irregularity strength of a graph 𝐺 admitting 𝐻-covering. Those are the minimum 

values of positive integer 𝑘 such that 𝐺 has an 𝐻-irregular (vertex, edge, and total, resp.) 𝑘-labeling. The 

exact values of this three graph characteristics are determined for grid graph admitting grid-covering, . 
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1. Introduction 

Let 𝐺 be a finite, simple, and undirected graph with the vertex set 𝑉(𝐺) and the edge set 𝐸(𝐺). A 

labeling of a graph is a mapping that sends some set of graph elements to a set of numbers (usually to 

positive of non-negative integer). If the domain is 𝑉(𝐺), or 𝐸(𝐺), or 𝑉(𝐺) ∪ 𝐸(𝐺), the labeling are called, 

respectively, a vertex labeling, or an edge labeling, or a total labeling. The most complete of recent survey on 

graph labeling given in [9]. 

The weight of a vertex 𝑥 ∈ 𝑉(𝐺) under an edge 𝑘-labeling 𝛾: 𝐸(𝐺) → {1, 2, ⋯ , 𝑘}, where 𝑘 is a positive 

integer, is 𝑤𝛾(𝑥) = ∑ 𝛾(𝑥𝑦)𝑦∈𝐸(𝐺) , where the sum is over of all edges incident to 𝑥. The labeling 𝛾 is called 

irregular 𝑘-labeling if all vertex-weights are pairwise distinct. The smallest positive integer 𝑘 for which 𝐺 

has an irregular labeling is called the irregularity strength of 𝐺, denoted by 𝑠(𝐺). This graph characteristic 

was introduced by Chartrand, Jacobson, Lehel, Oellermann, Ruiz, and Saba in [7]. They gave the lower 

bound of 𝑠(𝐺) which is tight for many graphs given in [7, 8, 11 ]. Kalkowski, Karonski, and Pfender [11] 

also improved the bound of  𝑠(𝐺) to its best form. 

 The weight of an edge 𝑥𝑦 ∈ 𝐸(𝐺) under a vertex 𝑘-labeling 𝛿: 𝑉(𝐺) → {1, 2, ⋯ , 𝑘}, where 𝑘  is a 

positive integer, is 𝑤𝛿(𝑥𝑦) = 𝛿(𝑥) + 𝛿(𝑦). The labeling 𝛿 is called an edge irregular 𝑘-labeling if all 

edge-weights are pairwise distinct. The smallest positive integer 𝑘 for which 𝐺 has an edge irregular 

labeling is called the edge irregularity strength of 𝐺, denoted by 𝑒𝑠(𝐺). This graph characteristic was 

introduced by Ahmad, Al-Mushayt, and Baca in [1]. They gave the lower bound of 𝑒𝑠(𝐺) and proved that 

the lower bound is tight for some class of graphs.  

Difficulties of finding the 𝑠(𝐺) or 𝑒𝑠(𝐺) for any graph or even for graphs with simple structure is one of 

motives how many researches on irregular labeling growing rapidly, including occurrence of its many 

variations, which can be seen in [ 9].  

In [ 5], Baca, Jendrol, Miller, and Ryan combined the concepts of irregularity strength and a total labeling 
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of a graph 𝐺 into a new characteristic of 𝐺, called the total edge irregularity strength of 𝐺, denoted by 

𝑡𝑒𝑠(𝐺). For a graph 𝐺, a total 𝑘-labeling 휀: 𝑉(𝐺) ∪ 𝐸(𝐺) → {1, 2, ⋯ , 𝑘} is called an edge irregular total 

𝑘-labeling  of 𝐺 if for every pair of distinct edges 𝑥1𝑦1 and 𝑥2𝑦2, their weights are distinct, where the 

weight of an edge 𝑥𝑦 under labeling 휀 is 𝑤 (𝑥𝑦) = 휀(𝑥) + 휀(𝑥𝑦) + 휀(𝑦). The 𝑡𝑒𝑠(𝐺) is the minimum 𝑘 

for which 𝐺 has an edge irregular total labeling. They [5] provided the boundaries and proved its tightness 

for some certain graphs. Baca and Siddiqui [6] also gave the exact value of 𝑡𝑒𝑠(𝐺) of generalized prism and 

Jendrol, Miskuf, and Sotak [10] for complete and complete bipartite graphs. 

An edge covering of 𝐺 is a family of subgraphs 𝐻1, 𝐻2, ⋯ , 𝐻𝑡 such that each edge of 𝐸(𝐺) belongs to at 

least one of the subgraphs 𝐻𝑖 , 𝑖 = 1, 2, ⋯ , 𝑡 . Then it is said that 𝐺  admits an (𝐻1, 𝐻2, ⋯ , 𝐻𝑡)-(edge) 

covering. If every subgraph 𝐻𝑖 is isomorphic to a given graph 𝐻, then 𝐺 admits an 𝐻-covering. Let 𝐺 be 

a graph admitting 𝐻-covering. In [2], Ashraf, Baca, Kimakova, and Semanicova-Fenovcikova introduced 

edge 𝐻-irregularity strength and vertex 𝐻-irregularity strength of a graph 𝐺, as a natural extensions of 

𝑠(𝐺)  and 𝑒𝑠(𝐺) , with consideration of 𝐻 -covering of 𝐺 . For the subgraph 𝐻 ⊆ 𝐺  under an edge 

𝑘-labeling 𝛾: 𝐸(𝐺) → {1, 2, ⋯ , 𝑘}, the 𝐻-weight (i.e. the weight of a subgraph 𝐻) under labeling 𝛾 is  

𝑤𝛾(𝐻) = ∑ 𝛾(𝑒)

𝑒∈𝐸(𝐻)

                                                                                        (1) 

For the subgraph 𝐻 ⊆ 𝐺 under a vertex 𝑘-labeling 𝛿: 𝑉(𝐺) → {1, 2, ⋯ , 𝑘}, the 𝐻-weight under labeling 𝛿 

is  

𝑤𝛿(𝐻) = ∑ 𝛿(𝑣)

𝑣∈𝑉(𝐻)

                                                                                   (2) 

An edge 𝑘-labeling 𝛾 is called an 𝐻-irregular edge 𝑘-labeling of a graph 𝐺 if for every two distinct 

subgraphs 𝐻1 and 𝐻2 isomorphic to 𝐻 there is 𝑤𝛾(𝐻1) ≠ 𝑤𝛾(𝐻2).  The edge 𝐻-irregularity strength of 

a graph 𝐺 , denoted by 𝑒ℎ𝑠(𝐺, 𝐻) , is the smallest integer 𝑘  such that 𝐺  has an 𝐻  irregular edge 

𝑘-labeling. In other hand, a vertex 𝑘-labeling 𝛿 is called an 𝐻-irregular vertex 𝑘-labeling of a graph 𝐺 if 

for every two distinct subgraphs 𝐻1 and 𝐻2 isomorphic to 𝐻 there is 𝑤𝛿(𝐻1) ≠ 𝑤𝛿(𝐻2).  The vertex 

𝐻-irregularity strength of a graph 𝐺, denoted by 𝑣ℎ𝑠(𝐺, 𝐻), is the smallest integer 𝑘 such that 𝐺 has an 

𝐻 irregular vertex 𝑘-labeling. The lower bounds of 𝑒ℎ𝑠(𝐺) and 𝑣ℎ𝑠(𝐺) are given in [2] as follows. 

Theorem A. Let 𝐺 be a graph admitting an 𝐻-covering given by 𝑡 subgraphs isomorphic to 𝐻. Then 

2|𝐸(𝐺)|−1 ≥ 𝑒ℎ𝑠(𝐺, 𝐻) ≥ ⌈1 +
𝑡 − 1

|𝐸(𝐻)|
⌉. 

Theorem B. Let 𝐺 be a graph admitting an 𝐻-covering given by 𝑡 subgraphs isomorphic to 𝐻. Then 

2|𝑉(𝐺)|−1 ≥ 𝑣ℎ𝑠(𝐺, 𝐻) ≥ ⌈1 +
𝑡 − 1

|𝑉(𝐻)|
⌉. 

The lower bound given in Theorem A is tight for path admits path and ladder admits cycle 𝐶4-covering, 

while the lower bound given in Theorem B is tight for path admits path, ladder admits cycle, and fan admits 

cycle. They [2] also decrease the upper bounds of 𝑒ℎ𝑠(𝐺) and 𝑣ℎ𝑠(𝐺) in Theorem A and Theorem B for 

certain conditions. 

Later, Ashraf, Baca, Lascsakova, and Semanicova-Fenovcikova in [3] introduced the total 𝐻-irregularity 

strength of a graph 𝐺, motivated by concepts the total irregularity strength, which is introduced by Marzuki, 

Salman, and Miller in [12] and 𝐻-covering of a graph 𝐺. A total 𝑘-labeling 𝑓: 𝑉 ∪ 𝐸 → {1, 2, … , 𝑘} of 𝐺 is 

called a totally irregular total 𝑘-labeling if for any pair of vertices 𝑥 and 𝑦, their weights 𝑤(𝑥) and 𝑤(𝑦) are 

distinct and for any pair of edges 𝑥1𝑥2 and 𝑦1𝑦2 , their weights 𝑤(𝑥1𝑥2) and 𝑤(𝑦1𝑦2) are distinct. The 

minimum 𝑘 for which a graph 𝐺 has totally irregular total labeling, is called total irregularity strength of 𝐺, 

denoted by 𝑡𝑠(𝐺). They [12] gave the lower bound of 𝑡𝑠(𝐺) and provided the exact value of 𝑡𝑠(𝐺) for cycles 

and paths. For fan, wheel, triangular book, and friendship graphs, Tilukay, Salman, and Persulessy [14] gave the 
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exact values of their 𝑡𝑠 which is equal to the lower bound, as well as Tilukay, Tomasouw, Rumlawang, and 

Salman gave in [15] for complete and complete bipartite graphs,while Ramdani and Salman [13] gave the exact 

values of 𝑡𝑠 of some Cartesian products graphs. 

Let 𝐺 be a graph admitting 𝐻-covering. For the subgraph 𝐻 ⊆ 𝐺 under the total 𝑘-labeling 휀, the 

𝐻-weight under labeling 휀 is defined as 

𝑤 (𝐻) = ∑ 휀(𝑣)

𝑣∈𝑉(𝐻)

+ ∑ 휀(𝑒)

𝑒∈𝐸(𝐻)

                                                                    (3) 

A total 𝑘-labeling 휀 is called an 𝐻-irregular total 𝑘-labeling of 𝐺 if for every two distinct subgraphs 

𝐻1 and 𝐻2 isomorphic to 𝐻, there is 𝑤 (𝐻1) ≠ 𝑤 (𝐻2). The total 𝐻-irregularity strength of 𝐺, denoted by 

𝑡ℎ𝑠(𝐺, 𝐻), is smallest integer 𝑘 such that 𝐺 has an 𝐻-irregular total 𝑘-labeling. 

For the boundaries of 𝑡ℎ𝑠(𝐺, 𝐻), they [3 ] gave the following result and proved the sharpness of the lower 

bound for path admits path, ladder admits cycle, and fan admits cycle 𝐶3.  

Theorem C. Let 𝐺 be a graph admitting an 𝐻-covering given by 𝑡 subgraphs isomorphic to 𝐻. Then 

2|𝐸(𝐺)|−1 ≥ 𝑡ℎ𝑠(𝐺, 𝐻) ≥ ⌈1 +
𝑡 − 1

|𝑉(𝐻)| + |𝐸(𝐻)|
⌉. 

In [4], Ashraf, Baca, Semanicova-Fenovcikova, and Siddiqui proved the sharpness of the lower bound in 

Theorem A – C for ladders admit ladders and fans admit fans. 

Note that for 𝐻 ≅ 𝐾2, then for any graph 𝐺 admitting 𝐾2-covering, 𝑡ℎ𝑠(𝐺, 𝐾2) = 𝑡𝑒𝑠(𝐺).  

In this paper, the exact values of (vertex, edge, total) 𝐻-irregularity strength of grid graph 𝑃𝑚 × 𝑃𝑛. For  

𝑃𝑚 × 𝑃𝑛 is Cartesian product of two paths 𝑃𝑚 and 𝑃𝑛, without losing generality, we set 𝑚 ≤ 𝑛. 

2. Main Results 

The first result gives the exact value of 𝑣ℎ𝑠(𝑃𝑚 × 𝑃𝑛, 𝑃𝑚 × 𝑃𝑐), with 2 ≤ 𝑚 ≤ 𝑐 ≤ 𝑛. 

 The Vertex Grid-Irregularity strength of Grid 2.1.

Theorem 1. Let 𝑃𝑚 × 𝑃𝑛 and 𝑃𝑚 × 𝑃𝑐 be two grids, 2 ≤ 𝑚 ≤ 𝑐 ≤ 𝑛. Then 

𝑣ℎ𝑠(𝑃𝑚 × 𝑃𝑛, 𝑃𝑚 × 𝑃𝑐) = ⌈1 +
𝑛 − 𝑐

𝑚𝑐
⌉. 

 

Proof. Let 𝑃𝑚 × 𝑃𝑛 be a grid graph with the vertex set 𝑉(𝑃𝑚 × 𝑃𝑛) = {𝑢𝑖
𝑗
|1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛} and the 

edge set 𝐸(𝑃𝑚 × 𝑃𝑛) = {𝑢𝑖
𝑗
𝑢𝑖+1

𝑗
|1 ≤ 𝑖 ≤ 𝑚 − 1, 1 ≤ 𝑗 ≤ 𝑛} ∪ {𝑢𝑖

𝑗
𝑢𝑖

𝑗+1
|1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛 − 1} . It is a 

routine procedure to check that for every positive integer 𝑐 , where 2 ≤ 𝑚 ≤ 𝑐 ≤ 𝑛, 𝑃𝑚 × 𝑃𝑛  admits 

𝑃𝑚 × 𝑃𝑐 – covering with exactly 𝑛 − 𝑐 + 1 subgraphs isomorphic to 𝑃𝑚 × 𝑃𝑐. Since |𝑉(𝑃𝑚 × 𝑃𝑐)| = 𝑚𝑐, by 

Theorem B, we have 𝑣ℎ𝑠(𝑃𝑚 × 𝑃𝑛, 𝑃𝑚 × 𝑃𝑐) ≥ ⌈1 +
𝑛−𝑐

𝑚𝑐
⌉.  

Let 𝑘 = ⌈1 +
𝑛−𝑐

𝑚𝑐
⌉. For the reverse inequality, we prove by constructing a 𝑃𝑚 × 𝑃𝑐 – irregular vertex 𝑘 – 

labeling 𝜆: 𝑉(𝑃𝑚 × 𝑃𝑛) → {1, 2, ⋯ , 𝑘} as follows.  

𝜆(𝑢𝑖
𝑗
) = ⌈1 +

𝑗−𝑖𝑐

𝑚𝑐
⌉, 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛. 

It can be checked that the maximum label is (𝑢1
𝑛) = ⌈1 +

𝑛−𝑐

𝑚𝑐
⌉ = 𝑘, which imply that 𝜆 is a vertex 𝑘 – 

labeling.  

Next, we evaluate the weights of all grid graphs 𝑃𝑚 × 𝑃𝑐 which cover 𝑃𝑚 × 𝑃𝑛. Let 𝐻𝑙, 1 ≤ 𝑙 ≤ 𝑛 − 𝑐 + 1, 

be a subgraph of 𝑃𝑚 × 𝑃𝑛 isomorphic to 𝑃𝑚 × 𝑃𝑐.  

𝑉(𝐻𝑙) = {𝑢𝑖
𝑗
|1 ≤ 𝑖 ≤ 𝑚, 𝑙 ≤ 𝑗 ≤ 𝑙 + 𝑐 − 1, };  

By equation (2), we have {𝑤𝜆(𝐻𝑙)|1 ≤ 𝑙 ≤ 𝑛 − 𝑐 + 1} = {𝑚𝑐, 𝑚𝑐 + 1, 𝑚𝑐 + 2, ⋯ , 𝑚𝑐 + 𝑛 − 𝑐} which made a 

consecutive sequence on difference 1, which means there is no two grids isomorphic to 𝑃𝑚 × 𝑃𝑐 of the 
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same weight, and 𝜆 is a 𝑃𝑚 × 𝑃𝑐 – irregular vertex 𝑘 – labeling. Thus, 𝑣ℎ𝑠(𝑃𝑚 × 𝑃𝑛, 𝑃𝑚 × 𝑃𝑐) = 𝑘.    □ 

  

For our next results, we use the same definition on vertex (and edge) – set of grid 𝑃𝑚 × 𝑃𝑛 as in the proof 

of Theorem 1. The exact value of 𝑒ℎ𝑠(𝑃𝑚 × 𝑃𝑛, 𝑃𝑚 × 𝑃𝑐), with 2 ≤ 𝑚 ≤ 𝑐 ≤ 𝑛, is given below. 

 The Edge Grid-Irregularity strength of Grid 2.2.

Theorem 2. Let 𝑃𝑚 × 𝑃𝑛 and 𝑃𝑚 × 𝑃𝑐 be two grids, 2 ≤ 𝑚 ≤ 𝑐 ≤ 𝑛. Then 

𝑒ℎ𝑠(𝑃𝑚 × 𝑃𝑛, 𝑃𝑚 × 𝑃𝑐) = ⌈1 +
𝑛 − 𝑐

2𝑚𝑐 − 𝑚 − 𝑐
⌉. 

 

Proof. Let 𝑃𝑚 × 𝑃𝑛 be a grid graph with the vertex set 𝑉(𝑃𝑚 × 𝑃𝑛) = {𝑢𝑖
𝑗
|1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛} and the 

edge set 𝐸(𝑃𝑚 × 𝑃𝑛) = {𝑢𝑖
𝑗
𝑢𝑖+1

𝑗
|1 ≤ 𝑖 ≤ 𝑚 − 1, 1 ≤ 𝑗 ≤ 𝑛} ∪ {𝑢𝑖

𝑗
𝑢𝑖

𝑗+1
|1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛 − 1} . Since 

|𝐸(𝑃𝑚 × 𝑃𝑐)| = 2𝑚𝑐 − 𝑚 − 𝑐, by Theorem A, we have 𝑒ℎ𝑠(𝑃𝑚 × 𝑃𝑛, 𝑃𝑚 × 𝑃𝑐) ≥ ⌈1 +
𝑛−𝑐

2𝑚𝑐−𝑚−𝑐
⌉.  

Let 𝑘 = ⌈1 +
𝑛−𝑐

2𝑚𝑐−𝑚−𝑐
⌉.   

For the reverse inequality, we prove by constructing a 𝑃𝑚 × 𝑃𝑐 – irregular edge 𝑘 – labeling 𝜆: 𝐸(𝑃𝑚 ×

𝑃𝑛) → {1, 2, ⋯ , 𝑘} as follows.  

𝜆(𝑢𝑖
𝑗
𝑢𝑖+1

𝑗
) = ⌈1 +

𝑗−𝑖𝑐

2𝑚𝑐−𝑚−𝑐
⌉ , 1 ≤ 𝑖 ≤ 𝑚 − 1, 1 ≤ 𝑗 ≤ 𝑛; 

𝜆(𝑢𝑖
𝑗
𝑢𝑖

𝑗+1
) = ⌈1 +

𝑗−(𝑚+𝑖−1)𝑐+𝑖

2𝑚𝑐−𝑚−𝑐
⌉ , 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛 − 1. 

It can be checked that the maximum label is 𝜆(𝑢1
𝑛𝑢2

𝑛) = ⌈1 +
𝑛−𝑐

2𝑚𝑐−𝑚−𝑐
⌉ = 𝑘, which imply that 𝜆 is an edge 

𝑘 – labeling.  

Next, we evaluate the weights of all grid graphs 𝑃𝑚 × 𝑃𝑐 which cover 𝑃𝑚 × 𝑃𝑛. Let 𝐻𝑙, 1 ≤ 𝑙 ≤ 𝑛 − 𝑐 + 1, 

be a subgraph of 𝑃𝑚 × 𝑃𝑛 isomorphic to 𝑃𝑚 × 𝑃𝑐.  

𝐸(𝐻𝑙) = {𝑢𝑖
𝑗
𝑢𝑖+1

𝑗
|1 ≤ 𝑖 ≤ 𝑚 − 1, 𝑙 ≤ 𝑗 ≤ 𝑙 + 𝑐 − 1} ∪ {𝑢𝑖

𝑗
𝑢𝑖

𝑗+1
|1 ≤ 𝑖 ≤ 𝑚, 𝑙 ≤ 𝑗 ≤ 𝑙 + 𝑐 − 2};  

By equation (1), we have  

{𝑤𝜆(𝐻𝑙)|1 ≤ 𝑙 ≤ 𝑛 − 𝑐 + 1} = {2𝑚𝑐 − 𝑚 − 𝑐, 2𝑚𝑐 − 𝑚 − 𝑐 + 1, 2𝑚𝑐 − 𝑚 − 𝑐 + 2, ⋯ , 2𝑚𝑐 − 𝑚 + 𝑛 − 2𝑐}  

which made a consecutive sequence on difference 1, which means there is no two grids isomorphic to 

𝑃𝑚 × 𝑃𝑐 of the same weight, and 𝜆 is a 𝑃𝑚 × 𝑃𝑐 – irregular edge 𝑘 – labeling. Thus, 𝑒ℎ𝑠(𝑃𝑚 × 𝑃𝑛, 𝑃𝑚 ×

𝑃𝑐) = 𝑘.                          □ 

 

Our last result gives the exact value of 𝑡ℎ𝑠(𝑃𝑚 × 𝑃𝑛, 𝑃𝑚 × 𝑃𝑐), with 2 ≤ 𝑚 ≤ 𝑐 ≤ 𝑛. 

 The Total Grid-Irregularity strength of Grid 2.3.

Theorem 3. Let 𝑃𝑚 × 𝑃𝑛 and 𝑃𝑚 × 𝑃𝑐 be two grids, 2 ≤ 𝑚 ≤ 𝑐 ≤ 𝑛. Then 

𝑡ℎ𝑠(𝑃𝑚 × 𝑃𝑛, 𝑃𝑚 × 𝑃𝑐) = ⌈1 +
𝑛 − 𝑐

3𝑚𝑐 − 𝑚 − 𝑐
⌉. 

 

Proof. Let 𝑃𝑚 × 𝑃𝑛 be a grid graph with the vertex set 𝑉(𝑃𝑚 × 𝑃𝑛) = {𝑢𝑖
𝑗
|1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛} and the 

edge set 𝐸(𝑃𝑚 × 𝑃𝑛) = {𝑢𝑖
𝑗
𝑢𝑖+1

𝑗
|1 ≤ 𝑖 ≤ 𝑚 − 1, 1 ≤ 𝑗 ≤ 𝑛} ∪ {𝑢𝑖

𝑗
𝑢𝑖

𝑗+1
|1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛 − 1} . Since 

|𝑉(𝑃𝑚 × 𝑃𝑐)| = 𝑚𝑐  and |𝐸(𝑃𝑚 × 𝑃𝑐)| = 2𝑚𝑐 − 𝑚 − 𝑐 , by Theorem C, we have 𝑡ℎ𝑠(𝑃𝑚 × 𝑃𝑛, 𝑃𝑚 × 𝑃𝑐) ≥

⌈1 +
𝑛−𝑐

3𝑚𝑐−𝑚−𝑐
⌉. 

Let 𝑘 = ⌈1 +
𝑛−𝑐

3𝑚𝑐−𝑚−𝑐
⌉.   

For the reverse inequality, we prove by constructing a 𝑃𝑚 × 𝑃𝑐 – irregular edge 𝑘 – labeling 𝜆: 𝑉(𝑃𝑚 ×

𝑃𝑛) ∪ 𝐸(𝑃𝑚 × 𝑃𝑛) → {1, 2, ⋯ , 𝑘} as follows.  
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𝜆(𝑢𝑖
𝑗
) = ⌈1 +

𝑗−𝑖𝑐

3𝑚𝑐−𝑚−𝑐
⌉, 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛; 

𝜆(𝑢𝑖
𝑗
𝑢𝑖+1

𝑗
) = ⌈1 +

𝑗−(𝑚+𝑖)𝑐

3𝑚𝑐−𝑚−𝑐
⌉ , 1 ≤ 𝑖 ≤ 𝑚 − 1, 1 ≤ 𝑗 ≤ 𝑛; 

𝜆(𝑢𝑖
𝑗
𝑢𝑖

𝑗+1
) = ⌈1 +

𝑗−(2𝑚+𝑖−1)𝑐+𝑖

2𝑚𝑐−𝑚−𝑐
⌉ , 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛 − 1. 

It can be checked that the maximum label is 𝜆(𝑢1
𝑛) = ⌈1 +

𝑛−𝑐

3𝑚𝑐−𝑚−𝑐
⌉ = 𝑘, which imply that 𝜆 is a total 𝑘 – 

labeling.  

Next, we evaluate the weights of all grid graphs 𝑃𝑚 × 𝑃𝑐 which cover 𝑃𝑚 × 𝑃𝑛. Let 𝐻𝑙, 1 ≤ 𝑙 ≤ 𝑛 − 𝑐 + 1, 

be a subgraph of 𝑃𝑚 × 𝑃𝑛 isomorphic to 𝑃𝑚 × 𝑃𝑐.  

𝑉(𝐻𝑙) = {𝑢𝑖
𝑗
|1 ≤ 𝑖 ≤ 𝑚, 𝑙 ≤ 𝑗 ≤ 𝑙 + 𝑐 − 1, };  

𝐸(𝐻𝑙) = {𝑢𝑖
𝑗
𝑢𝑖+1

𝑗
|1 ≤ 𝑖 ≤ 𝑚 − 1, 𝑙 ≤ 𝑗 ≤ 𝑙 + 𝑐 − 1} ∪ {𝑢𝑖

𝑗
𝑢𝑖

𝑗+1
|1 ≤ 𝑖 ≤ 𝑚, 𝑙 ≤ 𝑗 ≤ 𝑙 + 𝑐 − 2};  

By equation (3), we have  

{𝑤𝜆(𝐻𝑙)|1 ≤ 𝑙 ≤ 𝑛 − 𝑐 + 1} = {3𝑚𝑐 − 𝑚 − 𝑐, 3𝑚𝑐 − 𝑚 − 𝑐 + 1, 3𝑚𝑐 − 𝑚 − 𝑐 + 2, ⋯ , 3𝑚𝑐 − 𝑚 + 𝑛 − 2𝑐}  

which made a consecutive sequence on difference 1, which means there is no two grids isomorphic to 

𝑃𝑚 × 𝑃𝑐 of the same weight, and 𝜆 is a 𝑃𝑚 × 𝑃𝑐 – irregular total 𝑘 – labeling. Thus, 𝑡ℎ𝑠(𝑃𝑚 × 𝑃𝑛, 𝑃𝑚 ×

𝑃𝑐) = 𝑘.                          □ 

 

3. Conclusion 

For 2 ≤ 𝑚 ≤ 𝑐 ≤ 𝑛, grid 𝑃𝑚 × 𝑃𝑛 has a 𝑃𝑚 × 𝑃𝑐 – irregular vertex (edge, total) labeling, respectively, 

with a vertex (edge, total) 𝑃𝑚 × 𝑃𝑐 – irregularity strength, respectively, equals to its lower bound. 
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